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Thermal Conductivity of an Electron Gas in a Gaseous Plasma* 


T. SeKicucuit AND R. C. HERNDON 
Department of Electrical Engineering, University of Illinois, Urbana, Illinois 
(Received June 13, 1958) 


The thermal conductivity of an electron gas in a gaseous plasma is determined by experimental techniques 
which have been improved over those reported in a previous article by Goldstein and Sekiguchi. A pulsed 
microwave is utilized to probe the plasma parameters as well as to selectively heat up the electron gas in a 
small volume of the elongated plasma. The photomultiplier tube detects the change in electron temperature 
by taking advantage of the phenomenon of ‘afterglow quenching.”’ The experimental values for the thermal 
conductivity, which are determined by two different methods, are in good agreement. In the plasmas investi- 
gated, neon and helium, the degree of ionization is very low (10-5-10~*). However, the measured values of 
the thermal conductivity are still consistent with those obtained from the theoretical expression given by 
Landshoff, or Spitzer and Harm for a fully ionized gas. 


INTRODUCTION 


PREVIOUS article by Goldstein and Sekiguchi,! 

referred to hereafter as GS, reported an experi- 
mental method for investigating the effect of electron- 
electron interactions on the thermal conductivity of 
an electron gas in a gaseous plasma. The thermal 
conductivity (K) was determined through the selective 
heating of the electron gas in a small volume of the 
decaying plasma by means of a pulsed microwave. 
Detection of the increase in electron temperature was 
accomplished by using the phenomenon of “afterglow 
quenching.’”” 

It is necessary to know with considerable accuracy 
the value of the plasma parameters (electron concen- 
tration, effective collision frequency and initial electron 
temperature), both for the determination of the thermal 
conductivity, and for the quantitative comparison of 
the experimental results with the present theories. 
However, in the previous work reported by GS, the 
electron-molecule collision cross section was not pre- 
cisely known as a function of electron energy for the 
gases used. This is directly related to the appearance 


* Supported by Air Force Cambridge Research Center. 

t+ On leave from the Faculty of Engineering, University of 
Tokyo, Tokyo, Japan. 

1 L. Goldstein and T. Sekiguchi, Phys. Rev. 109, 625 (1958). 

* Goldstein, Anderson, and Clark, Phys. Rev. 90, 486 (1953). 


1 


of a rather strong ““Ramsauer-Townsend effect” in the 
heavier noble gases such as xenon and krypton. Also, 
in the work of GS in which xenon was the principal gas 
employed, it apparently seemed that the thermal 
conductivity increased rapidly with increasing electron 
concentration, if the initial electron temperature was 
assumed constant at 300 degrees Kelvin. This was quite 
contrary to the theory of Spitzer and Hirm® in which 
the value of K is supposed to increase rapidly with 
increasing initial electron temperature 7.0, but is a 
slowly varying function of electron density m,. This 
apparent discrepancy was presumed due to an unknown 
variation of the initial electron temperature which had 
previously been assumed constant. 

It was the above considerations which made it seem 
profitable to extend these investigations to the lighter 
noble gases, neon and helium, in which the ‘“Ramsauer- 
Townsend effect” does not appear, and for which the 
electron-molecule cross section has been accurately 
determined as a function of electron temperature.‘ 
This extension was made feasible by the improved 
experimental techniques that were developed since the 
work previously done by GS. 

3. Spitzer, Jr., and R. Harm, Phys. Rev. 89, 977 (1953); L. 
Spitzer, Jr., Physics of Fully Ionized Gases (Interscience Pub- 
lishers, Inc., New York, 1956), p. 86. 


4L. Gould and S. C. Brown, Phys. Rev. 95, 897 (1954). 
5 A. L. Gilardini and S. C. Brown, Phys. Rev. 105, 31 (1957), 
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APPARATUS AND EXPERIMENTAL METHOD 


The experimental apparatus and method employed 
to determine K and the plasma parameters are essen- 
tially as outlined in GS. A brief résumé with some 
supplementary explanations will be presented here. 

Figure 1 shows the schematic diagram of the experi- 
mental arrangement. The region in which the micro- 
wave energy interacts with the plasma is as illustrated 
in Fig. 1 of GS. An RCA type 931A photomultiplier 
tube is mounted on the side of the movable wave guide 
No. 2 (see Fig.1 of GS). The attached photomultiplier 
tube can be moved along the discharge tube containing 
the plasma and detect the radiated light from a small 
volume of the plasma in the unheated region.*.’ To 


6 Wave guide No. 2 in Fig. 1 of GS was originally provided to 
detect the electron temperature deviation in the nonheated region 
by means of microwave interaction techniques [see J. M. Anderson 
and L. Goldstein, Phys. Rev. 100, 1037 (1955); 102, 933 (1956), 
and also reference 7}. However, owing to the small interaction 
region between the microwave energy and the plasma (less than 
0.1 cm’), the detected signal for this purpose was not sufficient to 


detect the light output from the heated region, the 
photomultiplier is attached to wave guide No. 1. A 
wave-guide movable short is located in wave guide 
No. 1 and shown in Fig. 1. This movable short is 
positioned at a distance of one-quarter of a guide 
wavelength from the plasma post. The high-frequency 
admittance due to the plasma, referred to the plane 
of the plasma post, is determined by means of a standard 
X-band slotted wave-guide section. A vacuum system 
capable of evacuating the discharge tube to 10-*-10~7 
mm Hg was employed. Laboratory grade neon and 
helium gases were used (Linde, mass-spectrometer 
controlled). 

The procedures for the determination of the electron 
concentration m,, initial electron temperature To, and 
the thermal conductivity are schematically presented 
in the form of a flow chart in Fig. 2. 


permit quantitative analysis of the photographically recorded 


data. 
7 A. A. Dougal and L. Goldstein, Phys. Rev. 109, 615 (1958). 
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Fic. 2. Flow chart for the experimental procedures. 


(1) Determination of the Thermal 
Conductivity (K) 


Two separate methods were employed to determine 
K. These are referred to as the “transient” and ‘‘steady- 
state” methods. In the “transient” method, the time 
it takes for heat to propagate from a heated region of 
the plasma, where the electron temperature is suddenly 
raised by the heating microwave, to an unheated region 
of the plasma is determined with the help of the photo- 
multiplier tube. The time element involved in this 
method is designated as the “delay time” (4). The 
diffusivity (D) can then be found from the expression 


D= ad’ ‘6to, (1 ) 


where d is the measured distance between the heated 
volume and a point in the nonheated volume where fo 
is measured. 

The “steady-state” method is based upon the 
equilibrium temperature distribution in the nonheated 
region of the plasma, while continuous heating occurs 
in the heated region. In this method the characteristic 
distance involved is called the “relaxation distance” 


(po) and is likewise determined with the aid of the 
photomultiplier tube. Once po is measured, the dif- 
fusivity can again be calculated from 


D= po’/r, (2) 


where 7 is the “effective relaxation time.”” 7 represents 
the characteristic time associated with the equipar- 
tition of energy through the plasma by electron-ion 
and electron-molecule collisions. It may be expressed by 


a ae 
-=-—+—, (3) 


T Tem Tei 
where tem and 7,; are the electron-molecule and 
electron-ion relaxation times, respectively. 
K can now be determined by use of the following 
equation, provided we know the electron number 
density (m,) : 


K=$knD, (4) 


in which & is Boltzmann’s constant. 
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Fic. 3. Afterglow period in the presence of the heating pulse. 


(2) Determination of the Plasma Parameters 
(n., t, and 7,0) 


(a) The electron concentration and effective re- 
laxation time (or effective collision frequency) are found 
through microwave admittance measurements. These 
measurements are made by means of a slotted wave- 
guide section and with a microwave of sufficiently low 
power so that no appreciable heating of the plasma is 
effected. For this purpose the plasma contained in the 
wave guide is treated as a cylindrical dielectric post 
whose high-frequency complex specific permittivity ¢’ 
is given by 


wy 
(=1-— —|1+57| (5) 


wr+r Ws 
where wy= (,e?/ me)’ is the plasma frequency (¢€ being 
permittivity of a vacuum), v= M/2mrz is the effective 
collision frequency [M and m being the mass of a 
molecule (or an ion) and an electron, respectively ], and 
w, is the microwave frequency. The microwave meas- 
urements of the normalized conductance and _ sus- 
ceptance due to the plasma post enable us to calculate 
e’ through microwave circuit considerations.* The 
determination of ¢’, in turn, allows us to find m, and 7 
(or v) from Eq. (5). 

The effective relaxation time 7 can also be measured 
by a different method involving the use of the photo- 
multiplier tube. For this purpose a microwave heating 
pulse of short duration (1-4 microsec) and low power 
level is used. The decay of the ‘“quenched”’ light 
intensity of the plasma in the heated volume, im- 
mediately after the cessation of the heating pulse, is 
observed by the photomultiplier tube. For small 
electron temperature deviations the decay of the 
electron temperature can be expressed as a single 
exponential e~“/".? 

(b) As will be seen later, the determination of the 
initial electron temperature is necessary in order to 


8 The equivalent circuit representation of a dielectric post in a 
rectangular wave guide for the dominant mode of wave propa- 
gation is shown in Wave-guide Handbook, Massachusetts Institute 
of Technology Radiation Laboratory Series (McGraw-Hill Book 
Company, Inc., New York, 1951), Vol. 10, p. 266. 


AND &R.:C. 


HERNDON 


compare the experimental results with the present 
theory. If the dependence of r on the electron tempera- 
ture is known, we can then use this fact to help in the 
determination of the initial electron temperature. 

The relaxation time for electron-molecule collisions 
(tem) has been experimentally determined as a function 
of electron energy for both helium‘ and neon.® 

The relaxation time for electron-ion collisions (r.:), 
however, must be obtained from theoretical consider- 
ations. Various expressions have been derived by 
Landau,’ Spitzer,” Chandrasekhar," and Dougal and 
Goldstein.’ Unfortunately, the different theories do 
not all give the same expression for the electron-ion 


d=1.4cm 


PRR 


Fic. 4. Heat propagation phenomenon in neon plasma at 5.2 
mm Hg pressure. The heating pulse (trace a) is of 20 usec duration 
and is applied 150 usec after the dc high-voltage breakdown pulse. 
The incident microwave power leve] Pj, =275 mw. Time scale=1 
usec per division. (See Table I, experiment No. 4.) 


®L. Landau, Physik. Z. Sowjetunion 10, 154 (1936). 

0 L. Spitzer, Jr., Monthly Notices Roy. Astron. Soc. 100, 396 
(1940); Physics of Fully Ionized Gases (Interscience Publishers, 
Inc., New York, 1956), Chap. 5. 

1S. Chandrasekhar, Principle of Stellar Dynamics (University 
of Chicago Press, Chicago, 1942), p. 48, 
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collision frequency or relaxation time. This difference 
has its origin in the nature of the assumptions made by 
each author. However, they all do have a similar 
functional form for singly charged ions: 


4 
To= {(%,1 «)=- —(M,T}/n.), (6) 
fs F(n.,T. 

where M;, A, F(n.,7.0) are the mass of an ion, a 
constant, and a slowly varying function of n, and T.0, 
respectively. The expressions given by each of the above 
mentioned authors differ only in the constant A and 
in the form of the function F. (The largest value of 
tei calculated from the various expressions is only 
about twice as large as the smallest.) Dougal and 
Goldstein’ have recently performed experiments in 
which they verified the theoretical dependence of 7,; 
on M; and n, in Eq. (6). However, they were unable 
to verify as closely the dependence on To, because of 
several secondary processes which existed in their 
experiments. As Dougal and Goldstein’s experimental 
results for the electron-ion relaxation time were found 
to be most consistent with their own derived éxpression 
for 7; (around room temperature), their expression 
has been used in this article for the estimation of the 
initial electron temperature. 


EXPERIMENTAL OBSERVATIONS AND RESULTS 


The general nature of the afterglow period is illus- 
trated in Fig. 3. The detected envelope of the heated 
microwave pulse is labeled a. The horizontal trace 6 is 
the baseline for the microwave signal. Point s denotes 
the time at which the high-voltage dc pulse is applied 
to break down the gas. In the case illustrated in Fig. 
3, the 20-ysec heating pulse was applied 300 usec after 
the 2-ysec breakdown pulse. Trace d shows the photo- 
output current (detected by the photomultiplier tube) 
in the decaying plasma in the absence of the heating 
pulse. The small signal c standing on trace d is due to 
the heating pulse a. It is the quenched light output 
arising from the electron temperature increase which 
was effected by either direct heating, or by heat con- 
duction to an unheated region of the plasma. In Fig. 3 
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Fic, 5. Curves of the delay time versus the square of the distance 
from the heated volume for various incident power level (Pia). 
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Fic. 6. The decrease in the light intensity, as a function of the 
distance from the heated volume, due to the heat conduction in 
the plasma, for the “steady-state method.’”’ (Heating power level 
Pin=110 mw; see Table I, experiment No. 4.) 


both the detected amplitude of the heating microwave 
and the magnitude of the light output are increasing 
with downward deflection of the oscilloscope trace. 
Since, in general, m, and 7, vary in time in the after- 
glow period, K may be obtained as a function of these 
two parameters by applying the heating pulse at various 
times during the afterglow. The time scale in Fig. 3 is 
100 microseconds per division which unfortunately is 
too large to see the details of the phenomena in the 
vicinity of the quenched light signal. 

Figure 4 presents a typical series of photographs 
which magnify the region near the leading edge of the 
heating pulse. These photographs clearly illustrate 
how the delay time (fo) varies as a function of the 
distance (d) for a fixed heating power level.'* [d is as 
defined for Eq. (1)..] The symbols in Fig. 4 are the same 
as used in Fig. 3. The sequence of photographs, such 
as shown in Fig. 4, has been taken at various power 
levels of the heating microwave, as well as for different 
values of d. In Fig. 5 the delay time (to) is plotted 


of GS which is for xenon. The reduction of the noise which existed 
in the previous experiment permits the determination of fo more 
precisely. 
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TABLE I. Experimental results comparan with theoretical calculations. 








Time 
position 


in 
afterglow 
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Ne X10712 
(cm~4) 


Pressure 
(mm Hg) 


Z 
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(usec) 





10°K 
(meas. ) 
(watt/cm deg) 


Teo 
(estimated ) 
(deg Kelvin) 


106K 
(theo. ) 


B4 
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8 
5 
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1.07 
0.44 
1.50 
0.74 
0.49 
0.36 
1.15 
0.595 
0.41 
0.31 
0.25 
1.40 
0.74 
0.57 
0.41 
0.93 
0.43 
0.27 
0.95 
0.60 
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against the square of d; the resulting straight lines con- 
firm the use of Eq. (1). The slope of each straight line 
determines the diffusivity (D) for a particular heating 
power level (Pin). 

The photographs in Fig. 6 show the decay of the 
“quasi-steady-state” electron temperature deviation in 
the nonheated region of the plasma as a function of the 
distance d from the heated portion. The heating pulse 
has a duration long enough for the electron temperature 
to reach an equilibrium condition (for Fig. 6 the heating 
pulse is 30 microsec long). The symbols are the same 
as for Fig. 3 and 4. The ratio of Jo/J, in Fig. 6 deter- 
mines the relative electron temperature deviation 


AT./T by means of Eq. (11) of GS. Figure 7 depicts 
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Fic. 7. Curves of the 
relative electron tem- 
perature deviation ver- 
sus the distance from 
the heated volume. 
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1.06-1.30 
0.63 
2.10-2.65 
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0.65-0.71 
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the temperature distribution in the unheated region 
along the plasma, for the particular case given by the 
photographs in Fig. 6." The slope of the straight lines 
determines the relaxation distance po. 

The experimental results for K, as well as for the 
measured values of ,, 7, and po obtained for neon and 
helium, are tabulated in Table I, together with the 
experimental conditions under which K was determined. 
The values given for 7 are those obtained from the 
direct method using the photomultiplier tube." Figure 
8 presents some of the measured values of K determined 
by both the ‘“‘steady-state” and the “transient” methods 
as a function of the heating microwave power level.’® 
The numbers labeling the different curves correspond 
to those shown in the column designated by “No.” in 
Table I. The microwave heating power level (Pin), 
which is the abscissa in Fig. 8, is a measure either of 
the electron temperature deviation in the heated 
volume or the electron temperature gradient in the 
unheated volume of the plasma. The strong dependence 
of K on Pin, determined by the steady-state method, 
implies that the value of K increases with increasing 
electron temperature and its gradient. The steady-state 
values for K are shown as short, solid horizontal lines, 
since this method is justified only when the tempera- 

8 The reasons why some of the curves deviate from a straight 
line have been described in Sec. 4 of GS. 

4 Because of the limitations imposed by the microwave meas- 
uring apparatus, and the fact that the interaction volume of the 
microwave with the plasma was quite small (see reference 6), the 
measured value of the high-frequency conductance, which pri- 
marily determines 7, was comparable to the error involved. 
However, the use of the photomultiplier tube led to a more 
precise method for determining 7. Nevertheless, », was determined 
quite precisely by microwave measurements, since it is primarily 
dependent on the measured high-frequency susceptance, which is 
at least one order of magnitude larger than the conductance. 


16 Figure 8 corresponds to Fig. 3 of GS, in which neon and xenon 
were used, respectively. 
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ture gradient is small (see Sec. 4 of GS). An inspection 
of Fig. 8 shows that the values of K determined by 
the two different methods are in good agreement for 
smaller temperature gradients, that is, for low values 
of P;,. The values of the thermal conductivity listed 
in the column designted as ‘““K(meas.)” in Table I 
were found by the steady-state method. 


COMPARISON WITH THEORY 


The thermal conductivity for electrons in a fully 
ionized gas has been calculated by Cowling,'’® Lands- 
hoff,'7"* Chapman and Cowling,” Spitzer and Harm,’ 
and Chapman.” The most extensive calculations are 
those of Landshoff, and Spitzer and Harm who have 
taken into account the electron-electron interaction. 
For this reason the values of K obtained here will be 
compared with the theoretical values given by these 
theories.2! This comparison is justified even though the 
degree of ionization is quite small (10~°-10~*) in the 
experiments performed, the reason for this having been 
presented in Sec. 5 of GS. 


x - 
Steady State 
Method 





MICROWAVE POWER, Pin (mw) 


Fic. 8. Experimental results for the thermal conductivity as a 
function of the heating power level. (See Table I, experiment No. 
3, 4, 5, and 6 for the experimental conditions.) 


Figure 9 shows the values for the thermal conduc- 
tivity (for singly charged ions) calculated from Spitzer 
and Hirm’s theory. It should be mentioned that the 
results of this theory are for the case of small electron 
temperature gradients, and it is therefore appropriate 
to compare these theoretical values with the experi- 
mental ones shown in Table I. In order to make this 
comparison, it is necessary first to know the absolute 
value of the initial electron temperature 79 and the 
electron concentration m,. To is estimated by means 


eT, G. ‘Copies, Proc. Roy. Soc. A, 183, 453 (1945). 

17 R, Landshoff, Phys. Rev. 76, 904 ’(1949). 

18 R, Landshoff, Phys. Rev. 82, 442 (1951). 

19$. Chapman and T. G. Cowling, Mathematical Theory of 
Nonuniform Gases (Cambridge University Press, Cambridge, 
1953), second edition, Chaps. 9, 10, 13, and 18. 

2% S. Chapman, Astrophys. J. 120, 151 (1954). 

21 Landshoff has employed an approach different from that of 
Spitzer and Hirm. However, the result of the former, in the case 
of zero external magnetic field, coincides with that of the latter. 
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Fic. 9. Theoretical curves for the thermal conductivity as a 
function of electron temperature for various values of electron 
concentration, evaluated from the expression given by Spitzer 
and Hirm. 


of the measured value of 7 listed in Table I, and the 
method described previously. The theoretical values 
of K, obtained from Fig. 9, and the estimated values 
of T.o are also tabulated in Table I. To facilitate com- 
parison, Fig. 10 is a graph of the experimental versus 
the theoretical values of K. If both values were the 
same, all of the points would lie on the straight line of 
45° slope. This figure shows that the theory and experi- 
ment give consistent results. 


DISCUSSION 


The experimental results shown in Table I and Fig. 
10 confirm the statements made in the previous article 
by GS, Sec. 5. The value of K has no appreciable 
dependence either on the gas pressure in the pressure 
range considered, or on the kind of gas employed. The 
present set of experiments also gives further support 
to the statement made in GS that “the rate at which 
thermal energy is transferred from a small volume of 
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warm electron gas to equal volumes of cool electrons 
within the same plasma is considerably faster (at least 
one order of magnitude faster) than the rate of heat 
transfer to any of the two other heavy plasma con- 
stituents (ions and neutral atoms).” From Eqs. (1) 
and (2), the delay time fo, which is a measure of how 
rapidly heat flows through the plasma, can be written 


as 
to= (d?/6po*)r. (7) 


As an example, consider two small volumes of the 
plasma which are about 1 mm apart. Putting da=1 mm 
in Eq. (7), and using the values for po from Table I, 
we have the ratio of d?/6p.” ranging from 0.0015 to 0.01 
for neon and from 0.1 to 0.05 for helium. 

It is worth while to consider one aspect of the role 
of the heat conduction phenomena which has not always 
been realized thus far. If the effect of heat conduction 
can be assumed negligible or the gradient of the 
electron temperature does not exist, then the electron 
temperature deviation in the heated region, in the case 
of microwave heating, is given by Eq. (5) of GS under 
the equilibrium condition. However, if this is not the 
case, the temperature increase should be different from 
that given by the above-mentioned expression. Since a 
general discussion of such a situation is complicated, 
only a particular case which has appeared in our 
experiments will be considered here. 

As shown in Fig. 1, the electron gas in the limited 
volume of length / (4 mm) is heated by the microwave 
energy. This limited volume of the electron gas is a 
portion of the elongated plasma and is contained in 
the specially designed wave guide. The high-frequency 
electrical conductivity [o= ew,’v/ (w+) ], which is 
a function of , and T. in general, may be considered 
as nearly constant over the heated volume of the 
plasma. The reasons for this are as follows: 

(1) The major disintegrating mechanism of the 
decaying plasma in our experiments has been found 
to be the electron-ion recombination process rather 
than diffusion. Since this is the case, the electron 
concentration (m,) is almost uniformly distributed 
along and across the discharge tube, except in the very 
near vicinity of the glass wall where m, is considered to 
have a very small value. 

(2) As long as the heating level is low, the effect of 
thermal diffusion to the glass wall may be neglected 
to a first approximation, in view of the thermal barrier 
existing in the vicinity of the wall.’ 

Furthermore, since the diameter of the discharge 
tube (5 mm) is much smaller than the width of the 
wave guide (33 mm), and since the dominant mode 
(Ho) of the wave propagation is used, the effective 
high-frequency electric intensity EZ; (Eq. 5 of GS) may 
be considered as constant over the entire heated volume. 

By means of the above considerations the problem 
can be greatly simplified. The microwave power ab- 


# H. Schirmer, Appl. Sci. Research B5, 196 (1955). 
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sorbed per unit volume is cE,? and this energy is uni- 
formly dissipated over the entire heated volume of the 
plasma, thus raising the electron temperature. A portion 
of this energy is transferred to the molecules and ions 
through elastic collisions. The remainder is removed 
from the heated region to the cooler regions by one- 
dimensional heat flow, which arises from the thermal 
conductivity of the electrons. What we wish to investi- 
gate is how significant this heat conduction by the 
electron gas is. 

A relatively simple calculation results in the following 
expressions for the equilibrium electron temperature 
deviation AT, at the center and boundary of the heated 
volume (Appendix I) : 

AT o(1—e~*) at center (8) 
AT,.= 
AT o3(1—e**) at boundary, (9) 


g=172po= (3k/8)'(n./Kr) 4. (10) 


where 


AT.o is given by Eq. (5) of GS. The factors in the 
brackets in the above expressions represent the effect 
of the heat conduction of the electrons. The ratio (R) 
of the total power swept away from the heated volume 
due to heat conduction, to the total power supplied by 
the microwave energy source to the entire heated 
volume of the plasma is given by 


(11) 


In our experiments the electron concentration and 
effective collision frequency are known quantities 
(v=M/2mr). The high-frequency electrical conduc- 
tivity [o=ew,?v/(w+yr*)] can then be calculated, 
which enables us to estimate the effective high-fre- 
quency electric intensity E, through the relation 
Po= VoE,’. (V is the net volume of the heated region 
of the plasma.) In addition, of course, the microwave 
power (Po) absorbed by the electron gas in the heated 
region must be known. The microwave power absorbed, 
Po, is measured by microwave measurements so that 
E, and AT.o can be computed by Eq. (5) of GS. The 
value of g can also be computed from the experimental 
results shown in Table I and Eq. (10). Finally, the 
effective temperature deviation in the heated volume 
and the value of R can be found from Eqs. (8)—(10). 

The equilibrium temperature in the heated volume 
can also be estimated roughly from the experimental 
results alone. Figure 7 shows, for example, the relative 
temperature distribution A7./T.o in the unheated 
region along the axis of the plasma at 150 usec after 
the breakdown pulse. Since we already know the value 
of T.o from Table I, the extrapolation of these curves 
to the plane d=0 permits us to obtain an idea as to the 
order of magnitude of the temperature deviation in 
the heated volume. 

The computed values of AT, AT., R, and also AT, 
estimated by means of the latter method, are given in 
Table II for the 150-ysec case. It was previously ex- 


R= (sinhg/q)e~*. 
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TABLE II. Equilibrium electron temperature deviation in the heated volume of plasmas. 








Neon, pressure 5.2 mm Hg 


Time position 
in afterglow T0 
t (usec) (°K) 


Ts (comp.) 
Boundary 


T. (meas.) 


Center boundary 





4960 
2670 
3530 


1350 
700 


1720(+100) 
640(+50) 
660(+40) 


1610 
820 
880 











plained that it is possible to describe the decay of the 
electron temperature as a single exponential only for 
the case of small temperature deviation, that is, for 
low heating power Pin. Therefore in Fig. 7, which 
corresponds to 150 ysec, as is true for the 100- and 
200-usec cases, the curves which are linear over the 
largest range of d correspond to the lowest value for 
Pin. For this reason the lowest power level curve in 
Fig. 7 was used for the extrapolation purpose mentioned 
above. It can be seen that the values of AT.o which 
have been obtained by the two different methods are 
in fair agreement. An interesting result is that R turns 
out to be around 0.7, which implies that 70% of the 
total power absorbed by the electrons from the energy 
source is swept away from the heated volume of the 
plasma to the unheated region, due to the thermal 
conductivity of the electron gas. 

There are two additional points to examine. In our 
experiments the microwave frequency which has been 
used to probe and heat up the plasma was fixed at 
8580 Mc/sec. This frequency corresponds to a plasma 
frequency with n,=9.78X 10" cm~. However, as seen 
from Table I, some of the measured values of n, will 
give values for the plasma frequency which are larger 
than the microwave frequency. The question appears 
as to the validity of these measured values of m,, since 
electromagnetic waves are not supposed to propagate 
in a plasma in which the plasma frequency is greater 
than the frequency of the electromagnetic wave. 
Fortunately, a semiquantitative analysis shows that the 
skin depth of the plasma, under the conditions described 
in Table I, is much larger than the radius of the plasma 
cross section used, so that the high-frequency electric 
field penetrates the plasma sufficiently (Appendix IT). 

Also it was found that for the manner in which these 
experiments were performed, there was no need to 
consider the effect of the direct transfer of the micro- 
wave energy from wave guide No. 1, through the 
plasma, to wave guide No. 2. The reason is that such 
transfer occurs only when the value of », in the after- 
glow is much larger than that for which the measure- 
ments of K were taken. 


CONCLUSION 


Improved experimenta) techniques have enabled us 
to verify the results of tiie previous paper by GS, and 
also to determine the thermal conductivity of an elec- 
tron gas in a gaseous plasma more precisely. The results 


are in good agreement with the theoretical values given 
by the theories of Landshoff, and Spitzer and Harm. 
The experimental values for the thermal conductivity 
were determined by two separate methods. The results 
of these different methods are consistent and in fair 
agreement. It has also been shown that thermal conduc- 
tion in a plasma is determined largely by the thermal 
conductivity of the electron gas of the plasma. 
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APPENDIX I. EQUILIBRIUM TEMPERATURE 
DISTRIBUTION IN THE PLASMA IN 
THE PRESENCE OF HEATING 


In the equilibrium condition and for the situation in 
our experiment, Eq. (3) of GS becomes 


A T 0 


r 


Under the assumption that the electron temperature 
deviation is not large, so that the quantities D and + 
can be regarded as constants, the above equation 
reduces to a linear differential equation with constant 
coefficients. 

Taking the coordinate x along the plasma and its 
origin at the center plane of the heated region with 
length 7, the boundary conditions are as follows: 

(1) Asx— ©, T,—Ty)— 0. 

(2) At x=0, 0(T.—To)/dx=0 (owing to the sym- 
metry). 

(3) At x=//2 (at the boundary plane), T7.—T» is 
continuous. 


The solution of the equation for the temperature 
deviation AT.= T,.—Tp» is given by 
AT .= AT «of 1—€~* cosh(x/po) ] 
(|x| $2/2, in the heated region), 
= AT .o(sinhg)e~*/" . 
(|x| 2//2, in the unheated region). 
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Putting x=0 into the first equation gives Eq. (8). 
Likewise, Eq. (9) is found by putting x=//2 in either 
of the equations above. Next, from the definition of the 
ratio R, we obtain 


0(AT,) 
R=—28| / ke. 
Ox z—1/2 


By means of the expression for R, and with the solution 
shown above, we get Eq. (11). 


APPENDIX II. SKIN DEPTH OF A PLASMA WHEN 
SIGNAL FREQUENCY IS LOWER THAN 
PLASMA FREQUENCY 


Under the assumptions, which are here evident, that 
(1) the signal frequency is much greater than the cy- 
clotron frequency of ions, (2) the pressure gradient and 
the gravitational force are neglected, and (3) the mag- 
netic field is zero, so that the macroscopic current i may 
be taken parallel to the high-frequency wave front, in 
which case no charge accumulation occurs, Maxwell’s 
equation [Eq. (4-1) in reference 3] for a plane wave 
becomes (in mks rationalized units) 


PE 1VE OH 
rreliliaeee soca ingnagen 


Mo 
oe ¢ OF at 


With the same assumptions, the “generalized Ohm’s 
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law” [Eq. (2-12) in reference 3] reduces to 


where « is the dc conductivity of a plasma and is equal 
to n.e?/mv= ew,/v. 

The complex propagation constant y for the con- 
tinuous sinusoidal wave, which can be derived from 
the above two equations, enables us to calculate the 
skin depth of a plasma. The skin depth d is defined by 
the reciprocal of the real part of y. The result is 


V2c\p 1 ret (1—¢2)2\ #7} 
er eNT 
Wp 711+7? 1+r? 


where n=v/w, and [=w,/w,. For the special case of 
v=0 (no collisions), the above expression for the skin 
depth reduces to Eq. (4-9) of reference 3. 

For 2,=1.5X10" cm™, r=3.4 usec (or v=5.45X 109 
sec), and f,=8580 Mc/sec, the value of d is calculated 
to be 6.89 mm. If we assume v=0, with the same value 
of n,, the value of d becomes 6.94 mm. It should be 
noted that this value of m, chosen from Table I is the 
largest value given. The values of d for most of the 
cases shown in Table I were found to be much larger 
than this value. The use of the above expression of the 
skin depth is justified only for the propagation of a 
plane wave. However, this expression seems to deter- 
mine semiquantitatively whether or not the high- 
frequency electric field penetrates sufficiently into the 
plasma in our experiments. 
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Excitation of Rotons in Helium II by Cold Neutrons 


H. Patevsky,* K. Ornes, AND K. E. LARsson 
A. B. Atomenergi, Stockholm, Sweden 
(Received May 29, 1958) 


The nature of collective excitations in helium II has been investigated by means of the interaction of 
these excitations with cold neutrons. The experiment demonstrates the existence of excitations with long 
mean free path compared to their wavelength, confirming the theoretical ideas of Landau and Feynman. 
The dispersion relation for the excitations in the energy region of the “‘roton minimum” is directly measured 
and gives the following Landau parameters: A=8.1+0.4 °K, Po/h=1.9+0.03 A™ and u=0.16+0.02 mute. 


I, INTRODUCTION 


HE theories of He II developed by Landau' 

and Feynman® lead to the conclusion that in 
helium below the \ point there exist localized excitations 
in the fluid, having mean free paths long compared to 
their wavelength. In general these excitations represent 
complicated motions of the fluid. However in certain 
limits the excitations can be described by simple 
models, viz.: phonons, characterized by a linear energy 
momentum relationship E=cp, where c is the velocity 
of sound in helium II; and rotons, characterized by 
a quadratic energy-momentum relation of the form 
E=A+(p—po)?/2u, where A, po, and uw are constants 
of the theory. Theoretical expressions for specific heat, 
second sound velocities, and superfluid concentration 
are obtained by integration over the energy spectrum of 
the excitations. Landau® showed that with A=9.6°K, 
po/h=1.95 A~', and yp=0.77 m, a good fit to the 
existing experimental data was obtained. 

Neutrons offer the possibility of investigating directly 
the energy-momentum relation of the excitations in 
condensed matter. At the suggestion of Cohen and 
Feynman® such an experiment was undertaken in 
Stockholm.’ These first measurements very strikingly 
demonstrated the existence of excitations with long 
mean free paths in He II. As the experiment progressed 
it was possible to determine point by point the energy- 
momentum relation in the region of the roton minimum 
energy A. The present paper presents the experimental 
details of the first reported measurements together with 
the further measurements that have been made to date. 


II. PRINCIPLE OF METHOD 


Neutrons provide a powerful tool for investigating the 
dynamical behavior of solids and liquids. Because of 
the neutron mass, neutrons with momenta comparable 
to momenta associated with excitations in condensed 


* Guest scientist on leave from Brookhaven National Labora- 
tory, Upton, New York. 

1L. Landau, J. Phys. (U.S.S.R.) 5, 71 (1941). 

2R. P. Feynman, Phys. Rev. 94, 262 (1954). 

3L. Landau, J. Phys. (U.S.S.R.) 11, 91 (1947). 

4G. Placzek and L. van Hove, Phys. Rev. 93, 1207 (1954). 

5 Carter, Palevsky, and Hughes, Phys. Rev. 106, 1168 (1957). 

6 M. Cohen and R. P. Feynman, Phys. Rev. 107, 13 (1957). 

7 Palevsky, Otnes, Larsson, Pauli, and Stedman, Phys. Rev. 
108, 1346 (1957). 
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matter have energies comparable or smaller than 
typical excitation energies in such matter. For this 
reason when the neutron interacts with a condensed 
system it transfers a measurable amount of its energy 
as well as its momentum. 

In order to study the nature of the excitations in 
He II, an incident beam of “cold” neutrons (energy 
corresponding to a temperature ~50°K) is scattered by 
a sample of helium. The changes in neutron energy and 
momentum are measured and from these data the 
energy-momentum relation for the He II excitation is 
deduced. In general neutrons incident on a helium 
sample can lose or gain energy depending upon whether 
they produce or annihilate excitations in helium. How- 
ever, with the sample near zero temperature, the cross 
section for production of excitations is much larger than 
for the annihilation process. Therefore the former 
process is measured in the experiment. 

The kinematics of the scattering are given by the 
conservation of energy and momentum 


(1) 


(2) 


where hko’/2m is the energy of the incident neutrons, 
hk;?/2m is the energy of the scattered neutrons, 
E(x) =the energy of the excitation in He II, and x=the 
momentum associated with the excitation E(x). 

The above description of the scattering process has 
meaning if excitations in He II have a well-defined 
energy and momentum. For a normal liquid one knows 
that only in the limit of small momenta (wavelengths 
large compared to intermolecular spacings) can one 
properly speak of phonons in the above sense. One of 
the “strange” properties of He II, first postulated by 
Landau, is that excitations with wavelengths com- 
parable to the mean separation of the liquid helium 
atoms have well-defined energy and momentum. Neu- 
tron measurements in principle determine whether the 
above condition exists. The spread in energies of the 
scattered neutrons as compared to the incident neutron 
energy spread, by the uncertainty principle, is a direct 
measure of the lifetime of the excitations in helium 
system. 
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Fic. 1. Scattering surfaces for neutrons losing energy to 
helium II. Each curve is labeled with the wave number of the 
incident neutrons. The momentum (p=%k) of the scattered 
neutrons for any scattering angle @ is measured by the Jength of 
the line drawn from the origin to the curve of the particular 


incident momentum. 


The neutron kinematics are perhaps best visualized 
by plotting the solution of Eqs. (1) and (2) for a par- 
ticular dispersion relation E(x). Cohen and Feynman® 
chose the Landau dispersion relation with c= 240 m/sec, 
A=9.6°K, po/h=1.95 A~!, 1=1.06 mye. The solutions 
of the equations plotted as a family of curves for 
different incident neutron wave number is shown in 
Fig. 1. The wave numbers, ko, of the incident neutrons 
are shown along the 6=90° axis. For a given incident 
neutron momentum (p= hk) the energy of the scattered 
neutron for any scattering angle @ (measured with 
respect to the incident neutron direction) is measured 
by the length of a line drawn from the origin, at an 
angle @, to the curve of the particular incident mo- 
mentum. In general for a fixed incoming neutron 
momentum the excitation momentum (x) increases with 
increasing angle of scattering. For a fixed angle between 
the incident and scattered neutron, x increases with 
increasing incident neutron momentum. The measure- 
ment of E as a function of « can be carried out by using 
a fixed incident energy and varying the angle between 
incident and scattered neutrons or by keeping the 
scattering angle fixed and varying the incident neutron 
energy. Both methods were utilized in the experiment 
reported in this paper. 

One can also estimate from Fig. 1 the experimental 
conditions necessary to investigate a certain portion of 
the assumed dispersion curve. For example, to investi- 
gate the region of the roton minimum the length of the 
vector between incident and scattered neutrons must 
correspond to p/h=1.95 A™. For 1.6 A~ incident 
neutrons this geometrical construction gives a scattering 
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angle of approximately 80°. It is also clear that for 
neutrons of momentum less than 1.15 A~! one cannot 
excite a roton of minimum energy (assuming that the 
dispersion relation used is correct). If a roton of mini- 
mum energy is excited by a 1.6 A~! incident neutron, 
the momentum of the scattered neutron is 1.4 AW. 
The minimum roton energy corresponds to a tempera- 
ture of 10°K. Therefore, in order to measure this 
energy to +1°K requires that the incoming and out- 
going momentum be defined to approximately 1%. 

To perform the experiment in the most straight- 
forward manner, using a monochromator in the incident 
neutron beam and analyzing the scattered beam with a 
spectrometer, was impossible with the neutron flux 
available at the Stockholm reactor. To overcome the 
problem of low neutron intensity a method was used 
which defined certain energies of a thermal neutron 
spectrum with very little loss of neutron intensity. 
If a thick sample (filter) of a polycrystalline material 
is placed in a neutron beam emerging from a reactor, 
then nearly all of the neutrons with wavelength shorter 
than twice the separation of the most widely spaced 
planes in the crystal are scattered out of the beam by 
Bragg scattering. For longer wavelengths, the material 
becomes transparent for neutrons, provided the nuclear 
absorption and incoherent scattering of the filtering 
material is small. The intensity of the filtered beam 
rises discontinuously at the “Bragg cutoff” wavelength 
and then follows the shape of the reactor spectrum as 
illustrated in Fig. 2. In practice the sharpness of the 
rise of intensity at the Bragg cutoff is determined by 
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Fic. 2. Thermal] neutron spectrum of pile neutrons. The heav 
solid line indicates the portion of the spectrum that passes throug 
beryllium with little attenuation. 
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the resolution of the spectrometer used to measure the 
rise. Under favorable experimental conditions it is 
possible to define the position of the Bragg cutoff to 
about 10% of the resolution width. When such a 
filtered spectrum is incident upon the helium sample 
the spectrum observed at some fixed angle 6 is expected 
to resemble the shape of the incident spectrum but be 
shifted to lower energies. The sharpness of cutoff 
observed in the scattered beam will depend on the 
resolution of the neutron spectrometer and on the mean 
free path of the excitations produced in helium. Finally 
the experiments require good filters possessing cutoff 
wavelengths in the region of interest for investigating 
the excitations in He IT. Fortunately Be, which is about 
the best filter material available, has a Bragg cutoff at 
\=3.95 A, k=1.58 A-!. As was shown above when 
neutrons of this wavelength are incident on He II, the 
interaction to produce rotons in the region of minimum 
energy scatters the neutron through approximately 90°. 
A spectrometer of 3% velocity resolution was used in 
the experiment and therefore it was expected that A 


r 


could be measured to about +0.3°K 


III. EXPERIMENTAL APPARATUS 


The experimental equipment used to measure the 
excitation spectrum in He II consists of three parts: 

1. Neutron energy monochromator: a Be filter cooled 
to liquid nitrogen temperature giving a neutron spec- 
trum with a sharp cutoff at 3.95 A, ora BeO filter giving 
a cutoff at 4.68 A. 

2. A helium cryostat constructed to contain about 
1.5 liters of liquid helium with a pumping system allow- 
ing a reduction of the pressure above the free helium to 
2.5 mm corresponding to a temperature of 1.4°K. 

3. Neutron energy analyzer: a slow-chopper time-of- 
flight spectrometer, the chopper and detector being 
mounted on an arm, which can be rotated around the 
cryostat axis in a vertical plane. A one-hundred channel 
time analyzer sorts out the detector pulses according to 
neutron flight time. 


A. Spectrometer Arrangement 


The filter and chopper mentioned under 1 and 3 
above are mounted in front of one of the experimental 
channels of the Stockholm heavy water reactor as 
schematically shown in Fig. 3. The essential parts of the 
equipment, i.e., the filter, the chopper, and the detector 
have been described elsewhere.’ Only those details 
which have a direct bearing on this experiment will 
be given here. 

The reactor is operated at 600 kw giving a maximum 
central flux of 10'* n/cm? sec and a thermal flux of 
~3.5X 108 n/cm? sec emerging from the beam channel 
at the face of the reactor shield. The full angular 
spread of the neutron beam is 4.5°. A filter of poly- 


® Larsson, Stedman, and Palevsky, J. Nuclear Energy 6, 222 
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Fic. 3. Schematic diagram of apparatus used to 
perform helium experiment. 


crystalline beryllium 20 cm thick is placed in the 
channel, and the neutron beam is defined by a thick 
inner collimator and a conical outer collimator with a 
rectangular opening of maximum dimensions 5X 10 cm?. 

On a rigid steel framework in front of the exit col- 
limator, heavy shielding consisting of about 40 cm of 
borated paraffin and boron carbide is placed in order 
to keep stray neutrons from leaving the reactor shield. 
The same framework also holds the bearings for a 
350-cm long rigid arm, which can be rotated in the 
vertical plane. At the place where the horizontal central 
plane of the beam—corresponding to maximum in- 
tensity—and the arm axis intersect there is ample 
space for placing samples such that the sample axis 
coincides with the:axis of rotation of the arm. On this 
arm above the sample is mounted the slow chopper, 
with its axis of rotation aligned parallel to the sample 
axis. The distance between the chopper axis and sample 
axis is 35 cm. Beyond the chopper follows a three 
meters long neutron flight path, completely shielded by 
a tube of rectangular section of dimensions 20X30 cm?, 
the shielding material consisting of 1-cm thick boron 
plastic. The full opening angle for the neutrons leaving 
the chopper is 4.5°, the same as the angular spread of 
the beam entering the sample cryostat. On top of the 
shielding tube is mounted the detector consisting of 
29 BF; proportional counters with a sensitive area of 
20X30 cm? and a depth of 8 cm. The detector is sur- 
rounded by a shielding box of minimum thickness 
30 cm, terminating the arm. The shielding material in 
the box is boric acid and thick layers of boron plastic 
and cadmium. Thus the entire flight path is completely 
shielded against thermal neutrons and very effectively 
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against fast neutrons. To further reduce background a 
2.5 meters deep cylindrical beam catcher made of 
borated paraffin of 10 cm thickness intercepts the 
incident neutron beam after it passes through the 
sample. The BF; counter bank is designed to stop 
approximately 75% of the scattered neutrons, yielding 
the maximum counting rate consistent with a good 
ratio of real to background counts. The detector pulses 
are sorted according to neutron time of flight in a 100- 
channel time analyzer of variable channel width from 
2-100 usec. 


B. Time Resolution 


The chopper, which has curved slits to give a rather 
flat transmission function, gives a burst length of 30 usec 
at a speed of rotation of 13000 rpm. The counting 
channel width normally used in these experiments was 
also 30 usec. The total resolution of the spectrometer 
system is determined experimentally using the beryllium 
break at 3.95 A. This break and the graphite break at 
6.70 A were also used to calibrate the time scale when 
the chopper was first put into operation. In addition to 
the above time uncertainties, the resolution includes a 
contribution from the uncertainty in neutron flight 
path resulting from the detector thickness and small 
contributions from the finite angular spreads of the 
incident and detected neutrons. The resolution function 
is symmetrical and for the purpose of calculations may 
be approximated by either a Gaussian or a triangular 
function. From a study of the shape of the cutoff 
spectrum (see Fig. 6), one can deduce that the full 
width at the half maximum of the resolution function 
is approximately 100 usec. The time of flight of the 
scattered neutrons is approximately 3000 usec. As was 
shown in Sec. II, in order to measure A to +1°K, the 
uncertainty in incident and scattered neutron momenta 
must be +1%, or 30 usec in time of flight. More cor- 
rectly stated, the difference in positions of the cutoffs in 
the incident and scattered beams must be determined 
to 30 usec. Provided the shape of the Bragg cutoff does 
not change in the scattering process, any point on the 
sharp rise at the cutoff may be used to measure this 
difference. However, the point midway between the 
minimum and maximum counting rates is chosen be- 
cause this point is insensitive to small changes in the 
shape of the spectrum. For example, for the neutron 
spectrum obtained from the reactor and the resolution 
width of 100 usec one can calculate that the midpoint is 
separated by less than 3 ysec from the position where 
the Bragg cutoff would have been observed with 
infinite resolution. 

In order to obtain an experimental check on how 
well the position of the Bragg cutoff could be measured 
with the above apparatus, the Be cutoff was measured 
for a number of different settings of the analyzer. Data 
were taken over a period of several days with various 
channel widths and time decay settings. For five 
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different sets of data, the maximum deviation of the 
cutoff position was found to be 10 usec. On the basis of 
these first tests it was concluded that with good count- 
ing statistics the separation of the cutoffs could readily 
be defined to +15 usec. 


C. Helium Cryostat 


A sketch of the liquid helium cryostat is shown in 
Fig. 4 which also gives the dimensions. It is all-metal 
construction consisting of a liquid helium scattering 
chamber, a liquid helium storage vessel, radiation 
shields, and a liquid nitrogen storage vessel mounted in 
a vacuum jacket made of aluminum. All the internal 
structures are suspended from a brass top plate of the 
vacuum jacket by five stainless steel tubes. Four of 
these have a 10-mm outer diameter and a wall thickness 
of 0.15 mm and are mounted equally spaced around a 
circle. They extend through the top plate and are used 
for filling the liquid nitrogen vessel and for exhausting 
the nitrogen vapor. The central helium filling tube is 
30 mm in diameter with a wall thickness of 0.35 mm. 
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Fic. 4. Schematic diagram of helium cryostat for neutron meas- 
urements. (1) Aluminum-walled helium container; (2) vacuum 
chamber; (3) radiation shield; (4) helium reservoir; (5) aluminum 
to stainless steel knife-edge joint ; (6) stainless steel filling cylinder; 
(7) liquid nitrogen reservoir. 
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It is soft-soldered to the top plate of the vacuum jacket. 
The liquid nitrogen vessel is made of copper and holds 
about 3 liters. Good contact between the nitrogen vessel 
and the central tube is achieved by soft-soldering. 
A radiation shield, in which the vertical and the hori- 
zontal sections are made of copper and aluminum, 
respectively, is attached to the bottom of the liquid 
nitrogen vessel by means of screws. Thermal contact 
between the two sections is achieved by a flange joint. 
The copper structures are chromium-plated in order to 
get a low coefficient of emissivity. 

The liquid helium scattering chamber and the storage 
vessel are made of aluminum and contain together 
about 1.5 liters. Aluminum is used to keep the intensity 
of neutrons scattered by the container at a minimum. 
The storage vessel is connected to the central stainless 
steel tube by a screw joint. A V-shaped edge of steel is 
pressed into an aluminum plate, thus making the 
vacuum seal. A header is sealed to the top plate of the 
vacuum jacket by O-ring gaskets. In the top of the 
header is a hole with two O-rings providing airtight 
seal for the transfer tube. To the header are connected 
an exhausting tube and a calibrated vacuum dial gauge 
of capsule type, barometrically compensated, with a 
range of 0-20 mm Hg. By reducing the pressure over 
the surface the temperature of the liquid helium can be 
lowered. This was done with a one-stage 450-liter/min 
rotary pump. The lowest pressure obtained was 2.4 mm 
Hg corresponding to a temperature of 1.42°K. 

The helium system is closed and the evaporated 
helium gas is recovered in 1200-liter rubber balloons. 
Before filling with liquid helium the cryostat vacuum 
jacket is evacuated to a pressure of about 5X 10-* mm 
Hg. All the air in the helium system is pumped out and 
helium gas is let in. Then the liquid nitrogen storage 
vessel is filled. It requires about 5 hours and 4 liters 
of liquid nitrogen to establish equilibrium temperatures 
in the radiation shield. The equilibrium loss rate of 
liquid nitrogen is about 250 ml/hour. Liquid helium is 
then transferred through a siphon from a Dewar to 
the cryostat. The progress of filling is followed with 
carbon resistors, one at the bottom and one at the top 
of the helium cryostat storage vessel. It requires about 
2 liters to cool the scattering chamber and the storage 
vessel from liquid nitrogen to liquid helium tempera- 
ture, after which the loss rate is 100 ml/hour. 


IV. MEASUREMENTS 


A. The Scattering of Cold Neutrons from Liquid 
He Above and Below the 2 Point 


For the first measurements the apparatus was 
arranged so that the angle between the direction of the 
incident and scattered neutrons was fixed at 90°. With 
the sample cryostat evacuated, data were taken (1) to 
check the intensity of “background” neutron, coming 
from all sources other than the helium, and (2) to 
ascertain if structure could be observed in the back- 
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Fic. 5. Spectrum of neutrons scattered by helium. The ordinate 
gives the number of counts accumulated in a 30-ysec interval at 
the time of flight indicated on the abscissa. The light solid line 
represents the scattered neutron from He at 1.4°K, the heavy 
solid line from He at 4.2°K. The dashed line gives the position of 
the Be cutoff in the incident spectrum. 


ground that might distort the spectrum of helium- 
scattered neutrons. The background was found to be 
constant (independent of neutron energy) and amounted 
to approximately 10% of the intensity observed from 
the helium sample. Next the cryostat was filled with 
helium and pumped to a pressure of 2.4 mm corre- 
sponding to a temperature of 1.4°K and data were 
taken for approximately 3 hours. These data are indi- 
cated by the light solid line of Fig. 5. The scattered 
spectrum exhibits the same sharp rise characteristic of 
the Be cutoff in the incident spectrum (dashed line) ; 
however, the position of the cutoff is displaced some 
305 usec towards greater time of flight (lower energy). 
This was the first direct experimental evidence that 
excitations with long mean free paths compared to 
their wavelength exist in He IT. Next the cryostat was 
filled with helium at atmospheric pressure, and data 
were again accumulated for 3 hours. The results are 
shown as the heavy solid line in Fig. 5. The spectrum no 
longer exhibits the sharp cutoff character. The broad 
nature of the spectrum indicates that there are many- 
collision processes present, and qualitatively the spec- 
trum has the shape one would expect from a normal 
fluid. It is interesting to note that the integral over 
neutron energy of the scattered intensity is approxi- 
mately the same below and above the J point. It is for 
this reason that Sommers, Dash, and Goldstein’ could 
not observe any sharp change in total cross section as 
the helium passed through the d point. 


B. Dispersion Curve in the Momentum 
Region 1.50<«<2.14 A“ 


Having established that nature of the excitations in 
He II is consistent with the theories presented by 
Landau and Feynman, the next experimental step was 


®Sommers, Dash, and Goldstein, Phys. Rev. 97, 855 (1955). 
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Fic. 6. The spectrum of beryllium-filtered neutrons as observed 
by scattering from vanadium. The position of the break is found 
to be independent of the scattering angle and corresponds to a 
cutoff wavelength of 3.95 A. 


to determine the energy of the excitations as a function 
of their momentum (dispersion curve). The region of 
the roton minimum is of greatest interest both from 
the theoretical and experimental point of view. Meas- 
urements were therefore made to locate the minimum 
and measure the energy (A) at this point. 

The difference in position of the cutoff observed in 
the scattered spectrum as compared to the incident 
spectrum is a direct measure of the energy of the 
excitation produced by the neutron [see Eq. (3) ]. In 
order to measure this difference with the least possible 
systematic error, the incident spectrum was measured 
under exactly the same experimental! conditions as the 
scattered-neutron spectrum. This was done by sub- 
stituting a thin vanadium sample in place of the 
helium sample. The scattering amplitude of vanadium 
is nearly totally incoherent and for low-energy Be- 
filtered neutrons the scattering is essentially elastic. 
Therefore the vanadium sample acts to scatter the 
incident beam isotropically and with no change in 
energy, with the result that incident spectrum can be 
measured at any angle of scattering, with the same 
angular definition as was used to measure the helium- 
scattered neutrons. Measuring the incident spectrum in 
this way gave the first point on the dispersion curve at 
a wave number x= 2.14+0.07 A~! (x= 22/d) and energy 
E=10.7+0.5°K. 

In order to measure a series of different excitations 
energies, two experimental methods are available as 
explained in Sec. II. These are (1) to vary the incoming 
neutron energy by using different filters such as Be, 
BeO, Pb, graphite, keeping the angle of scattering 
fixed, and (2) to use one filter to define the incoming 
neutron energy and vary the angle of observation of 
the scattered neutrons. 

An inspection of the spectrum transmitted by the 
beryllium filter (Fig. 6) shows that the use of a BeO 
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filter with the last Bragg cutoff at 4.68 A cuts the in- 
tensity of cold neutrons down by a factor of two. The 
situation would be much worse using a Pb filter with the 
cutoff at 5.71 A and graphite with a cutoff wavelength 
of 6.70 A. The use of filters other than Be and possibly 
BeO were thus prohibited by the relatively low in- 
tensity delivered by the Stockholm reactor. This con- 
clusion led to the construction of the arm arrangement 
described in Sec. III above. In this arrangement the He 
cryostat is put into the beam in such a way that the 
cryostat axis of symmetry coincides with the axis of 
rotation of the arm. 

The procedure followed in the experiment was as 
follows: The arm was set at a certain angle, 0, and a few 
runs were taken with the cryostat filled with liquid 
helium. The pressure in the cryostat was varying some- 
what between 2.5 and 3.2 mm Hg corresponding to 
helium temperatures of 1.4-1.5°K. Each run was re- 
peated until a number of counts corresponding to a 
statistical error of about 3% or better were accumulated 
in the peak. This as a rule involved three to five runs 
of three hours each. The standard running conditions 
were at a chopper speed of 13 000 rpm and an electronic 
channel width of 30 usec corresponding to a resolution 
width of 100 usec. To make sure that the time calibra- 
tion remained constant, the helium cryostat was 
removed between some of the runs and a vanadium 
sample was placed in the beam. The time position of the 
beryllium break was found to be independent of angular 
setting within +5 usec and the average position of the 
break was found to be (3081--5) usec in exact agree- 
ment with the time position calculated from the known 
flight path (see Fig. 6). Background runs were also 
taken at different angular settings with the empty 
cryostat in the beam. This background was found to 
be constant and independent of time and angular 
setting. 

Following this scheme two sets of runs were taken at 
90°, one with the Be filter and another with a 10-cm 
BeO filter added. The scattered intensity when using 
the BeO filter was so low that no more runs were taken 
with the BeO filter. Using the Be filter, eight more 
sets of runs were taken for angular settings of 86.0°, 


TABLE I. Helium scattering data for 7=1.4~-1.5°K. 





Time shift 
of break 
position 
At =to —ty 

(usec) 


Time of flight for 
ingoing scattered 
neutrons neutrons 
to (usec) ty (usec) 

308145 3415+10 
308145 3395+10 
3081+5 3347+10 
3081+5 3338+: 10 
3524410 3917+15 
308145 3305+ 10 
308145 3317410 
3146410  3392+10 
308145 3362+10 
2992+:5 3297410 


Angle of 


Filter observation 


334+11 
314+11 
266+ 11 
257+11 
393418 
224+11 
236+11 
246+ 15 
281+11 
305+11 
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83.0°, 80.2°, 76.3°, 69.6°, 67.7°, 63.6°, and 59.4°. One 
set of data at 86.0° was taken with the sample at 
T=1.75°K. The scattered neutron intensity gradually 
decreased with decreasing angles and at the last angle 
of 59.4° 15 hours running time was necessary to get 
1000 counts in the scattered peak of which 500 counts 
correspond to background neutrons. Defining the posi- 
tions of the incident and scattered beryllium breaks as 
described in Sec. IIIB, we arrive at the results for the 
flight times given in Table I. The time shift of the 
break, corresponding to the energy necessary to excite 
a roton, is given for each angular setting. The errors 
given as associated with each break definition are 
estimated from the statistics of the run and by an 
analysis of the possible extreme positions for each break. 
As seen from the table, the time shifts are more than 
ten times smaller than the flight times themselves, 
which means that high resolution is necessary to define 
the shifts to good accuracy. Examples of the spectra 
scattered from He II at various sample temperatures are 
given in Figs. 7 (A), (B), and (C). 

At T= 1.42°K the spectrum of scattered neutrons has 
the same shape as the incident spectrum (Fig. 6). The 
small maximum in counting rate at approximately 
#= 3000 usec is a result of incomplete filtering action 
by the Be filter and is also observed in the incident 
beam. Figures 7 (B) and (C) show the change in shape 
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Fic. 7. Examples of spectra of neutrons scattered from liquid 
helium at various sample temperatures. 


He II 


TABLE II. Dispersion relation for excitations in He IT. 
T = 1.4-1.5°K. 


Angular setting 
6 «At E°K 
11.3+0.4 
10.8+0.4 
9.3+0.4 
9.0+0.4 
8.3+0.6 
8.0+0.4 
8.4+0.4 
8.5+0.5 
9.8+0.4 
10.7+0.4 


1.50+0.05 
1.60+0.05 
1.70+0.05 
1.75+0.05 
1.81+0.05 
1.90-+0.04 
1.98+0.04 
2.03+0.04 
2.08+0.05 
2.14+0.05 


59.4 
63.6 
67.7 
69.6 
90.0 
76.3 
80.2 
83.0 
86.0 
90.0 


of the scattered spectrum with increasing temperature. 
As the break broadens, its center also changes, moving 
towards the position of the Be cutoff. 


C. Calculation of x and E Accuracy 


The Eqs. (1) and (2) of Sec. II may be rewritten to 
include experimentally determined quantities, 


kh? totty 
BCK)=——( )ay, 
2mk pr? t? 
2m (te? +1t;?— 2toty cosd)! 


g= ? (4) 
. ty 





where m is the neutron mass; kg is the Boltzmann 
constant; d, is the cutoff wavelength for the filter used, 
3.952 A for the Be filter and 4.677 A for the BeO filter; 
6, to, ty, and At being defined in Table I. In this formu- 
lation it is also easily seen that the error in the determi- 
nation of the energy is almost completely determined by 
the error in Aé, the total errors in E emanating from all 
other sources being of the order of 0.5% (compare 
Table I). In a similar way the main contribution to 
error in x comes from the uncertainty in the angular 
definition, +d, because errors due to uncertainties 
in to and ¢,; are small. Two effects have to be considered 
in discussing the angular definition. First, the angular 
setting of the arm with respect to the incoming neutron 
beam is accurate to +0.5°. Secondly, a systematic 
error might arise in the angular definition because of the. 
relatively large angular openings, +2.3° each, of the 
incoming and outgoing beams. If the differential cross 
section for the scattering process varies rapidly over an 
angle of the order of the acceptance angle, i.e., 4.5°, 
most of the intensity recorded might originate from one 
extreme side of the beam hole and one extreme side of 
the detector. However, a calculation of the differential 
scattering cross section using the formulas of Cohen and 
Feynman shows that the variation of the scattered 
intensity over the detector acceptance angle can at 
most lead to an error of +1° in the angular definition. 
(The uncertainty in energy resulting from the angular 
uncertainty is negligible compared to the error in At.) 
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Fic. 8. Dispersion curve for excitations in He II. The tem- 
perature of the sample was kept between 1.4 and 1.5°K. The 
dashed line is the Landau-Feynman dispersion curve given in 
reference 6. 


Using these considerations the final results («;,Z,;) de- 
fining the dispersion relation are as given in Table IT. 


V. RESULTS AND DISCUSSION 


Figure 8 shows a plot of the data given in Table LI. 
A least-squares fit to these data using a parabola of the 
Landau type, E=A+(p—po)*/2u, in the region x= 1.7 
—2.1 A! agrees with the data within the limits of 
experimental error. The derived constants are 


A=8.1+0.4°K, 
po/h=1.9040.03 A“, 
L= 0. 16+0.02 Me. 


As can be seen from Fig. 8, the experimental dispersion 
curve is not really parabolic. However, the above con- 
stants can be compared to those derived from specific 
heat and second sound data at low temperatures be- 
cause in such measurements only rotons near the 
minimum of the dispersion curve are excited. The values 
obtained from recent “low-temperature integral” experi- 
ments give somewhat conflicting results. Khalatnikov” 
in 1952 gave A=8.9+0.2°K, po/h=2.0+0.05 A~, 
u=0.32+0.13 my. whereas de Klerk, Hudson, and 
Pellam" quote A=9.6°K, po/h=2.30 A, 1=0.40 mu, 
and Kramers'? quotes A=9.0+0.2°K, po/h=2.0 
+0.1 A, uw=0.3240.15 mue. ; 

The largest discrepancy between the neutron data 
and the integral measurements appears to be in the 
value of A, the neutron value being some 10% lower 
than the value quoted by Khalatnikov and Kramers 
and 15% lower than the value quoted by de Klerk 
et al. 

In light of the neutron measurements it seems clear 
that the wave function used by Feynman and Cohen™ 


1 E. M. Khalatnikov, J. Exptl. Theoret. Phys. (U.S.S.R.) 23, 
21 (1952). 

u de Klerk, Hudson, and Pellam, Phys. Rev. 93, 28 (1954), 

12H. C. Kramers, thesis, Leiden, 1955 (unpublished). 

13 R,. P. Feynman and M. Cohen, Phys. Rev. 102, 1189 (1956). 
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to describe the roton needs to be modified. On the basis 
of the Feynman theory, relating the dispersion curve 
for helium excitations to the differential x-ray scattering 
cross section of helium, the values of the Landau 
parameters are AC 11.5°K, po/h=1.85 A, u=0.20 mu. 
A recent attempt by Brueckner and Sawada" to find 
the dispersion relation for a dense Bose-Einstein hard- 
sphere gas yields a formula which qualitatively gives 
the correct shape of the dispersion curve, v/z., starting 
with a linear rise, reaching a maximum, and then 
exhibiting the roton minimum. The theory contains two 
adjustable parameters, the fluid density and the dis- 
tance of closest approach of two helium atoms. If these 
parameters are adjusted to give the values of A and 
po/h obtained from the neutron data, the computed 
velocity of sound is some 20% greater than the meas- 
ured value. If the velocity of sound and A are assigned, 
the theoretical value of po/h is found to be 30% low. 
By using the uncertainty principle ApAx=h and the 
criterion that a change in the spread of the break of 
15 usec or greater would be experimentally observable, 
the data taken at 7=1.42°K [ Fig. 7(A) ] indicate that 
the mean free path of a roton is equal or greater than 
sixty times its wavelength (AX 2 10~* cm). This figure 
may be compared to a value of AX<2X10~-* cm as 
calculated from the Landau-Khalatnikov" theory. The 
observed spreading of the break at 7=1.75°K [Fig. 
7(B)] is consistent with a roton mean free path of 
only six times its wavelength. It is interesting to note 
that although the mean free path of this 2.08 A~! roton 
is reduced by a factor of 10 in going from T=1.42°K 
to T=1.75°K, the energy of the roton changes only by 
—0.5+0.5°K. One therefore would expect that A in 
first order would be independent of temperature over 
the temperature interval 0-1.7°K. For temperatures 
greater between 1.7° and 4.2°K the interaction between 
excitations causes a rapid washing out of the sharp 
character of the break in the scattered neutron spectrum 
[ Fig. 7(C) ] and the portion of the break moves in such 
a way as to decrease the computed value of A. 
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An experimental investigation has been made of the temperature 
effect on the angular distribution of radiation from positron 
annihilation in matter. The materials chosen were Teflon, fused 
quartz, naphthalene, and water, for which the most comprehensive 
studies of the long-lifetime (72) component and its intensity under 
various conditions have previously been made. The correlation 
between 72 lifetime and intensity and the amount of narrow 
component in the angular distribution has been studied both in a 
single phase, and as a function of phase change. Evidence seems 
conclusive that the so-called temperature effect on angular 
distributions is in reality a density effect. The underlying cause of 
the narrow-component enhancement seems in part to be related 
simply to an increase in positronium production which follows 


I. INTRODUCTION! 


OSITRON annihilation in matter may occur from 
unbound states through direct annihilation with 
electrons, or by annihilation from a bound state, the 
positronium atom. In the latter case, the positronium 
atom may exist in either the singlet (spin antiparallel) 
or triplet (spin parallel) states, which gives rise, in free 
space, to two characteristic mean lives against self- 
annihilation: 1.25 10-'° sec from the singlet state and 
1.38 10-7 sec from the triplet. These two states will be 
formed in the ratio } to 3. Self-annihilation from the 
singlet state must occur with emission of 2 quanta, and 
from the triplet state by emission of 3 quanta. 

If positronium is formed in the presence of other 
matter, the so-called “pickoff” process? may occur in 
which the positron annihilates by 2-quantum emission 
with an atomic electron of the proper spin orientation. 
The probability of pickoff depends on the amount of 
overlap of the positron and external electron wave 
functions, and therefore should be related to the density 
of surrounding matter. The lifetime against pickoff will 
generally be longer than the singlet state self-annihi- 
lation time but much less than the triplet self-anni- 
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t Part of the data appearing in this article was presented at the 
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1 For a general revicw of the theory of positron annihilation in 
matter, see R. A. Ferrell, Revs. Modern Phys. 28, 305 (1956), and 
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Berko and F. L. Hereford, Revs. Modern Phys. 28, 299 (1956). 
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density changes. In quartz, and in water, Teflon, and naphthalene 
within the present limits of error, the enhancement may be 
attributed to this cause alone. The narrow component in quartz, 
Teflon, and naphthalene is found to have a width corresponding 
to a center-of-mass energy at the time of annihilation of about 
10 times the thermal energy for positronium. The water-ice 
transition shows extremely interesting properties, marked by the 
appearance of a very narrow and well defined peak in the ice 
phase. It is suggested this is due to a reduction of the zero-point 
energy caused by enlargement of cavities in which positronium is 
trapped. Some anomalies are pointed out in the excisting 72 
intensity, lifetime, and 3y annihilation rate as a function of phase 
change in water. 


hilation time. The effect of the pickoff process is there- 
fore to substantially depopulate the triplet positronium 
states, giving rise to a “long” lifetime much shorter 
than that of free-space triplet positronium. Further- 
more, the annihilation radiation from the long-lifetime 
processes will now consist mainly of two quanta rather 
than three. Such a long-lived two-quantum component 
in the decay spectrum of positrons annihilating in 
various insulators, having a lifetime generally a few 
times 10~ sec, was first discovered by Bell and Graham.’ 
Intensity-wise, the 72 component was found to comprise 
about 30% of the area under the lifetime curve and to 
be the same (with rather wide limits of error) for all 
materials exhibiting the 72 lifetime. 

Recent measurements‘ have shown that these data 
are partially incorrect, however, and that the r2 in- 
tensity may in fact vary more widely than previously 
suspected, being ~ 21% in pure water and as high as 
53% in pure fused quartz, and further may depend in 
part on the presence or absence of impurities. 

A temperature dependence in the annihilation 
processes was also observed by Bell and Graham*: a 
more or less linear dependence of r2 lifetime on tempera- 
ture between + 20°C and — 196°C was noted in several 
substances such as Teflon, although within the (wide) 
limits of error no change in 72 intensity was indicated. 
Further investigation® on Teflon has shown that its 
tz vs T curve levels off between liquid nitrogen and 
liquid helium temperatures. A similar temperature 
dependence on the 3y coincidence rate was observed by 
Graham and Stewart,® and Wagner and Hereford? for 
several substances. Since the 3y annihilations arise from 
*S positronium which has escaped pickoff, one is merely 
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68 (1956). 
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observing here another manifestation of the tempera- 
ture dependence of the 7, lifetime, however. 

In addition to these temperature effects, which 
apparently are associated with changes in pickoff due to 
thermal expansion, a temperature effect on the angular 
distribution of annihilation radiation was observed by 
Stewart.* A strong enhancement of the narrow com- 
ponent was found in Teflon at +250°C when compared 
with the distribution at — 196°C. Reason for believing 
that a relationship exists between the narrow and 7.2 
components was furnished by Page ef al.® in their 
measurements of the angular distribution of crystalline 
quartz vs fused quartz. Crystalline quartz, which shows 
no tz component,’ was found to give a very broad 
angular distribution. Fused quartz, in which the 72 
component is present, showed a much more peaked 
distribution. 

Although the experimental evidence suggests some 
identity between the 72 lifetime component and the 
narrow-component radiation, it is clear that pickoff 
annihilations from the triplet state of positronium, with 
which the rz component must be associated, should not 
fall into the narrow component, since they involve 
relatively high momenta. Magnetic enhancement 
experiments” also bear out the assumption that self- 
annihilation radiation from 'S positronium is confined 
to a rather narrow angular region. It is fairly certain 
therefore that at least the major portion of the narrow 


component arises from '§ self-annihilation, and that 
the broad component must be attributed to pickoff and 
direct annihilations. 

A possible explanation for the temperature effect on 
angular distributions was suggested by Ferrell," based 
on electromagnetic conversion from the *S — 1S states. 


Since that time, the recent remeasurement of 72 
intensities has removed discrepancies in the data for 
fused vs crystalline quartz which led to the electro- 
magnetic conversion hypothesis. As shown below, it 
now appears likely that changes in angular distribution 
brought about by temperature and/or phase changes 
may be attributed solely to changes in the amount of 
positronium formed, without the necessity for more 
complicated mechanisms (although in the case of the 
water-ice transition, some further assumptions seem 
necessary and will be taken up in Sec.IV). 

In the discussion (Sec. IV) we shall give a simple 
picture by which variations in the positronium for- 
mation mechanism, and thus ultimately in the shape 
of the angular distribution curve, may be related to 
density changes in the target material. 


8 A. T. Stewart, Phys. Rev. 99, 594 (1955). 

® Page, Heinberg, Wallace, and Trout, Phys. Rev. 98, 206 
(1955). 

10L. A. Page and M. Heinberg, Phys. Rev. 102, 1545 (1956) 
and 107, 1589 (1957); and S. D. Warshaw, Phys. Rev. 108, 713 
(1957). 

1 Reference 1, pp. 335-336. 
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II. EXPERIMENTAL 


Since nothing was known of the temperature effect on 
angular distributions except for ; rtial information on 
Teflon, we have carried out an investigation of the 
effect in some representative materials for which 3y 
rate measurements and/or 7 lifetime and intensity 
information is available for correlation with the angular 
distribution data. The materials chosen were Teflon, 
water, ice, and quartz. In addition, a study was made 
of the effect of crossing the solid-liquid phase change 
in naphthalene and in water. Previously, the only 
angular distribution measurements of phase-change 
effects have been made on fused and crystalline quartz.® 


A. Apparatus and Techniques 


The two-photon angular correlation apparatus was 
of the usual type (see, for example, reference 9) em- 
ploying a fixed vertical target and vertical collimating 
slits, one of which was moved in a fixed series of posi- 
tions in the horizontal plane by an automatic tracking 
device. This slit was mounted on a beam pivoted at the 
target so as always to remain in proper alignment. 
After each thousand counts, a series of relays were 
tripped, automatically recording the time elapsed, 
resetting the scaler, and advancing the slits to the next 
position. The distance between positions was 0.167 cm. 
For most of the runs on Teflon, quartz, and ice, a slit 
width of 0.114 cm was used (0.57 milliradian at the 
standard distance of 2 meters from the target). For 
other runs, the slit width was 0.228 cm (1.14 milli- 
radians). Actually, little change was introduced by 
using the 0.57- rather than 1.14-milliradian slits, due 
to the basically triangular distribution shape. Ice was 
a special exception however, as will be discussed below. 

No correction for angular resolution has been made 
on the graphs except for that of Teflon and ice. The 
effect of the correction is negligible except in regions of 
high curvature. Since most of the distributions are 
triangular in shape, the only serious correction occurs 
at the peak. Even here the change in value at the peak 
was found to be less than 2% for Teflon, so that it was 
felt that the labor of making resolution corrections was 
in general not worthwhile. 

No correction has been made for accidental back- 
ground, since by suitable shielding around the de- 
tectors, the ratio of true to accidental counts was kept 
at about 500/1 using the 1.14-milliradian slits and 
about 200/1 with the 0.57-milliradian slits. The target 
face was usually 3X1 in. in size, the narrower dimen- 
sion being along the line of y-ray observation. Some 
Compton scattering of the escaping y radiation will 
occur, but this is not strongly peaked in the forward 
direction for 0.5-Mev radiation, and at worst will only 
produce a nearly uniform background count over a 
spread of ~} radian. The intrinsic distribution from 
positron annihilation is on the order of 20 or 30 milli- 
radians. For most of the runs, a source of about 5 
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millicuries was used, consisting of Na” deposited on 
the end of a }-in. diameter stainless steel rod and 
covered by 1-mil Al foil. For certain runs, a source 
consisting of Cu® foil was used. 

In all cases involving temperature changes, the 
temperature of the target was measured by a thermo- 
couple imbedded directly in the sample. Temperatures 
could generally be held steady within 5°C for several 
hours and all temperatures referred to carry a maximum 
error of that amount, unless otherwise stated. 

For the ‘“‘peak rate’’ measurements described below, 
it was usually necessary to change the target holding 
arrangement to cover extreme temperature ranges. In 
this case one or two measurements would be taken at 
the end of each temperature range with several times 
the usual statistical accuracy, and the different portions 
normalized at these points. In addition, over a single 
temperature range, it was customary to cycle the tem- 
perature while taking readings, to minimize any drifts 
in the counting circuits. (Actually, the circuitry would 
produce data within the statistical error limits over a 
period of at least 20 hours, with no visible long term 
drifts.) 


(t) Teflon and Quartz 


For the high-temperature runs on Teflon, the sample 
was mounted on the end of a copper bar, the other end 
of which was surrounded by a small electric oven. For 
the low-temperature Teflon measurements, the sample 
was mounted in a “spider” placed in front of the source 
and wedged into a 500-cc beaker which was in turn 
mounted in a large Dewar and surrounded by dry ice 
or liquid nitrogen. The beaker was sealed to prevent 
the accumulation of frost on the sample. Appropriate 
corrections for attenuation by the nitrogen or dry ice 
were made when necessary. 

With the latter arrangement, it was impossible to 
use the Na” source, due to space limitations, so a Cu 
foil measuring about 4X1 X0.005 in. was irradiated 
and mounted in a lead collimator placed in the beaker. 
As Cu® has a 12.8-hour half-life, it was necessary to 
correct for the decay rate whenever a copper source 
was used. 

For the runs made on Teflon under pressure, a 
sandwich consisting of 3 copper foils 0.0001 in. thick 
separated by Teflon sheets 0.01 in. thick and backed 
by heavier sheets of Teflon was irradiated after as- 
sembly and loaded into a mechanical press. The foil 
was kept away from the edges of the sandwich to avoid 
the possibility of positrons entering and annihilating 
in the surrounding steel. Pressure was applied by simple 
tightening of a screw giving a force up to a few thousand 
pounds. The whole press could be heated by coils 
running through it, and was cut away to give a maxi- 
mum thickness of } in. of steel at each side along the 
line of observation of the y rays. Again any Compton 
scattering should not materially affect the distribution. 
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The quartz runs were made in the same manner as 
those for Teflon except that a Cu™ source was used for 
both the high- and low-temperature runs. 


(it) Naphthalene and Water 


Since the existing apparatus required a vertical target 
face, and since it was desirable to avoid any change of 
position in a liquid target face due to evaporation, a 
small thin-walled vertical reservoir was constructed to 
hold liquid samples. This consisted of a copper tank 
with sides 0.01 in. thick which were further tapered 
towards the front (vertical) face of the tank in order to 
minimize positron annihilations in the tank walls. The 
front face, measuring 3 by 1 in., was covered with a 
nickel foil 0.00004 in. thick. Better than 99% of 
positrons incident on a foil of this thickness will pass 
through without annihilation, and the geometry of the 
tank and source position made it virtually impossible 
for positrons to reach the tank walls before having 
annihilated in the material filling the tank. No cor- 
rection was made to the angular distribution curves for 
extraneous annihilation, as we feel this should amount 
to less than 1%. The tank was mounted on the end of 
a brass rod which could be immersed in a coolant or 
inserted into a small electric oven to provide tempera- 
ture changes. 


III. RESULTS 
A. The Temperature Effect 
(i) Teflon 


Figure 1 shows the angular distribution from Teflon 
at —196°C, +20°C, and +270°C. The three curves 
have been normalized to equal areas. Stewart’s original 
data® indicate a stronger difference between high and 
low temperatures, but part of this may be due to a 
change of slit width between his two curves. Later 
distributions taken by Stewart with constant slit width 
(private communication) indicate about the same 
amount of change as shown here. Unless otherwise 
noted, the error bars on this and all subsequent figures 
indicate the standard deviation only (based on the 
square root of the total number of counts). To avoid 
confusion, in some figures where several curves are 
shown the number of counts per point is given for each, 
from which the standard deviation may be derived. 

Figure 1(a) is the difference curve obtained from the 
two temperature extremes. The central area above the 
dotted line in Fig. 1(a) represents the change in the 
narrow component, while the total area under the zero 
line represents the change in the broad component. 
These two areas must of course agree, since the indi- 
vidual high- and low-temperature angular distribution 
curves were themselves normalized to equal areas 
before subtracting. 

This type of normalization is the logical one by which 
to make a comparison between curves, and shows im- 
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Fic. 1. Angular distribution curves for Teflon as a function of 
temperature. Slit width =0.57 milliradian. (a) shows the difference 
curve obtained from the distributions at —196°C and +270°C. 
The curves are normalized to equal area. 


mediately regions in which relative attenuation and 
enhancement occur. In Fig. 1, one notes that all three 
area-normalized curves intersect at a common point on 
each side of the distribution. This suggests that these 
points mark the approximate boundaries between 
distinct narrow and broad components whose intensities, 
rather than distribution shapes, alter to produce the 
observed changes in angular distribution. This inter- 
pretation seems quite reasonable on the basis of different 
origins for the narrow and broad parts of the distri- 
bution as discussed in Sec. I. Thus, for instance, the 
pickoff mechanism may vary in its efficiency under 
different density conditions, but the momenta involved 
would not be expected to change much. 

In the following discussions, unless otherwise noted, 
we shall make the assumption that distinct narrow and 
broad components exist whose distribution shapes 
remain relatively constant, and that angular dis- 
tribution changes are brought about by changes in the 
relative intensity of these components. It should be 
noted that if the narrow and/or broad component 
distribution shapes do change, then one obtains a finite 
difference-curve area even if no intensity change takes 
place. Gross changes in shape (e.g., that for ice, see 
below) are easy to detect and to make allowance for. 

Barring changes in shape, the difference curve 
between two distributions taken under different con- 
ditions should give a direct measure of the half-width 
W,, of the narrow component (from the half-width of 
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the central portion of the difference curve at its half 
maximum point). Furthermore the ratio of the central 
difference-curve area [i.e., the part above the dotted 
line in Fig. 1(a)] to the total distribution area should 
give the relative fraction of entering positrons involved 
in producing the observed changes. We shall refer to 
this difference-curve area ratio as a, and, strictly 
speaking, mean the experimentally measured quantity, 
irrespective of whether or not changes in distribution 
shape may be contributing to its value. There is a 
certain amount of arbitrariness in the placing of the 
dotted line across the bottom of the difference curve. 
We have tried to make it a reasonable approximation 
to the shape expected for the broad component. 

We estimate the central area above the dotted line 
in" Fig. 1(a) to be (4.740.8)% of the total angular 
distribution curve in Fig. 1. (That is, a=0.047.) The 
half-width at half maximum of the portion above the 
dotted lines gives W,=1.3+-0.2 milliradians. The error 
limits in area and half-width take into account possible 
error in positioning of the dotted line, as well as the 
purely statistical estimate. From the relation 6= P/moc, 
this value for the half-width indicates a center-of-mass 
energy at the time of annihilation on the order of 


E=mc?/4=0.21 ev. 


(The 4 appears in the denominator since the posi- 
tronium mass equals 2m.) Assuming that the narrow 
component arises only from the self-annihilation of 
singlet positronium, this would therefore indicate that 
the positronium energy is about 10 times thermal 
energy at room temperature at the time of annihi- 
lation. More will be said concerning this later. 

Figure 2 represents a measure of what we shall call 
the “peak rate” for Teflon, as a function of tempera- 
ture. The slits, set at a width of 1.12 milliradians, were 
placed collinearly with respect to the target, and the 
counting rate as a function of temperature was re- 
corded for a fixed unit of time. 

Three different Teflon samples were used for the 
data appearing in Fig. 2. Two were obtained from 
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Fic. 2. Peak rate as a function of temperature for Teflon, 
taken with 1.14-milliradian slit width. 
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different suppliers and originally used in a preliminary 
effort to determine whether different samples would 
show different characteristics. (Slightly different life- 
times have been found in different samples.) Since no 
substantial difference in behavior of the two samples 
showed up either in angular distribution or in peak 
rate, points from both samples are included in Fig. 2. 
In addition, since it was desired to take a measurement 
on Teflon under pressure at high temperature, the 
sandwich described in Sec. II was prepared and ir- 
radiated, and data from this also appear in Fig. 2. 
After irradiation for 24 hours at a neutron flux of ~ 10" 
cm~*, the Teflon was materially changed in appearance, 
having turned a light brown and become quite brittle. 
Nevertheless, its angular distribution curve (Fig. 3) 
was not particularly changed from that of nonirradiated 
Teflon, and its peak rate tended to behave just as had 
that of previous samples. It was reported at the 1957 
Washington meeting of the American Physical Society 
by Lundholm ef al.” (not covered in their abstract) 
that irradiation of Teflon produces no apparent change 
in re lifetime, although a strong drop in 72 intensity 
occurs. It was found that this effect did not appear in 
Teflon for a total integrated flux (VXV XT) of less 
than about 10'’, corresponding to a minimum of about 
25 hours in the Brookhaven reactor. This is about the 
maximum length of time that the present sample was 
irradiated. Since a drop in 72 intensity without a change 
in re lifetime is indicative of the chemical binding of 
positrons,‘ one might expect to see a reduction in the 
narrow component intensity. If anything, the opposite 
seems to be the case when one compares the high- 
temperature curve of Fig. 1 with the no-pressure curve 
of Fig. 3. The data of Lundholm ef al. were taken at 
room temperature, however; one really needs to com- 
pare distributions and 72 intensities at equal tempera- 
tures. Further investigation of this would be interesting. 

As can be seen in Fig. 2, there is a sharp up-swing in 
the peak rate above 200° which apparently coincides 
with the start of a general change in property of the 
material. At 275° to 300°C, Teflon” begins to become 
translucent and jelly-like with a considerable increase 
in volume." Heating at or beyond 300°C results in the 
evolution of poisonous gases, however, and not much 
work was done at this high temperature. 

Immediately after the highest temperature point 
was taken on the irradiated sample, pressure was applied 
and a recount taken resulting in a point considerably 
below the general curve (Fig. 2, at ~ 250°). An angular 
distribution was then taken at the same temperature 


2 Lundholm, Bjorkland, and Menius, Bull. Am. Phys. Soc. 
Ser. II, 2, 173 (1957). 

8 Tt is unfortunate that no 72 lifetime measurements on Teflon 
have been carried out above 200°C. The highest temperature 
measurements seem to be those of Lundholm et al. (reference 12), 
who stopped at 200°C, somewhat too low to show whether a rapid 
increase in r2 occurs above this temperature, as might be con- 
cluded from the peak rate behavior on the basis of a general 
correlation between the two. 
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Fic. 3. Angular distribution curves for Teflon at +260°C with 
and without pressure, normalized to equal area. Slit width= 1.14 
milliradians; (a) shows the difference curve. 


(Fig. 3) which confirmed that the application of pres- 


sure will “squeeze out” the narrow component, thus 
giving a clear indication that the ‘‘temperature”’ effect 
on angular distribution could in fact be a density effect. 

Figure 3(a) represents the difference curve derived 
from Fig. 3. The enhancement of the narrow component 
again falls within roughly the same angular region. The 
central area above the dotted curve is estimated to be 
(8.1+0.8)% of the total distribution area, and its 
half-width at half maximum is 1.5++0.2 milliradians. 
The higher value for a compared with that found from 
the temperature difference curves suggests that even 
less narrow component was present under pressure, 
despite the elevated temperature, than was present 
without pressure at liquid nitrogen temperature. 
(Unfortunately no good estimate of the pressure could 
be made.) The agreement, within the limits of error, 
of the half-width values, despite the considerable 
difference in physical conditions, is interesting and again 
suggests that we are justified in the assumption that 
no significant change in the distribution shapes has 
occurred. 


(ti) Quarts 


A set of distribution and peak-rate measurements 
similar to those for Teflon were made on fused quartz 
(Figs. 4 and 5). Both the angular distribution and peak- 
rate curves suggest a small change, principally from 
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Fic. 4. Angular distribution curves for fused quartz as a 


function of temperature, normalized to equal area. Slit width 
=0.57 milliradian. 


room temperature to —196°C, although Bell and 
Graham?’ found no change in 72 between these tem- 
peratures. Little or no observable change in 72 or angular 
distribution should be expected from the density de- 
pendence of view, since the coefficient of thermal 
expansion for quartz is extremely small (1.5x10-* 
cm®/degree C). It is possible that the apparent drop-off 
of the peak curve below room temperature is due partly 
to faulty normalization at the ends of the ascending 
and descending temperature runs, in spite of the 
precautions taken (see Sec. II). We conclude that there 
may be a temperature effect in quartz (which very 
exact measurements of 72 intensity might reveal), but 
that its magnitude is at most slight, in keeping with the 
density-independence hypothesis. 
(iit) H,O 

Finally, we shall jump ahead for a moment and 
consider Figs. 6 and 7, showing, respectively, the peak 
rate measurement as a function of temperature for ice 
and distilled water, and the density behavior as a 
function of temperature, neglecting the phase change 
for the present. H,O shows interesting variations in 
density within its two phases and for this reason makes 
a particularly good test for the density-dependence 
hypothesis. The curve in Fig. 6 is derived from Fig. 7 
on the basis of a density-dependent peak rate, and is 
seen to be consistent with the experimental points. 
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B. Effect of Phase Changes 
(i) Naphthalene 


To study further the density dependence and the 
general effect of phase changes on angular distribution, 
an investigation was made of naphthalene and water 
across their solid-liquid transitions. It has previously 
been established by Landes e¢ al.‘ that in naphthalene 
the 72 lifetime changes abruptly from 1.2 10~ sec to 
2.6X10~* sec as the transition is made from solid to 
liquid and that furthermore the intensity of the r2 
component changes from ~10% below melting to 
~ 30% in the liquid state. 

Figure 8 illustrates the peak rate measured for 
naphthalene, which significantly shows a_ behavior 
similar to the r2 (intensity and lifetime) vs T dependence 
found by Landes e al. The melting point of naph- 
thalene is 81°C. The transition temperature is probably 
sharper than appears in Fig. 8 due to the fact that 
during heating the temperature around the sides and 
front of the sample, in contact with the metal tank, 
would be higher than registered in the center by the 
thermocouple and vice versa during cooling—thus the 
thermocouple readings would tend to give an erroneously 
wide peak-rate transition range. 

Figure 9 gives the result of angular correlations 
taken at 28°C and 86°C. (A partial distribution was 
also measured at 68°C with less accuracy: it appears 
to be the same as the distribution at 28°C, as would 
also be indicated by the peak-rate curve.) The difference 
curve, Fig. 9(a), indicates an area above the dotted 
curve of (9.3+1.0)% of the total distribution curve, 
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Fic. 5. Peak rate as a function of temperature for fused quartz, 
taken with 1.14-milliradian slit width. 
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Fic. 6. Peak rate as a function of temperature for water, taken 


with 1.14-milliradian slit width. The curve is derived from Fig. 7 
on the basis of a density-dependent peak rate. 


14 Landes, Berko, and Zuchelli, Phys. Rev. 103, 828 (1956). 
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with a half-width at half maximum of 1.30.2 milli- 
radians. 

The density of naphthalene changes from 1.14 g/cc 
in the solid phase to 0.96 g/cc in the liquid phase, or 
about 16% upon melting, although microscopic density 
changes can be expected to be even higher. Thus 
enhancement of the narrow component again follows a 
decrease in density. 

One does not entirely expect that as drastic an effect 
as a phase change should be comparable in effect with 
simple density changes in a single phase, but the 
observations on naphthalene tend to indicate that 
density changes may be the dominant factor in altering 
the angular distribution across phase changes. (As we 
shall see, the total increase in narrow component in 
liquid naphthalene is ascribable to the increase in 
positronium production alone, as measured by the rz 
intensity increase found by Landes ef al.) With this 
encouragement we next consider a more critical test 
of the density-dependence hypothesis. 


(it) Water-Ice 


The results from distilled water are illustrated in 
Figs. 6 and 10 and show at least two interesting features. 
First one sees that the “temperature” effect is inverted, 
although keeping a normal dependence from the density 
standpoint. Thus a general order-disorder dependence, 
for instance, which has been suggested in the literature, 
seems to be ruled out. Some further effect seems to be 
taking place, as evidenced by the now abnormal 
narrowness of the narrow component. Even though 
().57-milliradian slits were used, the narrowness is so 
great that most of the observed spread of the experi- 
mental points in the central spike is due to the finite 
resolution of the apparatus, i.e., one is largely measuring 
the resolution function of the slits. For this reason the 
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Fic. 7. Density vs temperature for water. Derived from data from 
reference 20 and. Dorsey, reference 18. 
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Fic. 8. Peak rate as a function of temperature for naphthalene, 
taken with 1.14-milliradian slit width, Melting point of naph- 
thalene=81°C, 


POSITRON ANNIHILATION 





-—— 
N 


+ 100 NAPHTHALENE 
«— at 86°C 


a at 28°C 








ADIANS 


8 MILLI 


Fic. 9. Angular distribution curves for naphthalene at 28°C 
and 86°C, normalized to equal areas. Slit width=1.14 milli- 
radians. (a) shows the difference curve. 


correction for angular resolution now becomes im- 
portant. One may show that the resolution function 
for 0.57-milliradian slits and a target having the density 
of ice is very nearly a Gaussian distribution with a 
half-width of about 0.60 milliradian. The estimated 
shape of the angular distribution after making the 
resolution correction is shown by the dotted line in 
Fig. 10. The narrow component is now found to have 
a half-width W, of about 0.35 milliradian, implying an 
annihilation center-of-mass energy of E=m *6?/4 
=0.015 ev with a possible error of about a factor of 
three. This suggests that the narrow spike must arise 
from completely thermalized positronium (thermal 
energy=0.02 ev). Furthermore, the angular distri- 
bution as measured allows an easy separation into 
narrow and broad components without recourse to 
comparisons with other curves. When this is done the 
ratio of narrow-component area to total area (narrow 
plus broad) is found to be 0.088+-0.009. On the other 
hand, the difference curve between water and ice yields 
a value of a=0.077+0.01. Although these values agree 
within the limits of error, this is accidental and no 
comparison between them should be made. Strictly 
speaking, the first quantity is not equivalent to a, and 
furthermore a large fraction of the value of a here must 
arise simply from the obvious change in shape of the 
narrow component, aside from any iniensily changes. 
Figure 6, the peak-rate dependence in water, shows 
~ 32% increase in the peak rate upon freezing relative 
to its value for water. In the interest of counting rate, 
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TABLE I. Data from temperature-induced changes in angular distributions. 


Target a 


Teflon® 
Teflon” 
Teflon® 
Quartz 
Naphthalene 
Water-ice 


W, (milliradians) 


1.3 +0.2 
1.1 +0.2 
1.5 +0.2 
1. 
1. 


0.047+0.008 
0.011+0.008 
0.081+0.008 
0.178+0.01¢ 5 +0.2 
0.093+0.01 3 +0.2 
0.077+0.01 0.3540.2 





Ratio: N/(N +B) Wa 
0.008+0.009 0.35+0.2 





« For temperature range —196°C to +270°C. 
> For temperature range —196°C to +20°C. 
e At +260°C with and without pressure. 
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0.21+0.03 ? 
0.16 +0.07 
0.29 +0.04 
0.29 +0.04 
0.21 +0.03 
0.015+0.3 
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I2(2) I:(1) B=a—jAls 


0.30+0.05 0.30!(?) 0.011-0.05 
> > 

0.001+40.05 

0.027+0.04 


0.077+0.10(?) 


0.538 of 
0.295 0.09» 
0.21+0.05¢ 0.218(?) 


0.01540.08 


4 Data measured from single curve. N and B are areas of narrow and broad components. W.» measured after correction for angular resolution. 


e From data of Page ef al., reference 9, after renormalization to equal areas. 


{From Bell and Graham, reference 3, and T. R. Gerholm, Arkiv Fysik 10, 523 (1956). 
& From Green and Bell, reference 4. It is assumed that the intensity (J2) in ice does not change drastically from that in water. 


b From Landes, Berko, and Zuchelli, reference 14. 


these data were taken with 1.14-milliradian slits: the 
real change is therefore probably on the order of 3 times 
this. 

.It was instructive to extend the peak-rate measure- 
ments over a wide temperature range for water, since 
the density behavior is fairly well known and shows 
interesting variations. This has already been com- 
mented on in Sec. IIIA. 

In Table I we present a summary of the experimental 
measurements of a, the ratio of central difference-curve 
area to total distribution area; of W,, the half-width 
of the narrow component; and of E, the computed 
value for the corresponding annihilation center energy. 
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Fic. 10. Angular distribution curves for ice at —40°C and 
water at 20°C normalized to equal areas. Slit width=0.57 milli- 
radian; (a) shows the difference curve. 


In addition, values from various sources are given for 
T,(1) and J2(2), the rz intensities measured for the same 
physical conditions under which the angular distri- 
bution curves were taken. The importance of these 
values in any discussion of the “temperature” effect 
will be brought out in the discussion in the next section, 
as will the significance of the quantity 8=a—Al,/3, 
the numerical values of which are tabulated in the last 
column of Table I. 

The value of a for the water-ice transition was derived 
from the difference curve of Fig. 10. Although the cor- 
rection for finite slit width was not used, this should 
not produce an error, since a is an integrated quantity. 
The value W,, for water-ice is taken directly from the 
central spike after correction for finite slit width. The 
error listed for 8 (naphthalene) is based on an arbitrary 
assignment of +0.5 as the error in the r2 intensity 
values measured by Landes ef al.‘ As mentioned above, 
much of the value for a (and consequently for 8) found 
from the water-ice comparison curves must arise from 
the obvious change in the shape of the narrow com- 
ponent, aside from any possible change in r2 intensity. 
In computing 8 in Table I, it has been assumed that 
the r2 intensity (J2) does not change drastically from 
that in water.’ This may not be correct, but any change 
should be towards larger J, in ice and therefore would 
reduce 6 still further towards zero. 


IV. DISCUSSION AND INTERPRETATION 


It is fairly evident from the experimental results of 
Sec. III that the “temperature” effect on angular 
distributions and also the phase-change effects dis- 
covered here should be regarded basically as density- 
dependent phenomena, rather than, say, order-de- 
pendent phenomena, as has been suggested by some 
authors. Accepting this, we must then determine the 
underlying cause. This appears to be explainable in 
terms of a density dependence on the amount of 
positronium formed, and therefore on the number of 
positrons which may decay by the low-momentum 
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process of self-annihilation from the singlet state of 
positronium. This may be seen as follows. 

We denote the experimentally measured 72 intensity 
by J». Then the fraction of entering positrons forming 
singlet positronium will be /2/3. If J: varies from J2(1) 
to I(2) under different conditions, then the change in 
the fraction of positrons forming singlet positronium 
is given by [J2(1)—J2(2) ]/3=Al./3. Now let a be the 
ratio of the difference-curve area to total distribution 
curve area for angular distributions taken under the 
same conditions which give J2(1) and J2(2). Thus a 
represents the fraction of the total number of entering 
positrons being affected. If a=A/2/3, then the change 
in narrow component is simply that caused by the 
change in amount of (singlet) positronium present. 
(We assume as before that the shape of the narrow and 
broad components is not changing significantly.) On 
the other hand, if a#A/./3, then the difference 
8=a—AlI,/3 would represent that portion of the narrow 
component not attributable to this cause (i.e., it would 
represent, for instance, the amount of 1S positronium 
produced by a *S «+18 conversion mechanism). Now 
from Table I, one sees by the last column that in cases 
for which complete data exist (quartz and naphthalene), 
8 may easily be taken as zero within the limits of error. 
In the case of Teflon and water-ice, where sufficiently 
accurate measurements have not been made on J» in 
one of the temperature or phase extremes, the limits of 
error, even assuming constant J», still allow 8 to be 
considered zero. We also note that any objection to 
our general assumption of the constancy in shape of 
the narrow and broad components will only reinforce 
the argument that 8 may be assigned zero values. 

In the case of the water-ice transition, it is highly 
probable that J, is actually not constant across the 
phase change, in view of the fact that density changes 
in quartz and naphthalene lead to considerable r2 
intensity changes. (See also a further discussion of data 
on the water-ice transition below.) Thus the value of 
8=0.077 for water-ice might be considerably reduced. 
We have assumed /, to remain constant in computing 
8 for water in Table I, but suggest a wider limit of 
error to make up for this. It has already been com- 
mented on that in any case the measured value of a, 
and therefore 8, should be reduced on account of the 
definite change which occurs in the shape of the narrow 
component here. 

Unless considerably more accurate measurements on 
T, and a should show that 8 may have nonzero values, 
the necessity is no longer present for introducing a 
§§ <>» 1S conversion mechanism or other explanation 
for the narrow-component enhancement brought about 
through temperature or phase changes. (Until the 
recent remeasurements of the r2 intensity for quartz 
by Green and Bell,‘ this was not the case.) 

In general, the apparent density dependence of the 
amount of positronium formed may be accounted for 
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Fic. 11. Energetics of positronium formation. E; and E£, are the 
ionization and lowest excitation potentials of the surrounding 
atoms, and E, is the positronium binding energy. 


by the behavior of the “Ore gap” mechanism.’® The 
width of the Ore gap is directly determined by the 
ionization potential E; and the lowest excitation po- 
tential E, of the surrounding atoms, along with the 
positronium binding energy F,, as shown in Fig. 11. 
[ Here, for the sake of pictorial simplicity, all energies 
have been plotted as positive. This does not affect any of 
the arguments since the excitation “potential,” etc. may 
be thought of as the amount of kinetic energy (positive) 
which must be obtained to excite the atom, etc. ] 
Positronium formation by positrons above the £, level 
is unlikely due to the preference for inelastic collisions, 
and impossible below the bottom of the Ore gap due to 
lack of sufficient energy for electron capture. 

If we reasonably assume that positrons will be more 
or less evenly distributed energy-wise between zero and 
E, after undergoing their last possible excitation 
(inelastic) collision during the slowing down process, 
then the ratio of the width of the Ore gap to the width 
from zero to E, should be fairly indicative of the fraction 
of entering positrons which will form positronium. As 
the density increases, the positronium binding energy 
will decrease due to cramping of the relatively wide- 
spread wave function. Thus the width of the Ore gap 
will decrease with increasing density in a given sub- 
stance, and the amount of positronium formed will 
follow suit. 

It may be well to point out here some possible 
narrow-component enhancement mechanisms other 
than that of increased positronium production, since 
the present experiments indicate that they probably 
need not be considered as mechanisms seriously in- 
fluencing the angular distribution of annihilation 
radiation, except possibly for the last mentioned (iii) 
below. 

(t) The electromagnetic conversion mechanism.—This 
was proposed by Ferrell and based on anomalies 


46 A. Ore, Univ. Bergen Arbok, Naturvitenskap. Rekke No. 9 
(1949) and review by M. Deutsch, Progress in Nuclear Physics 
(Butterworths-Springer, London, 1953), Vol. 3, p. 131. 
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present at the time in data on fused vs crystalline 
quartz. The present results (and the removal of the 
anomaly by Green and Bell’s* remeasurements) confirm 
the rough calculations by Ferrell which indicated that 
the mechanism would not be important. (These calcu- 
lations were made under the nonrealistic assumption 
of a uniform & field, however, and it was felt at the 
time that more exact calculations employing a non- 
constant field might raise the magnitude of the effect.) 
Water and ice actually should give an ideal test for the 
presence of such *S <> '§ conversion, due to the large 
electric dipole field possessed by the HO molecule.'® 

(it) An actual change in the momentum distribution of 
the electrons in the material under study.—This is a 
possible occurrence across phase changes or as a result 
of bonds broken by thermal agitation. In the vicinity 
of defects in insulators one might expect to find less 
tightly bound electrons. Annihilation with these, either 
directly or from the *S state through pickoff, would 
reduce somewhat the angular distribution at large 
angles and enhance it at smaller angles. This could 
obviously not contribute substantially to enhancement 
within the true region of the narrow component, but 
would serve to modify the distribution, and in the 
process of area normalization lead to a heightening of 
the central region. (It is important to emphasize that 
the number of loosely bound electrons need not be 
large, as positronium in particular would tend to form 
in defect regions where these electrons would also be 
found.) This type of effect would lead to nonzero values 
of 8 even in the absence of changes in the amount of 
positronium formed, because of changes in the shape 
of the broad component. 

(iit) A change in the degree of positronium thermali- 
zation.—This could produce an apparent enhancement 
of the narrow component by decreasing its width and 
consequently causing an increase in height. This might 
be brought about in two ways: either by an increase in 
the efficiency of thermalization or by a change in the 
ability of positronium to reach thermal energies even 
in the presence of an efficient thermalizing mechanism. 
In regard to the first, some calculations by ‘Wallace? 
lend doubt to the idea that positronium is completely 
thermalized in insulators within its lifetime.!? Any 
changes in lattice structure, number of unbound elec- 
trons, etc. might then become important in determining 
the degree of thermalization before annihilation. 
Wallace does suggest that “ice” should prove one of 
the most favorable insulators for providing rapid 
thermalization. This is due to the prevalence of light 

16 Recently, R. E. Bell has reported [in an invited talk at the 
May, 1958 Washington Meeting of the American Physical Society; 
Bull. Am. Phys. Soc. Ser. II, 3, 182 (1958)] that 72 lifetime 
quenching data from paramagnetic ions in water cannot be fitted 
to a theoretical curve which supposes some #5 «+!S$ conversion 
to be already present in pure water, thus supporting the con- 
clusions reached here. 

17 Thermalization times in insulators are likely to be rather 


longer than in metals, since in the latter the high efficiency is due 
in large part to inelastic collisions with free electrons. 
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hydrogen atoms and should not be particularly phase 
dependent, however. 

The second consideration is probably of more im- 
portance. Positronium may tend to form and be trapped 
in defects or holes. Treating the situation at least in 
crude approximation as similar to that of a particle of 
mass M=2mp in a three-dimensional square well, the 
lowest lying energy level would be given by 


th? 4.6X10-'% 


4 


- &8Mr B r 


ev cm’, (1) 


Trying the reasonable assumption r~4 A, we find that 
such a trapped positronium atom would be prevented 
from having an energy <0.29 ev, which is in interesting 
agreement with the energies indicated in Table I. As 
thermal or phase-induced local expansions occur, the 
minimum energy would decrease rapidly due to the r’ 
denominator, allowing an apparent enhancement of 
the narrow component caused in reality by a change in 
its shape. The validity of the foregoing approach of 
course depends on the degree to which positronium 
trapping actually occurs. 

Now it is apparent that (777) may lend itself to an 
explanation of the unusual effect observed in ice (Fig. 
10). Here the narrow component corresponds, as shown 
in Sec. III, to a completely thermalized center of mass 
at the time of annihilation. It thus appears that in 
addition to any change in positronium production 
which may or may not be present, a greater degree of 
thermalization is also being allowed—apparently due 
to the greater spacing and lower molecular agitation 
found in ice as compared with the liquid phase. That 
this same effect does not seem to occur in other materials 
may be due to the fact that in other substances higher 
temperatures must be used to obtain lower densities. 
In particular, the phase-change direction which leads 
to lower densities in these substances is towards the 
direction of greater disorganization and molecular 
agitation; this would keep down the space available to 
the positronium atoms. Considering naphthalene and 
quartz in comparison to ice, one finds'* that the latter 
has a hexagonal close-packed structure, with a=4.52 A 
and c=7.32 A, while naphthalene’ has a monoclinic 
C crystal structure with a=8.24 A, b=6.00 A, c=8.66 
A, and crystalline quartz” a hexagonal structure with 
a=5.01 A, and c=5.47 A. Making allowance for the 
large naphthalene molecule (Cj2Hi2) and the com- 
paratively large SiO» molecule, it is apparent that water 
in its solid form should have a more open structure, 
particularly in the c direction. The ~5X5-A spacing 
in crystalline quartz is evidently too small to allow 


18D). M. Dennison, Phys. Rev. 17, 20 (1921): a review of various 
and somewhat conflicting structure measurements is given by 
N. E. Dorsey, Properties of Ordinary Water Substance (Reinhold 
Publishing Corporation, New York, 1940). 

19 J. M. Robertson, Revs. Modern Phys. 30, 155 (1958). 

2 American Institute of Physics Handbook (McGraw-Hill Book 
Company, Inc., New York, 1957), Sec. 2, p. 45. 
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positronium to exist. Allowing for the finite SiOz size, 
this seems reasonably in agreement with the expectation 
that the positronium binding energy will become 
positive when the wave function is too tightly cramped. 
(In fact it is merely necessary to change the binding 
energy to the point where the Ore gap no longer exists- 
see above.) 

In conclusion it may be well to point out here some 
peculiarities in data concerning the water-ice transition. 
The 3y annihilation rate is given by 


Ry~ (r2/t1)I2 


(2) 


for the case where 72, the lifetime against pickoff, is 
<“Kr,, the triplet state lifetime (which is certainly the 
case for solids and liquids). This 3y rate has been 
measured across the water-ice transition by Wagner 
and Hereford.”* The data indicate with good accuracy 
that no sudden change in R; occurs at the freezing point. 
On the other hand, the original intensity data by Bell 
and Graham’ indicated that J; remained approximately 
constant in both phases. (This now seems unlikely, 
however.) If we suppose that accurate measurements 
will show an increase of J: upon freezing—i.e., a 
“normal” behavior upon decreasing the density, as 
shown by naphthalene and quartz—then by Eq. (2), 
t2 should decrease in order to preserve the constancy 
of R;. In actuality Bell and Graham’s original measure- 
ments do indicate that r2 decreases sharply on the 
order of 30% upon freezing. But this is quite contrary 
to the expected behavior of the 72 (c~pickoff) lifetime 
in the face of decreasing density. On the other hand, 
if remeasurement should show 72 to increase or even 
stay constant, J, would have to behave anomalously. 
Thus either the Rs measurements are in error, or an 
anomaly must unavoidably be present in the r2 or J2 
behavior. It is difficult to see what the cause of this 
might be, but further work on 72 intensity and lifetime 
changes across the phase transition should be quite 
valuable. 


21 R,. T. Wagner and F. L. Hereford, Phys. Rev. 99, 593 (1955), 
or, for greater clarity in the plotted points, the review article by 
Berko and Hereford, reference 1, p. 304. 
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V. SUMMARY 


The direct experimental results show the following. 
In all cases, the enhancement of the narrow component 
seems to be inversely related to density changes, both 
across phase transitions and within a single phase, 
strongly suggesting that the “temperature” effect is 
really a density effect. The half-widths of the narrow 
components for Teflon, naphthalene, and quartz all 
show about the same value, corresponding to an 
average center-of-mass energy at the time of annihi- 
lation of about 10 times the thermal energy for posi- 
tronium. This is in qualitative agreement with Wallace’s 
estimate’ that thermalization may not be complete in 
insulators, although in fact the reason may not be due 
to an “inefficient” thermalization mechanism, but 
rather to positronium trapping in defects which results 
in a comparatively large zero-point energy. It is in any 
case interesting that these three rather different 
substances all show very nearly the same narrow- 
component half-width. 

In ice, the narrow component indicates a center-of- 
mass energy of the same magnitude as the thermal 
energy. This may be allowed by the rather open nature 
of the ice lattice, and the fact that the molecules are 
rather well bound into a lattice structure, leaving a 
maximum of space available to the positronium atom. 

In all cases investigated, the observed enhancement 
of the narrow component as a function of temperature 
or phase may be attributed, within the known limits 
of error, simply to increased formation of positronium 
brought about by more favorable density conditions, 
and there is little indication that other mechanisms 
which might be used to explain a narrow-component 
enhancement are in fact important. 
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Piezoresistance Constants of n-Type InAs 


A. J. TuzzoLtno 
Chicago Midway Laboratories, The University of Chicago, Chicago, Illinois 
(Received June 5, 1958) 


A measurement of the piezoresistance constants of n-type InAs as a function of temperature from 77°K 
to 300°K has been made. From the small magnitude found for the three constants throughout the 
temperature range investigated, it is concluded that the results of this experiment are consistent with a 


spherical conduction-band model for InAs. 


MEASUREMENT of the piezoresistance con- 
stants of single-crystal specimens of m type InAs 

as a function of temperature from 77°K to 300°K has 
been made. The experimental arrangement is identical 
with that described earlier.!:? The conventional notation 
and terminology are used below in reporting the data !~* 
Single-crystal specimens were cut from large grains 
of a zone-refined polycrystalline ingot of InAs. The 
samples were oriented by Laue back-reflection x-ray 
pictures. The error in orientation was about 2°. A Hall 
measurement at 77°K gave an electron concentration 
of 1.1X10'7 cm™. The resistivity of the samples was 
2.4X 10 ohm-cm at 77°K. The samples were extrinsic 
throughout the temperature range investigated. The 
piezoresistance constants II, Ty, and IIq4, were 
determined by performing ‘longitudinal’ measure- 
ments on samples oriented along the [110] or [111] 
directions and a “transverse’”'* measurement with 
current and stress in the [100] and [011] directions, 
respectively. The tensile stress used was approximately 
2X10’ dynes cm~*. Since the resistivity of the samples 
was very low, the stress-induced change in the resistivity 
was also very small, corresponding to voltage changes 
in the range 0.2 to 1 microvolt. Consequently, the 
errors in the II constants are relatively large (See 
Table I). Fortunately, the relative order of magnitude 
for the constants is all that is needed for the discussion 
below. Table I presents the piezoresistance constants 
at 300°K and 77°K. The values in Table I have not 
been corrected for dimensional changes* since the 
elastic constants of InAs are not available. By compari- 
son with InSb,!:* it is estimated that dimensional 
effects will introduce an additional error of the order 


TABLE I, Piezoresistance constants of n-type InAs 
at 300°K and 77°K. 








77°K 
(—343)xK10-" 
(—8+43)x10-" 
(—143)xX10-" 


300°K 


(—5+3)xX10" 
(—5+3)X10-" 
(0+3)x10" 





TI1: (cm? dyne~) 
II;2(cm? dyne~) 
TI44(cm? dyne) 








1A. J. Tuzzolino, Phys. Rev. 109, 1980 (1958). 
?R. F. Potter, Phys. Rev. 108, 652 (1957). 
5C.S. Smith, Phys. Rev. 94, 42 (1954). 


of +2X10-" cm? dyne™ into the quantities reported 
in Table I. It is evident that the piezoresistance 
effect is small and that the shear constants'* II}, 
—TIh2 and II44 are very nearly zero. 

Recent theoretical and experimental®’ studies of 
the conduction band of zinc-blende type crystals 
indicate that the conduction band of InAs, in particular, 
is isotropic, i.e., the constant-energy surfaces for the 
electrons are spheres. The theory of the piezoresistance 
effect for such a band structure* predicts a zero, or 
very small, magnitude for the shear constants over the 
complete temperature range. The small values found for 
the shear constants suggest such a band structure. 
Recently, this prediction has been verified experi- 
mentally for the compound InSb.’ For example, in 
the extrinsic temperature range the shear constants 
for n-type InSb, which is known to have spherical 
energy surfaces for electrons,® are independent of 
temperature and are approximately two orders of 
magnitude smaller than for p-type InSb,'? which is 
expected to have “large’’®:** temperature-dependent 
values for the shear constants. The magnitudes of the 
II constants found for the extrinsic n-type InAs 
reported here are smaller than, but of the same order 
as, those found for extrinsic n-type InSb.? In addition, 
no temperature dependence was found for the II 
constants for InAs from 77°K to 300°K, within experi- 
mental error. Therefore, by comparing the magnitude 
of the II constants in the extrinsic range with theoretical 
predictions and the corresponding magnitudes for InSb, 
it is concluded that the results of this experiment are 
consistent with a spherical conduction-band model 
for InAs. 
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Effects of Pressure on the Superconducting Transition Temperatures 
of Sn, In, Ta, Tl, and Hg7j 


L. D. JENNINGS AND C. A. SWENSON 
Institute for Atomic Research, Iowa State College, Ames, Iowa 
(Received June 9, 1958) 


Solid parahydrogen has been used as a transmitter of approximately hydrostatic pressure to study the 
effects of pressures up to 10 000 atmos on the superconducting transition temperatures of polycrystalline tin, 
indium, tantalum, thallium, and mercury. The technique which was used allowed an approximate evaluation 
of the effects of sample deformation and pressure gradients, and the results are considerably more accurate 
than the high-pressure data previously available. The transition temperature data for tin and indium showed 
considerable curvature when plotted vs pressure, but gave a roughly linear relationship when plotted against 
volume. No curvature was found for tantalum. The thallium data agree qualitatively with previous work, 
and show a maximum in the transition temperature vs pressure curve at about 2000 atmos. The mercury 
results were anomalous in that two distinct transition temperature vs pressure curves (with different zero- 
pressure transition temperatures) were found; one when the pressure was kept below 4000 atmos, and the 
other when the sample was cycled from zero to 10000 atmos. Other experiments have shown that these 
results are due to two different modifications of solid mercury, each of which can exist at liquid 


helium temperatures. 





INTRODUCTION 


XPERIMENTALLY, the phase boundary surface 
for a superconductor is defined by specifying the 
transition temperature as a function of magnetic field 
and pressure (or molar volume).! Theoretically, this 
surface is thought to be determined by an interaction 
between the electrons and the phonons in the metal, 
and the form of the interaction proposed in the recent 
Bardeen-Cooper-Schrieffer? (BCS) theory has had 
considerable success in describing many of the proper- 
ties of superconductors. However, the volume de- 
pendence of the transition temperature, according to 
this theory, can be understood only if one has infor- 
mation as to the effects of volume changes on the 
phonon vibration energies, the density of states of the 
electrons in the normal metal, and the coupling between 
these two.’ The BCS theory links these by means of the 
equation [reference 2, Eq. (3.29) ] 


T.=1.14hw exp[—1/N(0)A ], 


where NV (0) is the density of states of the electrons at 
the Fermi surface in the normal metal, and A is a 
parameter which measures the average interaction 
between electrons which arises through a coupling with 
the lattice vibrations. fw is an average phonon energy 
which is presumably proportional to @p, and it is this 
term which gives the isotope effect, since the terms in 
the exponential presumably are independent of the 
mass of the ions. If these terms are also ignored as a 
first approximation to the pressure effect, and 
Griineisen’s expression for the variation of @p with 
volume is assumed, the following relationship is 


t Contribution No. 642. This work was performed in the Ames 
Laboratory of the U. S. Atomic Energy Commission. 

1D. Shoenberg, Superconductivity (Cambridge University Press, 
Cambridge, 1952), second edition, Chap. 3. 

2 Bardeen, Cooper, and Schrieffer, Phys. Rev. 108, 1175 (1957). 

3D. Pines, Phys. Rev. 109, 280 (1958). 
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obtained: 
(d InT./d InV)=—no, 


where no=(V8/C,k) is of the order of 2 and is the 
Griineisen constant for the metal in question.‘:® This 
relationship predicts the wrong sign for the pressure 
effect for all of the metallic elements for which it is 
known, with the exception of thallium at low pressures. 
It is, however, of the right order of magnitude in 
absolute value. It would thus seem that the major contri- 
bution to the change in T, with pressure is from the 
effect of volume changes on the NV (0) and A terms in the 
exponential, and in order to be able to understand the 
experimental values quantitatively, it will be necessary 
to evaluate these explicitly for each of the super- 
conductors studied. In its current state, the theory does 
not attempt to do this. 

Three experimental techniques have been used to 
study the pressure (and thence the volume) dependence 
of the superconducting transition temperature. Firstly, 
a measurement of the volume change associated with 
the transition at zero pressure in a magnetic field yields 
(0H ./dP)r.:*7 The pressure dependence of the transi- 
tioa temperature may then be calculated with the aid of 
critical field data. The magnitude of the volume change 


‘Earlier treatments of the pressure effect [see P. M. Marcus, 
Phys. Rev. 91, 216(A) (1953) and reference 5 for a discussion ] 
gave this relationship with a plus sign, in agreement as to sign 
and order of magnitude with the experimental data. This arose 
from the assumption that the interaction which produced super- 
conductivity was basically between the mean square amplitude 
of the lattice vibrations and the electrons. The BCS theory, 
however, implies that in the absence of changes in N(0) and A, 
the transition temperature is directly proportional to the zero- 
point energy. This (as well as the earlier theories) gives the 
correct isotope effect, but a pressure effect which is opposite in 
sign. We are indebted to Dr. D. E. Mapother for discussions on 
this subject. 

5R. R. Hake and D. E. Mapother, J. Phys. Chem. Solids 1, 
199 (1956). 

6 J. L. Olsen and H. Rohrer, Helv. Phys. Acta 30, 49 (1957). 

7G. D. Cody, Phys. Rev. 111, 1078 (1958). We are indebted to 
Dr. Cody for a preprint of this paper. 
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is, however, very small (a few parts in 10°) and may be 
anisotropic. The values for the relative changes in 
length found for various orientations of single crystals 
may be correlated directly with the changes in critical 
field which are found by the application of uniaxial 
stress along these same directions.*:* There seems to be 
a fair agreement between the two sets of measurements, 
and also, after suitable averaging over the various 
crystallographic directions, with the directly measured 
values for the effects of a truly hydrostatic pressure. 

Secondly, one may measure the effect of hydrostatic 
pressure directly.**"" The maximum such pressure 
which may be transmitted is determined by the solidifi- 
cation pressure of helium which varies from 25 atmos 
at 1°K to 140 atmos at 4.2°K. The shift in transition 
temperature with pressure may be measured directly, 
but, since the maximum temperature shift is small 
(about 0.01°), it cannot be measured with high pre- 
cision. Alternatively, it is feasible to make relatively 
precise measurements of the isothermal dependence of 
critical field on pressure, (0H./0P)7, which, when 
again combined with the critical-field data at zero 
pressure, may then be used to calculate the pressure 
dependence of the transition temperature. The work 
by Fiske® demonstrates an ingenious method of com- 
pensating for temperature drifts. 

These two techniques can give only an initial slope 
for the transition temperature-pressure curve. Since 
the behavior at high pressures yields further informa- 
tion (in thallium, for instance), various techniques for 
obtaining appreciable temperature shifts with approxi- 
mately hydrostatic pressures have been devised. 

The first was the ingenious method due to Lasarew 
and Kan, who used the expansion of water upon 
freezing to produce pressures of the order of two 
thousand atmos. This technique and the clamp method 
originated by Chester and Jones were not too satis- 
factory since the pressures produced were essentially 
applied at room temperature, and could not be varied 
at low temperature. There was also some doubt as to 
the exact value of the pressure generated in each case. 

The initial approach to applying to a metal a pressure 
which was variable at liquid helium temperatures was 
made by Hatton,"* who placed a wire of the metal of 
interest in a high-pressure cylinder, with four electrical 
lead ins. The cylinder was cooled and filled with solid 
hydrogen, and the pressure in the solid hydrogen was 
varied by applying force to its surface with a closely 
fitting piston and a hydraulic press. Previous work on 
the compressibility of solid hydrogen had shown that 


8 Grenier, Spondlin, and Squire, Physica 19, 833 (1953). C. 
Grenier, Compt. rend. 238, 2300 (1954); 240, 2302 (1955); 241, 
1275 (1955). 

*M. D. trent & Phys. Chem. Solids 2, 191 (1957). 

1 N. L. Muench, Phys. Rev. 99, 1814 (1955). 

11 M. Garber and D. E. Mapother, Phys. Rev. 94, 1065 (1954). 

12 B, G. Lasarew and L. Kan, J. Phys. (U.S.S.R.) 8, 193 (1944). 

8 P. F. Chester and G. os Phil. Mag. 44, 1281 (1953). 

“4 J. Hatton, Phys. Rev. 100, 1784 (1955). 
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it was quite plastic at liquid helium temperatures, and 
that it was possible to produce pressures of up to 10 000 
atmos by using this technique.'*"*® Hatton observed the 
onset of superconductivity by measuring the resistance 
of the wires at constant pressure as the temperature 
was decreased, with a maximum sample pressure of 
roughly 5000 atmos available. 

While Hatton’s experiments were valuable in demon- 
strating the feasibility of the use of solid hydrogen and 
in confirming previous work, their accuracy was not 
high due to various experimental limitations. The work 
which will be described below was based essentially on 
Hatton’s technique, although several modifications 
were made which served to improve the accuracy of the 
results. Probably the most important of these were 
the use of a nonmagnetic piston and cylinder so that 
the Meissner effect could be used to detect the super- 
conducting transition, and the use of an independent 
method for determining the friction in the sample 
holder. The use of a mutual inductance method for 
determining the transition temperatures made it 
possible to work with a smaller-area cylinder, and 
hence, at pressures (11 000 atmos) which were limited 
only by the strength of the cylinder material. In 
addition, the availability of liquid hydrogen in this 
laboratory meant that pure parahydrogen could be 
used as a pressure transmitter. Hatton pointed out that 
the unknown effects of pressure on the rate of the ortho- 
para conversion in solid normal hydrogen introduced 
an uncertainty in the actual temperature of the sample 
which was imbedded in the hydrogen. This difficulty 
was overcome through the use of solidified HD in some 
of his experiments. 


APPARATUS 


A sketch, roughly to scale, of the sample holder 
which was used is given in Fig. 1. The sample holder 
was inserted into the bottom end of a press which had 
long compression and tension members, and which 
furnished the force shown in the diagrams. The room- 
temperature part of the press consisted of a commercial 
(Blackhawk) four-ton hydraulic button ram which had 
been modified by the substitution of an “O”-ring for 
the leather packings. The oil pressure on the ram was 
kept constant by the direct use of a dead-weight gauge. 
By changing the weights on the dead-weight gauge 
pan, the oil pressure could be varied by discrete large 
units of 50 atmos (called “one weight”) or by small 
steps of 5 atmos. Thus, it was possible to ensure the 
monotonic increase or decrease in the pressure which 
is so necessary in work of this kind. The maximum 
pressure used in the sample holder was roughly 11 000 
atmos, and was determined by the strength of the 
hardened beryllium copper (Berylco 25) piston and 
cylinder at liquid helium temperatures. Stainless steel 


18 J. W. Stewart and C. A. Swenson, Phys. Rev. 94, 1096 (1954). 
16 J. W. Stewart, Phys. Rev. 97, 578 (1955). 
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(18-8) was used exclusively for the construction of the 
press because it is roughly nonmagnetic, and has both 
a low thermal conductivity and a relatively high 
strength. 

The data were recorded in terms of weights (see Fig. 
2 where these units are used). In order to convert from 
this unit to pressure on the sample it is necessary to 
know the ratio of the area of the ram piston to that of 
the sample holder piston. These areas could be calcu- 
lated with precision at zero pressure, but the beryllium 
copper cylinder has a rather low Young’s modulus, and 
the sample holder area must increase appreciably with 
pressure. Previous experience with sample holders 
which were made from this metal indicated that this 
expansion is about one percent in area at 10 000 atmos.!” 
This correction was applied to the area of the sample 
holder in the calculation of the pressures which are 
given, and the error should be at most one percent 
at maximum pressure. The correction is quadratic in 
pressure and has little effect below 5000 atmos where 
one weight yields 1000 atmos at the sample. 

The necessity for the potassium gasket which was 
used to seal the piston in the cylinder has been discussed 
previously.'*:'® The hydrogen-filling capillary led out of 
the Dewar system to a small gas container, whose 
volume was known and which could be evacuated and 
then filled with the vapor from a storage vessel of pure 
liquid parahydrogen which was boiling under a pressure 
of 12 psig. This storage vessel contained a quantity of 
charcoal as a catalyst in direct contact with the liquid 
hydrogen, and an analysis showed that pure para- 
hydrogen existed in the container within one day after 
it was filled. A filling lasted approximately three weeks. 
Another check showed that there was negligible back- 
conversion in the gas container over the period of about 
an hour during which the gas was stored before it was 
condensed into the sample holder. 

In order to be able to control the condensation of the 
hydrogen and also to cool the rather massive press 
efficiently, a metal “bottom filling” helium Dewar was 
used. By controlling the liquid helium transfer rate, 
the sample holder could be held at a temperature near 
15°K until the desired amount of liquid hydrogen 
(about 1 cm*, as shown by the pressure drop in the 
room-temperature gas volume) had been condensed 
into the sample holder. This technique removed the 
possibility of a solid hydrogen block during the conden- 
sation. The liquid helium Dewar had a 2}-liter capacity 
which was sufficient for an eight-hour run, and it could 
be refilled if desired without loss of the solid hydrogen 
around the sample. The 0.010-in. brass disk (lightly 
greased) served as a vacuum and pressure seal, and the 
amount of force needed to punch it out at 4.2°K 
(roughly 1000 Ib) served to. seat the potassium gasket 
initially. 


17C, A. Swenson, Phys. Rev. 99, 423 (1955). 
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Fic. 1. A sketch of the high-pressure sample holder. The 
hydraulic press which furnished the forces indicated, as well as 
the liquid helium Dewar in which the press was placed, are not 
shown. 


The quartz feeler rods connected the sample holder 
piston and cylinder to the frame and pin, respectively, 
of a commercial dial gauge (0.100 in./rev., 1.000-in. 
total travel) at room temperature. This dial gauge 
indicated the amount of solid hydrogen in the sample 
holder after compression, and also showed the com- 
pression of the solid hydrogen upon the application of 
pressure. When readings were taken with increasing and 
decreasing pressures, the separation of the two curves 
at any given value of the dial gauge reading gave twice 
the frictional effect, with the true internal pressure in 
the solid hydrogen being, presumably, the mean of the 
two pressure readings.!®!7 Such readings were made for 
each superconducting transition pressure determination, 
and in the discussion that follows, the “dial gauge 
friction” will be considered as just one-half the pressure 
difference between the pressure-increasing and pressure- 
decreasing displacement curves. 

The temperature of the sample holder essentially 
was determined by the 755 liquid helium vapor pressure 
scale. However, in order to take into account the 
potentially large hydrostatic head effects, a carbon 
resistance thermometer (Allen Bradley, 47 ohm) was 
mounted in the liquid helium close to the sample 
holder. The resistance was measured using a Rubicon 
No. 2780 Type B potentiometer and a current of either 
10 or 100 microamperes. The resistance was monitored 
continuously during an isothermal run by means of a 
0-100-microvolt Brown Recorder which was used with 
the potentiometer in place of a galvanometer. The 
resistance thermometer was calibrated at the end of a 
run when the liquid helium level was quite low. 
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TaBLe I. A summary of the sources and purity of the metals used. The residual resistivities and 
unstrained transition temperatures are listed for comparison with other work. 











Purity 


Metal Source 


percent 


Te (unstrained) 
°K 


Impurities*® R100/Ra.2 





Tin 99.95 
Tin 
Indium 
Thallium 
Mercury 
Tantalum 


Baker, reagent 

Vulcan detinning, spec. pure 
American Smelting and Refining 
American Smelting and Refining 
Goldsmith, triple distilled 
Fansteel 


99.999 
99.98 
99.995 
99.-+- 


99.999 +- 


500 

16 800 
3900 
875 


3.725 
3.728 
3.404 
2.384 
4.153 
4.304 


Fe, In; Ca, Cu, Mg, Pb, Si 
Fe; Ca, Mg, Si 

(Pb, Cu, Cd) 

Traces: Ca, Cu, Mg, Si 
0.07% zirconium 








a Except for the thallium and the indium, where the supplier's analysis was accepted, the impurities are as determined by the Ames Laboratory Spectro- 
scopic Analysis Group. The first elements in each analysis were classified as weak to very weak ; those in the second group were present only in trace amounts. 
The analysis of the Vulcan tin did not agree well with the supplier's analysis, the major difference being the presence of some iron. 


The vapor pressure of the bath was kept constant 
by a differential manometer-photoelectric cell regulator 
based on a design by Fiske.’* This regulator uses a 
servo-operated valve for proportional control, and it 
proved invaluable in these experiments where an 
increase in the hydraulic oil pressure caused a burst of 
heat due to friction in the sample holder. The regulation 
was very good as measured by the constancy of the 
vapor pressure, but drifts in the resistance thermometer 
readings were observed which were real (as indicated by 
the transitions) and which could not be explained 
except on the basis that the temperature inside a liquid 
bath is basically determined by the competing hydro- 
static head and convection effects. The addition of a 
small amount of heat to the bottom of the Dewar 
usually assisted in attaining an equilibrium temperature 
that was steady. The stability of the bath temperature 
as given by the resistance thermometer was usually 
about 2X 10~ deg above 3°K, but was quite poor just 
above the A point in the thallium experiments. The 
error bars in the thallium and tantalum results (Figs. 
5 and 6) are mostly due to uncertainties in the tempera- 
ture measurements in these experiments. 

The superconducting transitions were observed by 
means of the mutual inductance coils which are shown 
in Fig. 1 (primary, 10 turns/cm; secondary, 400 turns, 
wound in two parts to increase the strength of the 
sample holder). A Hartshorn bridge operating at 33 
cps was used to measure the mutual inductance, and 
sufficient sensitivity was obtained through the use of a 
tuned amplifier. The units of M which are shown in 
Fig. 2 are roughly 0.2 microhenry, and the measuring 
field was 0.18 oersted rms, or 0.5 oersted peak to peak. 
The sensitivity of the measuring setup was such that 
changes in mutual inductance of 0.02 unit (Fig. 2) 
could be detected, although conditions were seldom 
such that this sensitivity could be used, or was actually 
needed. 

The samples were generally in the form of cylinders, 
with rounded, almost hemispherical, ends (Fig. 1). In 
the preliminary runs, square-ended cylinders, 0.200 
in. diam and 0.200 in. long, were used, but the size was 


18M. D. Fiske, General Electric Research Laboratory Memo 
137, November, 1954 (unpublished). We are indebted to Dr. 
Fiske for supplying us with a copy of this memorandum, 


reduced to 0.160 in. diam and 0.120 in. long, and one 
end was rounded when the need for less deformation 
became apparent, and the excess sensitivity was found. 
In general, except for mercury, the dimensions of the 
samples were measured before and after each run so 
that the deformation experienced by the sample could 
be determined. 


EXPERIMENTAL AND DATA ANALYSIS 
PROCEDURES 


The metals which were used, together with infor- 
mation as to their purity, source, etc., are given in 
Table I. Where there was any doubt as to the purity of 
a metal, a qualitative spectroscopic analysis was 
obtained from the Ames Laboratory Spectrochemistry 
Group. The impurities are listed as they appeared in 
this analysis, and have little quantitative significance. 
The zirconium content of the tantalum was determined 
in a quantitative analysis which supplemented the 
spectroscopic analysis. 

The residual resistivities are also given for annealed 
wires of tin, indium, and thallium which were extruded 
from the same stock as the superconducting samples. 
The indium and thallium were annealed for two hours 
at 100°C, while the tin was annealed for the same time 
at 175°C. All of the samples which were used in the 
superconducting work were annealed for two hours in 
boiling water, with very little emphasis placed on this 
procedure since the samples were inevitably deformed 
by the solid hydrogen during the course of an experi- 
ment. For the same reason, no attempts were made to 
use single-crystal specimens. The details of the pro- 
cedures which were used with mercury and tantalum 
will be given below in the discussion of the results. 

At the beginning of each experiment, the super- 
conducting transition temperature was determined for 
the sample in the annealed state before the application 
of pressure. This served as a check that the equipment 
was working properly, and also gave a means for 
comparing the states of the samples in different runs 
with the same metal. The widths of the unstrained 
mercury, thallium, indium, and tantalum transitions 
were about 0.01°, as were the strained widths. A rough 
computation of the effect of the demagnetization factor, 
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taking into account the effects of the earth’s field and 
the measuring field, showed that this was quite reason- 
able for indium, thallium, and mercury, although not 
for tantalum, which is a hard superconductor. The 
transition width for tin was greater by a factor of two 
(0.02°), and was probably due to the creation of stresses 
in the polycrystalline samples in the cooling process. 
The excess width of 0.01° could be explained by internal 
stresses up to 250 atmos in magnitude, and from the 
tin deformation which was observed in these experi- 
ments, this seems to be a reasonable figure for the yield 
stress of our tin at liquid helium temperatures. Indium 
and thallium are also quite anisotropic, but since they 
both have yield strengths much less than this (of the 
order of a factor of ten), and values for d7./0P which 
are less than for tin, this effect would not be expected 
to appear. Although the mechanical properties of 
mercury are not known at liquid helium temperatures, 
it is presumably also quite soft, with a low yield 
strength. 

A typical initial transition curve for the high- 
purity tin is given by the right-hand, bottom curve 
(Pune= —0.15) in Fig. 2. The change in the mutual 
inductance for this run (AM=M,—M,) was quite 
different from that found for the same sample after 
cycling to full pressure several times (see the curve, 
Punc=0). This effect arises from the fact that for the 
high-purity tin the skin depth in the normal state at 
33 cps is only about 0.1 mm at liquid helium tempera- 
tures and the interior of the sample is shielded even 
in the normal state. When the deformation of the sample 
on its initial compression in solid hydrogen raises its 
resistivity, the penetration of the magnetic field into 
the sample is increased, giving a larger AM. Much of 
this deformation may have been on the surface of the 
samples, and may not have been a bulk effect. The 
shape of the sample also changed slightly. However, 
after the first cycle, no appreciable further change in 
AM was observed. 

Two types of experiments were used to determine the 
effects of pressure on the superconducting transition 
temperature. These were isotherms (increasing and 
decreasing pressure at constant temperature) and iso- 
bars (decreasing temperature at constant pressure). 
It was generally verified that these gave the same 
results when the data were properly interpreted. 
Typical isotherms and isobars are shown in Fig. 2. 
The data for tin VII were chosen because the greatest 
(and most consistent) number of points were taken for 
this sample, although many of the conclusions apply to 
all the samples tested. 

The criterion for the superconducting transition 
pressure (or temperature) as used in this work was 
the pressure (or temperature) at which, neglecting any 
rounding of the transition curve, the sample first 
became superconducting, or at which the last of the 
samples became normal, depending on the direction in 
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Fic. 2. Typical experimental isobars and isotherms obtained 
from the high-purity tin VII sample. The pressures are in arbi- 
trary units (deadweight gauge weights) of roughly 1000 atmos. 
The minimum pressure available was about 150 atmos due to the 
weight of the dead-weight gauge pan, and all pressures above are 
calculated from this value as a nominal zero. The solid lines are 
fitted to the data and the dashed lines are corrected for the effects 
of pressure gradients. The subscripts “unc” and “corr” refer to 
pressures which are uncorrected or corrected for friction. 


which the transition took place. This criterion is 
illustrated by the solid lines in both the isotherms and 
isobars of Fig. 2. 

The problems which are involved in analyzing these 
curves will be illustrated by first discussing the iso- 
therms (Fig. 2). The apparent friction in the system is 
evaluated by observing the transition for both in- 
creasing and decreasing pressure (both a high-pressure 
and a low-pressure cycle are shown). The friction, as 
given by the dial gauge readings (taken simultaneously), 
and also by the difference between the two super- 
conducting transition pressures, generally increased 
slowly with pressure. For low pressures, the super- 
conducting friction was identical with the dial gauge 
friction, but at high pressures the superconducting 
friction increased more rapidly. At low pressures the 
widths of the isothermal and isobaric transitions 
[AT.=AP.(dT./dP) | were identical, so it was assumed 
that the low-pressure width was characteristic of the 
transition. However, at high pressures, the width 
became considerably larger for the isotherms (Fig. 2), 
and this was attributed to pressure gradients existing 
along the length of the sample. 
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The existence of these pressure gradients can also 
explain the greater increase of the superconducting 
friction as compared with the dial gauge friction. The 
upper knee which is found upon the increase of pressure 
corresponds to the transition at the bottom (and lower- 
pressure) end of the sample, while the upper knee which 
is found on the pressure-decreasing curve corresponds 
to the initiation of the transition at the top end of the 
sample. At low pressures, if there is no gradient, the 
curves refer to the sample as a whole, and the dial 
gauge friction is found. If it is assumed that the true 
width of the transition is unchanged by the application 
of the pressure, then the true transition pressure at, 
say, the top of the sample can be obtained by drawing 
a line parallel to the low-pressure transition curve 
through the lower knee on the pressure-increasing 
curve (see the dashed lines in Fig. 2), and through the 
upper knee on the pressure-decreasing curve. The 
resulting separation of these two lines, so drawn, was 
always identical with the dial gauge friction to within 
experimental accuracy (+50 atmos). The transition 
pressure was then taken as being the average of these 
two values. 

The widening which was observed at high pressure 
was reversible; the 3.306°K curve in Fig. 2 was taken 
before the 3.664° curve. Thus, this widening gives a 
clue that pressure inhomogeneities in the solid hydrogen 
are about 400 atmos along the sides of this sample at 
10000 atmos. It should be emphasized that one 
isotherm can give the transition pressure quite un- 
ambiguously for a given temperature, without recourse 
to the dial gauge readings, provided that a low-pressure 
isotherm and a sufficiently accurate value of the ratio 
(OT ./0P) p/(8T-/AP) pao are available. 

A similar effect should exist for the isobars, except 
that here the actual pressure on the sample depends 
on the direction of the force of friction, or, in other 
words, whether the applied force was generated with 
the piston moving down (pressure increasing), or with 
the piston moving upwards (pressure decreasing). 
Ideally, it is necessary to make two measurements, with 
opposite piston motions, to determine the frictional 
correction. The effects of pressure gradients should 
still exist, and should manifest themselves as an in- 
crease in the width (AT7.) of the transitions. 

For the pressure-increasing case, the top knee of the 
transition curve corresponds to the transition at the 
bottom of the sample, and to obtain the transition 
temperature corresponding to the top of the sample, 
it is necessary to draw a line through the bottom knee 
which is parallel to the transition curve obtained at low 
pressures. This is done for the lower left-hand curve in 
Fig. 2, and is shown by the dashed line. Similariy, the 
top knee for a pressure-decreasing isobar gives the true 
transition temperature for the top of the sample. The 
usual technique was to correct the isobar data in this 
manner, and to assume the friction correction as 
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determined from the dial gauge readings in order to 
reduce the apparent pressure to the true pressure. 

As can be seen from Fig. 2, the change in width of 
the transition at high pressure was much greater for 
the tin isotherms than it was for the isobars. This 
effect is undoubtedly connected with an effect which 
was most pronounced for the tantalum runs, but which 
was observed in all of the isotherms which were taken 
at high pressure. There seemed to exist a very long 
equilibrium time (of the order of ten minutes) during 
which the mutual inductance drifted at constant 
external temperature after the pressure on the hydrogen 
was changed. This effect was observed when the pressure 
was such that the sample was in the middle of the 
transition curve, and was particularly apparent for 
tantalum since AM was large (12 units) and (07 ./0P) x 
small. These time effects were always in a direction 
consistent with the hypothesis that the sample was 
hotter than the bath after a pressure change, and, thus, 
they could be interpreted as due to annealing in the 
solid hydrogen, with the subsequent release of heat 
(and change in pressure). In fact, it was almost im- 
possible to obtain reliable isotherm data at the highest 
pressures for tantalum, and isobars were relied upon 
almost exclusively. 

If these are annealing effects (or something related 
to them), then the difference between the isotherm and 
isobar curves becomes clear. Usually from fifteen to 
twenty minutes elapsed from the time that the pressure 
was applied in an isobaric run until the data covering 
the transition were taken, while it was never feasible to 
wait this long after each change in pressure during an 
isothermal run. The assumption of annealing seems to 
be strange, but no other hypothesis seems possible in 
view of the consistency of the results which were given 
by the two methods.” 

Additional observations seemed to indicate that data 
taken during the initial pressure cycle after breaking 
the diaphragm were unreliable; one ‘‘seasoning” cycle 
was necessary. Also, the pressure inhomogeneities 
appeared to be greater at 4000 atmos for a sample that 
had not been taken to a higher pressure (the data on 
tin IV, Fig. 3) than for a sample which had been cycled 
to 11000 atmos and then run at 4000 atmos. The 
reason for these effects is not clear, but it must be 
emphasized that the systematic analysis of the data, 
making the corrections for apparent pressure gradients 
as outlined above, gave no systematic difference between 
isotherm and isobar data which were taken at either 
increasing or decreasing pressure. This consistency is 
shown best in the results of the tin VII run which are 
given in Fig. 3. 


1” We have been informed by Mr. L. Nesbitt of the General 
Electric Research Laboratories (private communication) that he 
and Dr. M. D. Fiske have also observed such annealing effects in 
extrusion experiments with solid hydrogen at aes helium 


temperature. These observations were made considerably previous 


to ours. 
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TABLE II. The experimental results for Sn, In, Ta, and Hg 
at zero pressure in the earth’s field, together with the Griineisen 
constant no. 





Sn 


4.95 
1.92 
8.1 

1.8 


4.36 0.2 





- 10°(8T./8P) 20 deg/atmos 
(0T./0V) 420 deg-mole/cm* 
(0 InT./d InV) zoo 

no 


* See reference 23. 
> See reference 22. 
* See reference 24. 


For the samples other than tin, the data were again 
consistent when treated in the above manner. The only 
other run in which the gradients were observed definitely 
was for mercury a, although the time effects in the 
isothermal measurements were observed for all samples. 
For tantalum, (@7./0P) is so small that a pressure 
gradient of 400 atmos would be scarcely noticeable. 
For thallium, where the pressures were held below 
6000 atmos, the unusual behavior of the 7. vs P curve 
is such that gradients would be difficult to see. For the 
mercury 8 phase, the natural width of the transitions 
appeared to be very broad and indicative of a strained 
sample. For indium, the data at high pressures were 
difficult to interpret, but no reasonable technique could 
be applied which gave more consistent results than the 
technique used for tin. 


RESULTS 
Tin 
The results of two of the runs on tin are given in Fig. 
3, and these data can be represented by the expression 


T= (3.732—4.95X 10-§P+3.9X 10-" P?2), (1) 


where 7, is in °K and P in atmos. 

The data for tin VII have a mean deviation from this 
curve of 0.0012° (25 atmos), and a maximum deviation 
of 0.002°. The tin IV run was intentionally held to 
quite low pressures (below 4000 atmos) initially, 
although at the end of the run at high-pressure (6000- 
atmos) run was made. The fit of the data for this run 
was not quite as good, with a mean deviation of 0.002° 
and a maximum deviation of 0.004°. 

Both of these samples were polycrystalline (crystal 
size about 0.5 mm), and were made from the high- 
purity (Vulcan) tin. Their diameters were identical 
(0.160 in.), but the tin IV sample was 0.200 in. long 
as compared with the 0.120-in. length of tin VII. In 
spite of this difference in length, and the difference in 
the pressure range used, both samples showed a 
deformation of roughly two percent when inspected 
after their respective runs. The data shown in Fig. 3 
were obtained from both isotherms and isobars in 
random order, and no systematic deviations were 
observed. 

This equation also represents moderately well earlier 
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Fic. 3. The experimental results for two samples of tin. The 
solid curve is a plot of the quadratic equation given in the figure, 
whereas the dashed curve represents the linear term only. 


data on samples of the less pure tin (tin II and III) 
which were larger (0.200 in. diam and 0.200 in. long) 
and which suffered much greater (8%) deformation. 
These data, when recalculated using the above correc- 
tions, showed a mean deviation of 0.0018° and a 
maximum deviation of 0.005° from the above equation.” 
The extrapolation of this curve to higher pressure 
also agrees with the results of Chester and Jones” at 
17 500 atmos. Thus, it is possible to conclude that the 
pressure dependence of the transition temperature for 
polycrystalline tin is relatively independent of the 
purity and the amount of deformation, as well as the 
technique used by the earlier workers. 

It is of interest to try to interpret the curvature of the 
transition temperature vs pressure curve in terms of the 
change in volume with pressure. An extrapolation to 
absolute zero of Bridgman’s data for the compressi- 
bility of single crystals of tin* gives 


AV/Vo=—0.165X 10-°P+0.14X 10-YP?. (2) 


When this is combined with (1), it is found that the 
variation of the transition temperature with volume 
can be expressed as a straight line by the relationship 


T= (3.732+30.0AV/Vo), (3) 


where Vo= 15.6 cm*/mole, based on a density of 7.647 
g/cm* at absolute zero. The values for various deriva- 
tives are summarized in Table II, which also lists the 


*” The preliminary results reported at the Fifth International 


Conference on Low-Temperature Physics and Chemistry, 
Madison, Wisconsin, August, 1957 (unpublished), were obtained 
with the large samples, and were analyzed before the significance 
of the pressure gradients was realized. 

1 —P. W. Bridgman, The Physics of High Pressure (G. Bell and 
Sons, London, 1949), p. 161. 
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values of the Griineisen constant, m.22-*4 The un- 
certainty in (87 ./0P) 7~0 is considered to be a maximum 
of 2%, while the other derivatives depend on the above 
extrapolation and are probably reliable to no better 
than 5%. 

These data are only in fair agreement with the 
accurate low-pressure work of Fiske. Our value of 
(07 ./0P) z-0= (4.954+0.1)X10-* deg/atmos does not 
overlap with the value of (—4.64+0.15)X10-* deg/ 
atmos which can be calculated from his single-crystal 
results, and which agrees with other data for tin single 
crystals." The difference may be due to an un- 
explained systematic error in either set of experiments, 
since far more serious disagreements occur for mercury 
and tantalum. Or, it may be due to a real difference 
which is caused by a difference in behavior between 
polycrystalline and single crystal samples. This differ- 
ence is probably just significant enough so that it 
should be explored at greater length. 

As can be seen from Table I and Fig. 3, the extra- 
polated zero-pressure surperconducting transition tem- 
perature for tin showed a permanent shift to higher 
temperatures at the end of the runs, presumably due 
to the technique which was used. It is interesting, 
however, that the shift is so slight (0.004°) for the 
two-percent deformation which was suffered by tin 
IV and VII, and was not much greater for the tin IT 
and III samples which had been deformed four times 
as much. We could detect no appreciable effect on the 
transition temperature due to initial annealing of the 
samples for several hours at 100°C. 

The early experiments on tin II and III were made 
with large, rather impure samples, so that the change 
in mutual inductance (AM) was quite large (20 units). 
As was mentioned above, the sample deformations were 
also large, probably due to the small amount of solid 
hydrogen surrounding the samples. In any event, it was 
possible with these samples to observe quite accurately 
the effect of pressure cycling on the mutual inductances 
in the superconducting (M,) and normal (M,) states. 
The main factor influencing M, is the motion of the 
piston (about 5 mm), although changes in sample shape 
will have some effect also. M, is also influenced by the 
piston motion, but mostly by changes in the normal 
skin depth caused by changes in the resistivity due to 
deformation and hydrostatic pressure. The effects of 
piston motion can be compensated for by subtracting the 
variation of M, with pressure (obtained from a cycle 
at 2.8°K, for instance) from the variation of M, with 
pressure obtained for temperature above 3.73°K. The 
difference must be due to pressure and deformation 
effects. 

This was done in detail for one tin run, and curves 
of M, (corrected) as a function of pressure were ob- 


2 C, A. Swenson, Phys. Rev. 100, 1607 (1955). 
%M. W. Zemansky, Heat and Thermodynamics (McGraw-Hill 
Book Company, Inc., New York, 1957), fourth edition, p. 274. 


* C, A. Swenson, Phys. Rev. 111, 82 (1958). 
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tained for successive cycles which resembled those 
obtained by Hatton for the resistivity of tin at 4.2°K. 
Here, however, it could easily be verified by later 
measurements at room temperature that the sample had 
been deformed, and undoubtedly was being deformed 
during these cycles. Thus, the increase in the zero- 
pressure value of M, was attributed to an increase of 
the residual resistivity due to deformation. The initial 
slope of the M, vs pressure curve was always in the 
direction of decreasing resistance with increasing 
pressure, although the curve passed through a minimum 
and the slope reversed sign at higher pressures where, 
undoubtedly, deformation was beginning to take place. 
Thus, we can say that our results are certainly not in 
contradiction with Hatton’s hypothesis that the resis- 
tivity of a superconductor in the normal state decreases 
with pressure. 


Indium 


The results for indium III are given in Fig. 4, and 
can be represented by the equation 


T= (3.403—4.36X 10-°P+-5.2X 10-"P?). (4) 


The mean deviation of the data from this expression is 
0.003°, with a maximum deviation of 0.011° (250 
atmos) at the highest pressures. Indium is much softer 
than tin, and a total deformation of the order of twenty 
percent was found upon inspection of the sample after 
the run. The relative lack of consistency of these data, 
when compared with the tin data, can probably be 
explained in terms of this deformation. The indium III 
sample was identical in shape with the tin VII sample. 
Two earlier runs used the 0.200-in. right cylindical 
samples, and, while the data showed considerable 
scatter, the above relationship seems to express them 
reasonably well. The increase in AM upon cycling 
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Fic. 4. The experimental results for the most reliable indium 
sample. The solid curve is a plot of the quadratic equation given 
in the figure, whereas the dashed curve represents the linear 
term only. 
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(which should be indicative of the work hardening) 
was much less for the indium III sample than for the 
other two, so only the later run has been considered in 
plotting the data. 

The change in volume with pressure for indium at 
4.2°K can be estimated as 


AV/Vo= —0.247X 10-°P+0.33 X 10-P?, (5) 


where Vo=15.370 cm*/mole. The total compression 
data at 4.2°K have been used here,”? along with the 
assumption that the curvature in the AV/ Vo vs pressure 
curve is the same as 4.2°K as to room temperature.” 
These data can give only an approximate relationship, 
but it is interesting to note that the transition tempera- 
ture vs pressure curve is again more nearly linear when 
plotted vs this estimated volume than when plotted vs 
pressure. The variation of 7, with volume can be 
expressed as: 

T= (3.403+17.64V/Vo). (6) 


The relevant derivatives are given in Table II. 

The data above 8000 atmos in Fig. 4 showed the only 
inconsistencies between isobar and isotherm determi- 
nations of 7, which we observed. Even without taking 
into account these inconsistencies, the data were not of 
the same quality as for tin. Perhaps this effect could 
be explained if our sample were not truly polycrystal- 
line, so that the pressure inhomogeneities were more 
serious for the isotherms than for the isobars. The 
experiments on the change in sample length at the 
transition indicate that indium is anisotropic in its 
superconducting behavior.®:7 However, the exact effect 
of pressure inhomogeneities in such a case is difficult 
to ascertain. This must be considered as a remote 
possibility, since the sample was formed initially in a 
die (although it was subsequently annealed), and, in 
addition, was deformed by twenty percent at liquid 
helium temperature. 

An attempt was made to correlate the increase in AM 
(of about a factor of four) with earlier data on the 
change in the resistivity of indium upon deformation at 
4.2°K,”* since both the initial resistivity (Table I) and 
the amount of deformation were known. In general, the 
changes in AM seem to be much greater than the calcu- 
lated changes in the skin depth would predict when the 
bulk deformation is assumed. The reason for this could 
lie in a greater relative deformation of the surface of 
the metal due to the slipping of the solid hydrogen 
during the compression process. 

The initial slope [(07./0P)”7-0= (—4.36+0.10) 
X10-* deg/atmos] agrees within experimental error 
with the previous pressure work of Hatton" and 
Muench,” and the volume change data of Olsen.* The 
difference between the initial value for the super- 
conducting transition temperature and the extrapolated 
zero-pressure value is very small, again showing little 
dependence on deformation at 4.2°K. 


~ % P. W. Bridgman, Proc. Am. Acad. Arts Sci. 76, 1 (1945). 
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Tantalum 


The results of the run on tantalum II are given in 
Fig. 5. These results can be represented by the 
expression 


T= (4.3010—0.26 10-5P), (7) 


with a mean deviation of 0.0005° (200 atmos) and a 
maximum deviation of 0.0018°. The small changes in 
the transition temperature which were observed (0.027° 
over all) necessitated the use of the resistance ther- 
mometer, and the reduction of these resistance ther- 
mometer data to absolute temperature using a 
calibration which was taken at the end of the run. The 
scatter in the points is doubtless due to the difficulties 
in determining the temperature of the sample holder 
by means of a thermometer which was not attached to 
it directly. The permanent decrease in the transition 
temperature at zero pressure which was observed 
(0.003°) may or may not be real. The points shown on 
Fig. 5 were obtained from both isotherms and isobars, 
and were taken in random order. The only exception to 
this statement is that at high pressures the annealing 
effects were so great as to make the taking of isotherms 
impractical. 

The curvature in the pressure vs volume curve for 
tantalum at room temperature is so small* that it is not 
surprising (if our results on tin and indium are to be 
interpreted as being general) that no curvature was 
found in the transition temperature vs pressure curve. 
This fact (as well as the slope) is in excellent agreement 
with the work of Bowen up to, roughly, twice the 
pressure." No sign of the curvature mentioned by 
Hatton in his resistive transitions was found. 
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Fic. 5. The experimental results for tantalum 
annealed for a short time at 2300°C. 


26D. H. Bowen, Proceedings of the Fifth International Con- 
ference on Low-Temperature Physics and Chemistry, Madison, 
Wisconsin, August, 1957 (unpublished). 
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Bridgman’s room-temperature data suggest an extra- 
polated compressibility at absolute zero of (4.0+0.2) 
X10-7 atmos,” and this gives a value for (d In7,/ 
dInV)=1.5°, which is less than for any of the other 
metals. The temptation exists to conclude that, since 
the only other cubic superconductor which has been 
studied (lead) also shows a small value for this quantity, 
the pressure effect is fundamentally smaller for the 
isotropic metals than for the more complicated aniso- 
tropic metals. Unfortunately, as will be pointed out 
below, tantalum, being a hard superconductor, offers 
many problems which are not understood. The value for 
dT./dV for tantalum in Table II was calculated 
assuming that the molar volume at absolute zero is 
11.0 cm’. 

Our zero-pressure transition temperature and the 
shape of the transition temperature vs pressure curve 
seemed to depend very strongly on annealing in vacuum. 
Tantalum I (not shown) was run with the same piece 
of tantalum as the above, but was only annealed in 
high vacuum at 1300°C for a few minutes. The transi- 
tion temperature was 4.27°K, and the mutual 
inductance vs temperature curves were quite rounded. 
The variation of the transition temperature with 
pressure, however, agreed in slope with tantalum II, 
but with some indication of a rounding at high pressures. 

Tantalum I was then annealed at 2300°C in a high 
vacuum until the outgassing stopped and the pressure 
dropped to 10-* mm Hg. The results of Fig. 5 were then 
obtained, with the transitions resembling closely those 
of Fig. 2, but with a width of 0.01°. The resulting 
transition temperature (4.304°K) is much lower than 
the accepted value of 4.38°K, although the sample was 
pure (the spectroscopic and a later quantitative 
analysis gave as the only impurity 0.07% zirconium) 
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an anomalous excess width which was reproducible but which was 
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shows the initial slope of the curve found by Fiske. 
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and well annealed by most standards. No sign of 
deformation was found upon inspection of the sample 
after the runs. 

The value for the slope of the curve of Fig. 5 (—0.26 
X 10-§ deg/atmos) is in definite disagreement with the 
value of —1.110-* deg/atmos which can be deduced 
from Fiske’s data.’ Fiske’s samples were subjected to a 
rigorous annealing process by being held at 2800°C for 
25 hours, and recent work on the thermal properties of 
normal and superconducting tantalum seems to imply 
that the superconducting properties of tantalum can be 
made to approach those of a soft superconductor by 
such an annealing treatment.?” However, none of the 
works on tantalum reported in the literature give the 
impurities present in the samples, and the term “high 
purity” is quite ambiguous for this metal. In any event, 
the status of the pressure (and volume) effects measure- 
ments is quite confused, with the current work (sample 
moderately annealed) agreeing with Bowen (sample as 
received) and Hatton (moderately annealed), but 
disagreeing with Fiske (well annealed) and Olsen 
(sample as received). There seems to be no consistency 
in these various sets of measurements, since Hatton 
and Olsen, while disagreeing on the magnitude of 
(0T./OP) 4-0, agree that it should pass through zero at 
some pressure (or temperature in a magnetic field). 
Fiske presumably did not see this effect. It is obvious 
that some careful work will be required to clear up these 
differences, and it would be of interest if the various 
techniques could be used on samples from the same 
initial source which had been heat treated in exactly the 
same manner. Our data are suspect in any event 
because of the low value for the zero-pressure transition 
temperature, and the transition width which is larger 
by a factor of two than would be expected from the 
estimated demagnetization factor. 


Thallium 


The experimental behavior of the transition. tempera- 
ture vs pressure curve for thallium was not understood 
for some time, since there appeared to be a change in 
the sign of the slope of the curve at high pressures. 
This discrepancy was first resolved by Hatton, and our 
data (Fig. 6) are in qualitative agreement with his. 
Again, because the temperature shifts are so small and 
the temperature region a difficult one due to large 
hydrostatic head effects, the resistance thermometer 
was relied upon almost exclusively. The agreement 
between thallium II and III was excellent. The in- 
dividual thallium II points are numbered in the order 
in which they were taken to show the reproducibility 
and independence of cycling. In order to reduce the 
deformation to a minimum, the pressures were kept 
below 4000 atmos initially, with essentially only isobar 
data being taken for both increasing and decreasing 


27 White, Chou, and Johnston, Phys. Rev. 109, 797 (1958). 
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pressure. Late in the run, the pressures were raised to 
higher values and the results were consistent with those 
at low pressures. The total deformation (AL/Zo) was 
about 6% for thallium II and 4% for thallium III, 
showing the relatively greater softness of thallium as 
compared with tin at these temperatures. 

The shift in the extrapolated zero-pressure transition 
temperature could be real, or could (if point 3 is 
ignored) be spurious. If Fiske’s value for the initial 
slope is accepted, as is shown, the shift must be real. 
Certainly, it is impossible to make a definite decision as 
to whether or not the low-pressure value is correct 
from our data. An extrapolation of our curve to 13 400 
atmos is in excellent agreement with the high-pressure 
shift of 0.06° observed by Chester and Jones.” 

The recent work by Olsen® and by Cody’ on the 
volume change at the superconducting transition in a 
magnetic field seems to offer a clue as to the reason for 
the maximum in the 7, vs P curve for thallium. Previous 
work had shown that it was probably not due to a 
crystallographic transformation.”* Both Olsen and Cody 
found that the change in length at the transition is 
dependent on the crystallographic direction (as was also 
found for tin and indium), and, in fact, is of different 
sign depending on whether the AL is measured parallel 
or perpendicular to the C axis. This would imply that 
tensile stress along one crystallographic axis would 
produce a decrease in T., but the same stress would 
produce an increase in 7, along the other direction. 
If, now, these two coefficients [ (07/00) 720, where o 
is the stress], which must be suitably averaged to 
obtain the shift in 7. with hydrostatic pressure, vary 
with hydrostatic pressure, then any sign would be 
possible for (87./8P) 4-0, dependent on the pressure. 
It would seem that the only positive method of verifying 
such an hypothesis would be to investigate the change 
in transition temperature produced by elastic stress 
along the crystallographic directions of a single crystal 
of thallium as a function of hydrostatic pressure. ‘This 
would be a very difficult experiment. 

An initial run with thallium was completely un- 
successful, in that it gave data which were impossible 
to interpret consistently using methods outlined above. 
These results have been neglected in the above dis- 
cussion, since the sample was highly deformed (20%), 
and there was evidence of excessively large pressure 
gradients in both the isotherms and isobars for those 
runs which were made with increasing pressure. The 
pressure-decreasing runs were quite consistent among 
themselves, and agreed qualitatively with Fig. 6. 


Mercury 


The data which were obtained from three samples of 
mercury are given in Fig. 7. The liquid mercury was 
placed initially in a cylindrical Scotch tape container, 
0.16-in. inside diameter, to form a sample 0.2 in. long 
with a top which was assumed rounded by surface 
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tension. The initial transition temperature was found to 
be independent of the rate of cooling. The container 
was weak enough so that it presumably disintegrated 
upon the first application of pressure. The mercury 
was kept from amalgamating with the beryllium copper 
cylinder when it was warmed back to room temperature 
by coating the inside of the cylinder initially with 
mineral oil. This seemed to have no effect on the 
friction, and the loss of a sample holder by amalgama- 
tion in one of the first runs showed this precaution to be 
necessary. 

The basic problem which was raised (and resolved) 
in these experiments is demonstrated by the data for 
mercury II, where the numbers indicate the order in 
which the points were taken. The indication seemed to 
be that there was a permanent shift in the transition 
temperature at zero pressure of 0.12° after the high- 
pressure cycling. Along with the gradual downward 
shift in transition temperature, there was a widening 
of the transitions from about 0.01° to about 0.05°, 
which would be expected for a highly strained sample. 
The run with mercury III confirmed this, with the 
added factor that the friction was considerably greater 
for this run. 

Finally, on the hypothesis that it was the deformation 
of the sample which was important, the mercury IV run 
was made in which the data were obtained almost 
solely by means of isobars, with the pressures kept 
below 4000 atmos. The transitions remained sharp for 
all these points (A7.=0.01°, plus a reversible increase 
due to pressure gradients). The extrapolated zero- 
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Fic. 7. The experimental results for the mercury runs. The 
numbers on the mercury II experimental] points indicate the order 
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pressure transition temperature was 0.003° higher than 
the original transition temperature. These data are 
shown in the upper (Hg.) curve of Fig. 7. Thus, it 
seems that two transition temperature vs pressure curves 
could be obtained for mercury, one of which was 
characteristic of pressures below 4000 atmos, and a 
second which was much less clearly defined, but which 
was characteristic of cycling to much higher pressures. 
No further conclusions could be drawn from these 
experiments. 

A second, independent, series of experiments were 
undertaken in which a much higher temperature phase 
transition in solidified mercury was investigated as a 
function of pressure. These experiments showed that 
mercury ordinarily exists in a metastable state below 
79°K. It can be forced into its stable form by the 
application of pressure, and this is presumably the 
reason why two superconducting transition curves were 
obtained. The postulate must be made, however, that 
at liquid helium temperatures it is deformation rather 
than pressure (or, perhaps, a combination) which is 
necessary to cause the transition. Thus, there is no 
reason for concluding that the lowest value of the 
transition temperature of the 8 phase which was 
observed here has any real significance. The difference 
between the two mercury 6 curves could well be due to 
the larger friction (and, hence, larger deformation?) 
which occurred in the mercury III run. The true 
transition temperature of this new phase must be 
determined in other experiments. 

The data in Fig. 7 can be expressed by the 
relationship, 

T= (4.156—3.60X 10-*P), (8) 


for the a phase of mercury with a mean deviation of 
0.002° and a maximum deviation of 0.004°. The lower 
curve for the 8 phase can be represented by 


T.= (4.017—4.40X 10-°P), (9) 


with a mean deviation of 0.005° and a maximum 
deviation of 0.009°. The transitions for the 8 phase 
were generally very broad, and hard to fix accurately. 

The same experiments in which the phase transition 
in mercury was studied also gave the pressure vs 
volume curves for mercury as a function of temperature 
for each of the phases. The transition temperatures of 
Fig. 7 show sufficient scatter so that no improvement 
in fit was found when they were plotted against volume 
rather than pressure. A summary of the various 
derivatives which could be calculated is given in Table 
II, although it must be emphasized that the data for 
the superconducting properties of the 8 phase of 
mercury are open to question since the phase transition 
may not have been complete. 

The slope of the transition pressure vs temperature 
curve for mercury a[ (—3.60+0.2)X10~ deg/atmos ] 
does not agree with the low-pressure value of 
(—4.24+0.16) X 10-* deg/atmos which can be deduced 
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from Fiske’s data,® nor with the value from the tensile 
data of Grenier (—2.9X10-°).° The cause of this 
discrepancy is not known, in view of the relatively 
better agreement for tin. Our results are based solely 
on one run with one sample (which was cooled slowly 
overnight), and difficulties may have arisen due to 
pressure gradients if our sample was not truly poly- 
crystalline. The apparent gradient amounted to less 
than 400 atmos, which is, nevertheless, relatively large 
when it is realized that the maximum pressure was 
4000 atmos, and no gradients were observed at this 
pressure for tin VII. A similar behavior was found for 
the tin IV sample, however, when its pressure was kept 
low initially, and the results for the two tin runs agreed 
quite well. 

The existence of the new mercury phase does not 
seem to offer a direct explanation for the results of 
Buckel and Hilsch* in their work with thin films of 
mercury which were deposited at liquid helium tem- 
peratures. The behavior of mercury was found to be 
anomalous in their experiments in that the super- 
conducting transition temperature for the films was 
lower than the normal value, while it was increased for 
all the other substances studied. The possibility exists 
that the 8 phase of mercury is deposited at these 
temperatures, but currently there is little evidence 
upon which to base a decision. 


SUMMARY 


The major conclusions given by these experiments 
can be summarized as follows: 


1. Solid hydrogen may be used satisfactorily as a 
transmitter of approximately hydrostatic pressure up 
to 10000 atmos. The pressure gradients which were 
observed were of the order of several hundred atmos at 
the maximum pressure, although larger gradients may 
have existed as transients when the pressure was 
changed in large steps. Apparent annealing effects 
were observed in the solid hydrogen at 4.2°K. 

2. The variation of the superconducting transition 
temperatures which was found for tin and indium are 
more nearly linear when plotted against the volume 
than when plotted against pressure. 

3. The superconducting transition temperatures for 
the soft superconductors tin, indium, and thallium do 
not seem to depend very strongly on deformation at 
liquid helium temperatures. 

4. The transition temperature vs pressure curve for 
tantalum is a straight line with a slope an order of 
magnitude less than that for tin or indium. This can be 
understood partially on the basis of the small compressi- 
bility of tantalum as compared with the other metals, 
although the discrepancies between results of various 
workers make definite conclusions difficult. 

5. Previous data on thallium which showed first an 


28 W. Buckel and R. Hilsch, Z. Physik 138, 109 (1954). 
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increase of the transition temperature with pressure, 
then a decrease, have been confirmed. 

6. The existence of two superconducting transition 
temperature vs pressure curves for mercury, depending 
on its history at liquid helium temperatures, have given 
the first indication that mercury normally exists in a 
metastable state at low temperatures. 

7. The ratio (d In7./d InV) varies considerably from 
one metal to another, with the values for tantalum 
(1.5) and tin (8.1) representing the extremes. Except 
for thallium at low pressures, this ratio was always 
positive. In order to obtain the true effects of com- 
pression on the density of states of the electrons at the 
Fermi surface and on the interaction matrix, it is 
necessary to add the Griineisen constant to these values, 
since the effect of compression on the lattice vibrations 
alone is to produce a shift in the opposite direction 
(see the Introduction). In general the data summarized 
in Table II gave a straight line when 7, was plotted vs 
V, but an appreciably curved line when In7, was 
plotted vs InV. This means that the values tabulated 
in the third line of Table II refer only to zero pressure 
and magnetic field, and should not be used for 
extrapolation. 


The most acceptable check on the thermodynamic 
consistency of these results would be given by an 
extension of the techniques to transitions in magnetic 
fields. This was not possible with the current experi- 
mental apparatus. Several problems must be investi- 
gated before such experiments. can be undertaken with 
any hope of success. For instance, our results seem to 
show that there is little effect on the zero-field transition 
temperature due to the deformation which inevitably 
accompanies measurements on the softer metals made 
under pressure in a bath of solid hydrogen. It is not 
known whether a similar statement can be made with 
respect to the effects of deformation on the critical 
field curve at zero pressure, and it is hoped that this 
point will be investigated in the near future. There is 
also some question as to whether or not it is necessary 
to use single crystals of the anisotropic metals in order 
to obtain correct results, and whether, even in this 
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case, the pressure gradients which we observed would 
cause anomalous results for certain crystal orientations. 
We, again, hope to look into this question. The dis- 
agreements between our work and Fiske’s for tin and 
mercury are examples where these two effects may have 
come into play. In any event, it does not seem profitable 
to attempt the measurements in a magnetic field by 
our technique until the effects on the critical. field 
curve of deformation, crystalline state (whether poly- 
crystalline or single crystal), and demagnetization 
factor (due to the sample shape) have been investi- 
gated. The effect of impurities and annealing must also 
be investigated in the case of tantalum. 

One interesting sidelight can be inferred from our 
data. Considerable work has been done with the ice 
bomb technique, and it is of interest to note that the 
ratio of the temperature shifts which were found by 
Lazarew and Kan for tin and indium agrees well with 
our data.'* The pressures which were generated at 
liquid helium temperatures were assumed to be 1370 
kg/cm? and 1750 kg/cm’, while our data suggest that 
the pressures should be closer to 1750 atmos and 1950 
atmos, respectively. These differences are not important, 
although the origin of the miscalculation might be. 
It must be emphasized that the value of the ice bomb 
technique lay not so much in obtaining accurate results, 
but in the fact that it outlined the problems which 
existed in this region of high-pressure and low-tempera- 
ture physics. It is useful to note that once the transition 
temperature vs pressure curve for tin has been estab- 
lished, then tin can be used as a secondary pressure 
measuring device at these low temperatures. 
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PHYSICAL REVIEW 


Hall Mobility of Carriers in Impure Nondegenerate Semiconductors 
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Department of Physics, University of British Columbia, Vancouver, Canada 
(Received June 9, 1958) 


A discussion is given of the Hall mobility of carriers in nondegenerate semiconductors, taking into account 
scattering by lattice vibrations, ionized impurities, and neutral impurities. The study is confined to the case 
of low temperatures and high impurity concentrations, for which Sclar’s theory of ionized impurity scatter- 


ing is valid. 





ODHA and Eastman! have discussed the drift 
mobility of carriers in nondegenerate semicon- 
ductors with high concentrations of ionized and neutral 
impurities, at low temperatures for which the scattering 
theories by Sclar® and Erginsoy® are valid. Since it is 
customary to study the Hall effect and electrical con- 
ductivity simultaneously, it is also necessary to in- 
vestigate theoretically the dependence of Hall mobility 
on concentrations of ionized and neutral impurities, for 
a proper interpretation of data. 
Using the same notation as in the previous paper,' 
the effective time of relaxation of a carrier is given by 


7 =1a,/(v+G2/+/Xo). (1) 
The velocity distribution at low electric fields is given by 


N(v)dv= Av? exp(—Aov*)do. (2) 


The Hall mobility is given by* 


ry 
oi. E (3) 
m (rv) 


From Eqs. (1), (2), (3), and expressions for uz, and 
un given in the earlier paper,! we obtain the zero- 
electric-field Hall mobility as 


p= flaw (a2) =unas¥ (a2), (4) 

* Now at Aecrophysics Laboratory, Armour Research Founda- 
tion, Chicago, Illinois. 

1M. S. Sodha and P. C. Eastman, Phys. Rev. 108, 1373 (1957). 

2 .N. Sclar, Phys. Rev. 104, 1548 (1956). 

*C. Erginsoy, Phys. Rev. 79, 1013 (1950). 

4W. Shockley, Electrons and Holes in Semiconductors (D. Van 
Nostrand Company, Inc., Princeton, New Jersey, 1950). 





2 ” u4 exp(—w’) 
V (a2) = f —du, 
0 


F (a2) (u+<a2)* 


* “4 exp(— wu’) 
F(a2)= 2f —_———d 
0 (u+a2) 


is a tabulated! function. 
Figure 1 gives the variation of W(a2) and a,¥ (a2) 
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Fic. 1. Variation of ¥(a2) and az¥ (a2) with ay. 


with a» and, since wz can be calculated, can be used to 
evaluate either yu; or wy if the other is known. 

This investigation is subject to the limitations stated 
in the earlier paper. 

The authors are grateful to the National Research 
Council, Canada, for award of a fellowship (M.S.S.) 
and scholarship (P.C.E.) to the authors. 
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Elastic Constants of Potassium Iodide and Potassium Chloride* 
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The sound velocities and elastic constants have been measured for pure single crystals of KI and KCl by 
the ultrasonic pulse technique over the temperature range from 4°K to 300°K. In KI, ¢:;=3.38, ¢:2=0.22, 
and ¢4=0.368 in units of 10" dynes/cm* at 0°K according to our extrapolations from 80°K. In KCl, 
measurements of all three constants were made over the entire temperature range down to 4°K and their 
values at O°K are ¢:;=4.83, ¢12=0.54, and c4=0.663 in units of 10% dynes/cm*. The Debye characteristic 
temperature at 0°K, 4, has been calculated from these very low-temperature values of the elastic constants 
to give 129°+2°K for KI and 234°+1°K for KCI. The specific heats of KI, KCl, and KBr have been calcu- 
lated in this paper by using a combination of a Debye and an Einstein term in the expression for the specific 
heat. These calculations indicate that the agreement between such a simple theory and experiment be- 
comes better as the ratio of ionic radii and masses increases in these three salts. We point out that in the four 
alkali halides thus far studied in this laboratory, there is evidence that the Cauchy relation, ci2=C4, is 
satisfied at about 7 =0. No reason is offered for this coincidence. 


INTRODUCTION 


HIS work has been done as part of a continuing 

program at The Rice Institute for furnishing 
more fundamental information on the temperature 
dependence of the elastic constants of alkali halides. 
The following paper reports work on the specific heats 
of two of these crystals by Scales.! A comparison can 
be made of the value of the characteristic temperature 
(60) obtained from low-temperature specific heat 
measurements with that obtained from the data 


reported here near the absolute zero. In this way we 


may check on the methods?“ of averaging the sound 
velocity over different directions in the crystal in order 
to calculate 6. We are also interested in the theory of 
the frequency spectrum of lattice oscillations in order 
to give a better representation of the specific heat of 
these materials. We attempt to do this by considering 
the smaller ion in the lattice to behave somewhat like 
an independent Einstein oscillator while the larger 
ion behaves as a Debye continuum of standing waves. 
We shall show that such a theory agrees with experi- 
ment as the ratio of ionic radii and masses increases. 


EXPERIMENTAL 


The experimental apparatus used in this experiment 
is for the most part the same as was used by Overton 
and Swim,® and Briscoe and Squire,® for similar meas- 
urements in this laboratory. The echo-ranging tech- 
nique was used to measure velocities of longitudinal 
and transverse waves along various directions in the 
single-crystal specimens. Because of the differential 


* Supported by a grant from the National Science Foundation. 

t Now at the University of North Carolina, Chapel Hill, North 
Carolina. 

1W., W. Scales, following wo [Phys. Rev. 112, 49 (1958) ]. 

2 W. V. Houston, Revs. Modern Phys. 20, 161 (1948). 

§ Betts, Bhatia, and Wyman, Phys. Rev. 104, 37 (1956). 

‘J. DeLaunay, in Solid State Physics, edited by F. Seitz and 
D. Turnbull (Academic Press, Inc., New York, 1956), Vol. 2. 

5 W. C. Overton, Jr., and R. T. Swim, Phys. Rev. 84, 758 (1951). 

®C, V. Briscoe and C. F. Squire, Phys. Rev. 106, 1175 (1957). 


contraction between the quartz transducer, the binder, 
and the specimen, very slow rates of cooling were 
necessary in order to minimize the chance of cleavage 
in the specimen. Generally, we cooled from room tem- 
perature to liquid air temperature in about 24 hours 
and in the case of KI the crystal developed cracks on 
all but one occasion as helium was transferred into the 
Dewar. As a result of this, actual measurements were 
made only for the longitudinal velocity in the [100] 
direction at helium temperature for KI. The binders 
used on KI were Dow Corning silicones XC-270 and 
C-271. 

During the experiments on KCl, we decided to try 
to find a binder which would not solidify until a tem- 
perature was reached where the expansion coefficient 
of the specimen had decreased appreciably from its 
room temperature value. For KI and KCl, this does 
not occur until about 60°K. The successful binder 
tried was the natural gas from the wall outlet. During 
the cooling to liquid air temperature the specimen was 
not in contact with the quartz transducer. At liquid air 
temperature a bent glass tube was rotated so that its 
tip was above the center of the specimen. Natural gas 
was passed through a dry ice and acetone trap to remove 
water vapor. The flow was regulated such that lique- 
faction took place near the tip of the glass tube. After 
a few drops of liquid were deposited on the specimen, 
the tube was rotated out of the way and the transducer 
lowered until contact was made. In the case of X-cut 
quartz crystals, measurements could be made im- 
mediately. In using Y-cut crystals, the appearance of 
echos indicated that the natural gas did not firmly 
solidify until about 45°K. This behavior perhaps can 
be explained by the fact that the gas is a mixture of 
about 94% methane, 5% ethane, and the rest other 
light hydrocarbons. Echos obtained with this binder 
at 4°K were surprisingly good. 

Using this binder, the transverse and longitudinal 
velocities in the [100] direction were obtained quite 
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TABLE I. Elastic constants of KI in units of 10" dynes/cm?. 
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0.39 
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0.368 
0.368 
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0.369+1% 
0.369 
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0.368 
0.368 
0.368 
0.367 
0.41 0.367 
0.42 0.366 
0.44 0.365 
0.4549% 0.364-+1% 
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accurately at helium temperature. The constant ¢)2 can 
be determined by measuring the velocity of a longi- 
tudinal wave in the [110] direction and of a transverse 
wave in the [110] direction with polarization per- 
pendicular to the z axis. In the case of the polarized 
transverse wave, measurements were made at helium 
temperature but the echos were poor. Thus the value 
of ¢12 obtained from this measurement is subject to a 
sizeable error. In the case of the longitudinal wave, the 
specimen was cooled too rapidly during the helium 
transfer and the specimen cracked. The data from 90°K 
were extrapolated, however, giving two independent 
estimates of ci. at very low temperature. These values 
will be mentioned later in regard to errors in 2. 

The equations from which the constants are calcu- 
lated from the measured velocities are given in books 
on solid state physics.*” 


RESULTS 


The elastic constants for KI and KC] are listed in 
Tables I and II. For KCl, the measurements of Durand,*® 


TaBLE II. Elastic constants of KC] in units of 10" dynes/cm’. 








Durand 
cz 


Present work 
cu ciz 


4.832 
4.811 
4.780 





escssssesssssesse 
DARA > 
BB 2 
SARSESESARASSAB 
sosssssssss 
ANAAADAAAAAAA 


n 
N 
© 


4.032 








7 Charles Kittel, Introduction to Solid State Physics (John Wiley 
and Sons, Inc., New York, 1954). 
8M. A. Durand, Phys. Rev. 50, 449 (1936). 
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by an earlier technique known as the composite oscil- 
lator, are listed for comparison. In Table I, the esti- 
mated maximum errors are listed with the numbers. 
For KCl, the room temperature maximum errors for 
C1, and ¢44 are +0.3% and +0.5%. At 4°K we estimate 
the maximum errors to be +0.4% and +0.6%. Since 
Cie must be determined by taking a difference between 
large numbers close together in value, an analysis of 
the propagation of errors shows that the percentage 
error in ¢y2 can be large. For KCl, our analysis indicates 
a possible, but not probable, error of 35%. The effect 
of this error on the calculation of @ will be discussed 
in more detail. The second estimate of ¢12 by using a 
transverse polarized wave in the [110] direction indi- 
cates a value of c12. at 4°K equal to 0.60. The two values 
are about 9% apart, indicating that the error is not 
nearly as large as 35%. 

Table III shows a comparison between room tem- 
perature values of the elastic constants of KI done in 
the present work and that done by static methods in 
1929 by Bridgman.® Table III also shows a comparison 
between our constants at 4°K and the theoretical 


TABLE ITI. Values of elastic constants in units of 104% dynes/cm? 
and compressibilities in units of 10~ cm*/dyne of KI at room 
temperature and at low temperatures by various investigators. 


Krishnan 
and Roy 
T =0°K 


Present 
work 


T =4°K 


Slater* 


Bridgman 
T ~300°K 


T =300°K 


2.66 
0.425 





«J. C. Slater, Proc. Am. Acad. Arts Sci. 61, 135 (1926), 





calculations of Krishnan and Roy” at absolute zero 
using a central force model. 

Table IV shows a comparison of our values of elastic 
constants and compressibility for KC] at 4°K with the 
theoretical calculations of Krishnan and Roy,” and 
Léwdin." Also, the recent room temperature measure- 
ments of Eros and Reitz! are included for comparison. 

The values of 6) have been calculated for each of the 
crystals by using DeLaunay’s tables” and by the for- 
mulas in the extension of Houston’s work? by Betts, 
Bhatia, and Wyman.’ Table V shows these values 
compared with specific heat work of Berg and Mor- 
rison,“ and Scales.' From these results it becomes 
apparent that specific heat data and elastic constant 


*P. W. Bridgman, Proc. Am. Acad. Arts Sci. 64, 19 (1929). 
K. S. Krishnan and S. K. Roy, Proc. Roy. Soc. (London) 
A210, 481 (1952). 

1 Per Olov Léwdin, in Advances in Physics, edited by N. F. 
Mott (Taylor and Francis Ltd., London, 1956), Vol. 5, No. 17. 

2S. Eros and J. R. Reitz, J. Appl. Phys. 29, 683 (1958). 

18 J. DeLaunay, extended tables; these were obtained from Dr. 
DeLaunay at Naval Research Laboratory, Washington D. C. 

“4 W. T. Berg and J. A. Morrison, Proc. Roy. Soc. (London) 
A242, 467 (1957). 
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data lead to values of 4) in good agreement with each 
other. 

In order to obtain an idea of the error in 4) due to 
errors in the elastic constants, we programmed the 
computation of @) according to the relations derived 
by Betts, Bhatia, and Wyman for the IBM-650 com- 
puter. We assumed the errors for cy; and cq given 
previously and for ci: we assumed errors of 1, 10, and 
35%. For each error in ¢2 we calculated the eight values 
of % obtained by taking all combinations of plus and 
minus errors. Each time we also calculated the eight 
6’s listed in Betts, Bhatia, and Wyman’s paper. We 
show the results for 6; only since it is assumed to be the 
best approximation. The results of this error analysis 
show, as does an examination of DeLaunay’s tables, 
that the calculation is extremely insensitive to errors 
in ¢y. Even with the 35% assumed error in Cy, all 
values fell between 232.5 and 235.8°K. For 10% error 
all values fell between 233.3 and 235.1°K. As a result 
of this analysis on KCI and a less extended one on KI, 
we conclude that the respective errors in % due to 
experimental errors in the constants are +1°K and 
+2°K. 


TABLE IV. Values of elastic constants in units of 10" dynes/cm? 
and compressibilities in units of 10" cm?/dyne of KCl at room 
temperature and at low temperatures by various investigators. 


Krishnan 
work Léwdin and Roy 

T =4°K T =0°K T =0°K 
4.832 3.9 
0.54 0.777 0.8 
0.663 0.909 0.8 
5.60 6.0 


Present Eros and Present 


work Reitz 
T&300°K = T™300°K 


Cu e ; 4.035 
Cie 0.66 0.651 
Cus 0.629 0.633 
B 


DISCUSSION 


The history of early attempts by Einstein and by 
Debye to describe theoretically the specific heats of 
materials is well known and will not be discussed here 
in detail. It suffices to say that only a detailed knowl- 
edge of the lattice vibration spectrum can lead to the 
correct theoretical values of the specific heat. 

Briscoe and Squire® have applied a rather simple 
technique in trying to improve the fit of a theoretical 
specific heat to experimental data on LiF. For a crystal 
such as LiF’, where one ion is considerably larger than 
the other, they assume that the smaller ions are partly 
shielded from one another by the electron clouds of the 
larger, and that the smaller ions tend to act like inde- 
pendent Einstein oscillators. They compute the specific 
heat as a combination of an Einstein and a Debye 
function: 


Cy= 3RF p (00'/T) +3RF 2(02/ T) " 


The 6g used comes from the restrahlen frequency or 
frequency of maximum infrared reflection. The 60’ 
shown is not the usual 0) but 6/(2)* since the larger 
ion is now considered to occupy the whole volume. We 
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TABLE V. Values of 6) in °K from elastic-constant work and 
specific heats at low temperatures. 


Elastic constant Specific heat 





KI 

DeLaunay’s tables 131 

Betts, Bhatia, and Wyman 129+2 

Berg and Morrison 

Scales 

Krishnan and Roy 140 
(theoretical) 

KCl 

DeLaunay’s tables 

Betts, Bhatia, and Wyman 

Berg and Morrison 

Durand (extrapolated) 


emphasize that the theory contains no “adjustable 
parameters.” It is worth noting that this manipulation 
gives back the correct specific heat at low temperatures. 

As T goes to 0, one finds that Fe(@2/T)<Fp(@.'/T), 
and 


Co= 3RF p(60'/T) = 3R (44/5) (T/60')* 
= 6R (49/5) (T/0o)*. 


By means of this scheme, specific heats of KI, KCl, 
and KBr were calculated, the data of Galt!® on KBr 
being used. The results are shown in Figs. 1, 2, and 3. 
It is seen that the fit becomes increasingly better as the 
ratio of the ionic radii and masses increase in going 
from Cl to Br and to I. For KI this simple fit is quite 
good and indicates that the method may throw a little 
light on the true frequency spectrum of ionic cubic 
crystals where one ion is somewhat larger than the 
other. In no case is the Debye fit adequate. 

One point of interest arising from this work is that 
the temperature where the Cauchy relation, ¢i2=Cca, 
is satisfied for alkali halide crystals whose constants 


x BERG & MORRISON 

-- DEBYE THEORY 

— DEBYE + EINSTEIN 
THEORY 
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Fic. 1. Specific heat of potassium chloride in units of calories/ 
mole °K versus temperature in °K. The crosses are experimental 
data. The broken line is calculated from the Debye theory 
(@0=235°K). The solid line represents a combination of the Debye 
and Einstein theories (@o’=187°K). The Einstein characteristic 
temperature-(@2=227°K) is obtained from the restrahlen fre- 
quency shown in reference 7, p. 114. 


18 J. K. Galt, Phys. Rev. 73, 1460 (1948). 
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x BERG & MORRISON 

-- DEBYE THEORY 

— DEBYE + EINSTEIN 
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Fic. 2. Specific heat of potassium bromide in units of calories/ 
mole °K versus temperature in °K. The crosses are experimental 
data. The broken line is calculated from the Debye theory 
(@:=174°K). The solid line represents a combination of the 
Debye and Einstein theories (@o’=138°K). The Einstein charac- 
teristic temperature (@g=174°K) is obtained from the restrahlen 
frequency shown in reference 7, p. 114. 


have been measured is at 760. A summary of available 
data follows: 


Temperature where 
cin =Cua 60 


KCl 265°K 235°K 
KI 164°K 130°K 
NaCl 300°K 322°K 
LiF well above 500°K 735°K 


Substance Investigator 





Present work 
Present work 

Overton and Swim 
Briscoe and Squire 


It is realized that there is considerable error involved 
in locating this point, but the tendency for the Cauchy 
relation to be satisfied in this manner does seem to 
exist. The data of Galt!® on KBr do not show the 
constants equal for any temperature, but they are close 
together in value everywhere so that the usual error in 
C12 might account for this. 

In regard to agreement between elastic constant 
methods and specific heat methods of obtaining the 
Debye characteristic temperature at absolute zero, it 
should be pointed out that very recent work by Ludwig!*® 


16 Wolfgang J. Ludwig, J. Phys. Chem. Solids 4, 283 (1958). 
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Fic. 3. Specific heat of potassium iodide in units of calories/ 
mole °K versus temperature in °K. The crosses are experimental 
data. The broken line is calculated from the Debye theory 
(@9= 130°K). The solid line represents a combination of the Debye 
and Einstein theories (@o’=103°K). The Einstein characteristic 
temperature (@g=153°K) is obtained from the restrahlen fre- 
quency shown in reference 7, p. 114. 


using anharmonic terms in the atomic potentials indi- 
cates that one should not necessarily expect the two 
to be exactly the same in alkali halides, even at absolute 
zero. In his model for krypton, he shows that one expects 
a difference between the measured values of the order 
of 2%, and that for alkali halides the difference should 
be about half of this figure. In the case of KI and KCl, 
it would be difficult to try to see differences of this sort 
because of experimental errors involved in each tech- 
nique. In the case of KI, however, it is observed that 
the two estimates of 00, made at the Rice Institute, 
differ by about 1 part in 130 and that the specific heat 
estimate was lower as Ludwig indicates. 
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The heat capacities of LiF and KI single crystals have been measured over the temperature range 2-7°K. 
An adiabatic calorimeter was employed making use of a mechanical contact “heat switch.” A carbon 
resistor embedded directly in the specimen was used as thermometer. For LiF the heat capacity was found 
to be proportional to the cube of the temperature over the whole range of temperatures investigated, and 
the value of 4 was found to be 722°K. For KI variations from the T? dependence were found above 3°K. 
An extrapolation of a smooth curve through the data to zero degrees temperature indicates a value of 
6=128°K. These values of 8) are compared to values of 4 derived from elastic constants data. 





INTRODUCTION 


ECENTLY a group at this laboratory has been 
making measurements at low temperatures needed 
for a fundamental understanding of alkali halides. 
Briscoe and Squire! reported elastic constants measure- 
ments on LiF. Their work has been extended to KI and 
KCI by Norwood and Briscoe.” The present experiment, 
whose results are to be tied in theoretically with these 
elastic constants data, is a measurement at low tem- 
perature of the specific heat of LiF and KI. 

For dielectric crystals such as the alkali halides, there 
should be at low temperatures only one contribution to 
the specific heat, that due to thermal vibrations of the 
lattice. The form of the dependence of this contribution 
upon temperature has been well established by Debye’ 
and by Born and von Karman‘ who showed that at 
sufficiently low temperatures 


C,=2(464.3) (T/00)* cal/deg mole, 


where C, is the specific heat at constant volume and 
@ is a constant characteristic of the substance. The 4 
will be a function of the forces between particles of the 
lattice and thus will be basic to the understanding of 
phenomena in solids. The factor two in the above well- 
known equation is because there are 2N atoms per mole 
in these substances. 

The question of how low in temperature one must go 
before the true 7* region is reached was discussed by 
Born and von Karman.‘ They showed that the T* 
dependence of specific heat is a low-temperature limit 
independent of crystal structure and independent of any 
special assumptions concerning isotropy. They showed 
that the frequency distribution function for crystals 
such as the alkali halides involving two different masses 
will have two different “branches.” One of these 
branches will relate to modes of vibration of high 
frequency, of the order of reststrahlen frequencies in 


* Supported by a grant from The National Science Foundation. 
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the infrared. These modes will not be excited above 
their ground states at low temperatures where only low 
energies are available. The other branch at low tem- 
peratures will have only the lowest frequencies excited 
above the ground state and will give rise to the T* 
dependence of specific heat. 

The problem has been further considered by Black- 
man.°® He concludes that the true T* region is attained 
only at a temperature of the order of 4/50 where 9p is 
the low-temperature limit of the Debye constant. For 
LiF with a 4 of about 722°K this is a temperature of 
14°K. All the measurements reported in this work were 
made well below this limit. It is thus expected that the 
specific heat of LiF will obey a T* law for all the data 
here reported. For KI, on the other hand, with a 4 of 
about 128°K the Blackman criterion leads to a tem- 
perature of about 2.5°K. By going to low enough tem- 
peratures, both for LiF and KI the present experiment 
should be able to indicate the true limiting value of the 
Debye temperature @p for T approaching zero. 

At the outset of the present work, the situation was 
as shown in Fig. 1. Here values of @p for LiF and KI 
calculated on the basis of the Debye model are plotted 
as a function of temperature. The specific heat for these 
materials had been measured over a wide range of tem- 
peratures by Clusius and Eichenauer* and by Berg and 
Morrison.’ As yet, however, there was no clear indica- 
tion that the @p as a function of T had approached a 
constant value. There was also no certain estimate of 
the value that @p would assume near T=0°K. The 
present experiment was set up to find these values. 
Moreover, the findings were to be used to verify 
determinations of @ from elastic constants measure- 
ments and thereby help to establish agreement between 
theory and experiment. Further, just such measure- 
ments as these are needed to shed light on recent 
attempts to extend the simple Debye theory. A pre- 
liminary report of our work on LiF was given at the 
Low-Temperature Physics Conference, Madison, Wis- 


5M. Blackman, Reports on Progress in Physics (The Physical 
Society, London, 1941), Vol. 8, p. 11. 

6 K. Clusius and W. Eichenauer, Z. Naturwiss. 11A, 715 (1956). 
7 eee noe and J. A. Morrison, Proc. Roy. Soc. (London) 


A242, 467 (1957). 
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Fic. 1. Debye characteristic temperature, @p, as a function of 
temperature (a) for KI and (b) for LiF. The values of @p are those 
required to make the Debye theory of specific heat fit the experi- 
mental values of C,. See references 6 and 7. 


consin, August, 1957. Similar work was reported there 
by Berg and Morrison,’ whose results on KI we shall 
compare with our own. 


EXPERIMENTAL 


The specimens of LiF and KI on which the measure- 
ments were performed were large pure single crystals 
obtained from the Harshaw Chemical Company. They 
were shaped in the form of cylinders about three inches 
long and one inch in diameter, giving a mass of 104 
grams for the LiF and 125 grams for the KI. 

The calorimeter was similar in design to one reported 
by Ramanathan and Srinivasan.* In this type of calo- 
rimeter cooling is brought about by bringing the speci- 
men into mechanical contact with a constant tem- 
perature bath. This obviates the necessity of using 
helium exchange gas with the possibility that helium 
vapor be adsorbed upon the sample as it is cooled. 
Such adsorbed vapor would boil off during periods of 
heating with an accompanying heat of desorption, 
giving a spuriously high result for the specific heat. 

We shall give a brief description of the equipment 


~ #K. G. Ramanathan and T. M. Srinivasan, Phil. Mag. 46, 338 
(1955). 
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such that future work of this nature from this laboratory 
may refer to this paper. The apparatus is depicted in 
Fig. 2. The salt hangs freely in its normal position inside 
a brass can large enough to be one-half inch distant at 
closest approach. This can, the calorimeter, is attached 
at its top to a thin-walled Monel tube which secures it 
rigidly to the top-plate at the room temperature end of 
the apparatus. The calorimeter is surrounded by a 
double Dewar flask, the inner one of which can be 
filled with liquid helium to form a constant temperature 
bath. A high-speed vacuum pump is connected to this 
chamber making it possible to reduce the pressure above 
the liquid helium. This allows the bath temperature to 
be reduced from the normal boiling point of helium at 
4.2°K to about 1.3°K. It was found in practice that 
quite adequate vacuum could be produced in the sample 
chamber by merely pumping out the chamber at room 
temperature with an ordinary forepump and allowing 
the liquid helium itself to freeze out what air remained. 
The vacuum obtained in this way was about 10~* mm 
of Hg. The calorimeter can had a low-melting-point 
indium solder seal which allowed it to be opened easily 
when adjustments were to be made. The salt specimen 
was suspended by nylon threads from a brass plate 
shown in the diagram. The plate was attached to a 
small stainless steel rod which extended up the inside 
of the Monel tubing. At the top the rod was attached to 
a Sylphon bellows, which gave a vacuum-tight con- 
nection with freedom of vertical motion of about an 
inch. The bellows was activated by a hand screw so 
that any vertical position within the limits of extension 
could be achieved and held. In this way the specimen 
could be lowered from a position in which it was 
hanging freely in vacuum to a position in which it was 
being pressed tightly by the rod to the bottom of 
the can. Pressures upon the salt which were obtainable 
by hand tightening the bellows screw were sufficient 
for adequate thermal conduction. The salt could be 
brought from several degrees above the liquid helium 
bath temperature to an equilibrium with the bath in 
about fifteen minutes. The initial cooling from liquid 
air temperatures down to liquid helium temperatures 
took about forty-five minutes. Upon breaking the 
contact some heating occurred so that there was 
initially a very rapid rise in the temperature of the salt. 
Consequently, the lowest temperatures at which accu- 
rate measurements could be made were higher than the 
lowest bath temperatures obtainable by about a degree. 
Temperatures of the sample were measured with a 
carbon resistance thermometer, which was embedded 
in a groove at the upper edge of the salt itself. A con- 
stantan heater wrapped directly on the salt over about 
three-quarters of its length provided a means for 
admitting measurable amounts of heat. Good thermal 
contact between the salt and the heater and ther- 
mometer was assured by a very thin coating of red 
Glyptal. The carbon resistor was of the Allen-Bradley 





SPECTRE HC 


type. It had a room temperature resistance of 57 ohms, 
a resistance at 4.2°K of about 1000 ohms, and a re- 
sistance at 2°K of about 10 000 ohms. This thermometer 
was calibrated after each run by admitting helium ex- 
change gas to the calorimeter. Resistance readings of 
the thermometer were then compared to vapor pressure 
readings of the liquid helium bath as read on a manom- 
eter by a cathetometer. By-pass pumping lines with 
suitable valves allowed regulation of the pumping speed 
to such a degree that the bath could be held at essen- 
tially constant temperature (within a millidegree) for 
ten minutes or more for each calibration point so that 
equilibrium was assured. Extrapolation between the 
points directly determined was made using the formula 
suggested by Clement and Quinnell’; i.e., 


logR+K/logR= B+ A/T, 


where R is the resistance, JT the temperature, and A, B, 
and K are eonstants to be determined by calibration. 

All measurements were made in_point-by-point 
fashion using two Leeds and Northrup Type K poten- 
tiometers. One measured the voltage drop across the 
thermometer or heater directly, and the other measured 
the voltage drop across a standard resistance in the 
same circuit. In this way data were obtained for com- 
piling plots of temperature versus time through a drift 
period on either side of a period of heating. Energy was 
supplied to the sample via the heating coil from a lead 
storage battery. Suitable variable resistance in the 
circuit allowed the temperature rise for a fixed period 
of heating to be kept reasonably constant at several 
hundredths of a degree. The heating period was fixed 
by a cam operated microswitch driven by a clock motor. 
This was calibrated using a scalar circuit set to read the 
peaks of the 60-cycle laboratory current. By this 
arrangement the time of the heating period was deter- 
mined to be 30.63+-0.04 sec. 

In order to prevent heat leaking to or from the sample 
through the leads to the heater and thermometer, two 
things were done. First, the leads themselves were 
brought out of the calorimeter can through Kovar seals 
in its top, so that the leads outside the calorimeter 
passed through the liquid helium bath. The Kovar 
seals gave adequate performance even in the superfluid 
helium. Secondly, inside the calorimeter long leads of 
No. 38 manganin wire, about 50 cm in length, were 
used. The salt was protected from radiation by a 
concentric-cup baffle at the end of the Monel tube, and 
also by the plate from which it was suspended. The rod 
leading from the bellows was thermally linked to the 
bath by two flexible copper wires soldered to the lower 
end of the,rod and to the top of the can. This was found 
necessary to prevent heat from leaking down the rod 
and reaching the specimen. The over-all heat leak to 
the sample could be determined by measuring the rate 


®J. R. Clement and E. H. Quinnell, Rev. Sci. Instr. 23, 213 
(1952). 
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Fic, 2, Schematic diagram of the apparatus used 
in these experiments. 


of temperature rise during drift periods. When this was 
done it was always found that there was heat leaking to 
the sample. The rate was found not to be strongly 
dependent on temperature. Generally the heat leak was 
on the order of several hundred ergs per minute. 


METHOD OF ANALYSIS AND CORRECTIONS 


From the data, plots could be compiled of tem- 
perature as a function of time. Each set of plots corre- 
sponded to a heating period, when a measurable amount 
of power was being delivered to the heater, and a 
preceding and following drift period, when no power 
was being delivered to the heater. The data for these 
curves were put into an IBM-650 computer made 
available through the generosity of the Shell Develop- 
ment Company, and a least squares fit to a parabola 
was made for each drift curve. These parabolas were 
then extrapolated to the midpoint time of the heating 
period. The difference between the two drift curves at 
this point was taken to be the rise in temperature for 
the measured input of heat. Provided the heat leak to 
or from the sample involves terms of no higher tem- 
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perature dependence than the first, this is correct to a 
high order. In any case, it is a closely correct procedure 
if the drift curves are very nearly linear, as was the 
case in this work. 

Several corrections were necessary, and we wish to 
emphasize these in reporting our results. Since the leads 
to the heater were of Manganin and of long length, they 
had a resistance of about twenty ohms each, compared 
to the heater resistance itself of about 295 ohms. Thus 
consideration had to be given to heat developed in the 
leads which subsequently leaked into the sample. In 
order to determine the magnitude of this effect a 
separate experiment was run. The heater coil was by- 
passed in such a way that the heating current passed 
through the Jeads to the heater only. Then, assuming 
the heat capacity of the sample to be known, the 
quantity of heat passing into the sample from the leads 
during a specified time could be determined from the 
rise in temperature of the specimen. This quantity of 
heat could then be compared to the total amount of 
heat developed in the leads as determined from the 
lead resistance and the heater current. It was found 
that 19% of the heat developed in the leads leaked into 
the specimen. This number was essentially independent 
of the specimen temperature over the range of low 
temperatures used in this work. It was also found that 
the heat leaking in from the leads did so with a long 
time constant. The upper drift curve, in this case, is 
representative of the drift in temperature only many 
seconds after the heating has stopped. With this effect 
taken into account, the slopes of the two drift curves 
were found to be very nearly the same. 

For a measurement of heat capacity the heat input 
was calculated from the measured heater resistance and 
measured heater current, with a correction being made 
as mentioned for lead heating. The rise in temperature 
for this heat input was determined by extrapolating the 
drift curves as discussed above. The heat capacity was 
then obtained by using the relation 


C=A0/4T, 


where AQ is the heat input and AT is the change in 
temperature. A correction to the heat capacity was 
made for the heat capacity of the Glyptal coating. 
Use was made of the formula for specific heat of Glyptal 
suggested by Pearlman and Keesom”’; i.e., 0.227? 104 
ergs/g deg. This quantity was calculated for every 
data point and subtracted from the heat capacity as 
determined above. For the LiF the correction to the 
heat capacity ranged from about 8% at the lowest 
temperatures to about 3% at the highest. For the KI 
the correction was a fraction of 1% at all temperatures. 
A separate experiment was made with the salt sample 
replaced by a thin aluminum shell to check this cor- 
rection. The results indicated that the correction for 
the heat capacity of the addenda to the salt was quite 


1 N. Pearlman and P. H. Keesom, Phys. Rev. 88, 398 (1952). 
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Fic, 3. Specific heat of LiF versus T*. The experimental points 
fall on a straight line, indicating that the Debye theory is valid 
throughout the range investigated. 


reasonably accounted for by the Glyptal correction 
alone. 

In calibrating the thermometer against the vapor 
pressure of the liquid helium bath, no correction was 
made for the head of liquid helium above the ther- 
mometer. This is certainly correct at temperatures 
below the A-point transition in liquid helium where the 
heat conductivity of the liquid helium is very high. 
A check may be made for the range of temperatures 
above the A point by making a plot of the resistance of 
the carbon thermometer against the vapor pressure of 
the bath. One can demand a smooth transition of such 
a curve across the \ point. This was done as part of 
the calibration procedure, and the indication always 
was that negligible correction needed to be made to the 
vapor pressure readings. 

It was found that the parameters involved as con- 
stants in the calibration equation of Clement and 
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Fic. 4. Specific heat of KI versus T*. The straight line is that 
determined by the lowest temperature experimental points. 
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Quinnell differed slightly but systematically depending 
on the range of temperature from which calibration 
points were chosen. The only time a difference of any 
consequence resulted so far as the derived temperatures 
were concerned was for the temperatures above those 
obtainable with the bath, where no calibration points 
could be determined. For these it was deemed adequate 
to extrapolate the Clement-Quinnell formula using 
constants determined from calibration points made 
between the lambda-point and the normal boiling point 
of helium. In this range the resistance was a compara- 
tively slowly varying function of the temperature and 
seemed to be very well described by the formula over 
the whole range. 

The results reported here are for C,, the specific heat 
at constant volume. The actual measure quantities 
related to C,, the specific heat at constant pressure. 
The two specific heats are related thermodynamically by 


Cp—Cr=B°VT/k, 


where 6 is the volume coefficient of thermal expansion 
and & is the isothermal compressibility. At sufficiently 
low temperatures the two are negligibly different. For 
KI the pertinent calculations were made by Berg and 
Morrison,’ and they find that the difference is negligible 
below 20°K. A similar calculation for LiF was made in 
this laboratory and the same was found to be true. 

Consideration was given to the question of thermal 
relaxation and thermal equilibrium. What sort of times 
are involved between the admission of heat at one 
point in the specimen and the diffusion of this heat 
throughout the specimen so that a thermometer at 
another point will read a reliable average temperature ? 
For these salts, although the thermal conductivity is 
very small, the specific heat by comparison is even 
smaller. Consequently, the thermal relaxation time, 
which is determined by the ratio of the specific heat to 
the thermal conductivity, is very short. Calculations 
showed that in all cases in this experiment the thermal 
relaxation time was no more than a fraction of a second. 
Experimentally this was verified by the fact that the 
changes in slope between the drift curves and the 
heating curves always occurred at the time the heater 
was turned on, so far as could be determined. 


RESULTS AND CONCLUSIONS 


The results of the present investigation are presented 
in Figs. 3 and 4, where the specific heat as a function 
of T* is shown. The LiF is seen to be linear in T* 
throughout the range of measurements, while the KI 
veers from the line determined by the lowest tempera- 
ture values and rises from this line as the temperature 
is increased. A more sensitive method of plotting is 
used in Figs. 5 and 6. In these figures the value of 0p 
from C,=2(464.3)(7/@p)* is shown as a function of T. 
For LiF the values are seen to cluster about a constant 
value, which may be taken to be the 7=0°K value 
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dashed line is the average of the experimental points of the 
present work. 


of @p. An average of the 42 points along with the average 
deviation is 6,ir=722+6°K. Also shown in Fig. 5 are 
the results reported by Clusius and Eichenauer® and 
Martin.!! Martin’s data are seen to be somewhat con- 
sistently higher, although there are a number of points 
in agreement. The work of Clusius and Eichenauer is in 
a slightly higher temperature range but is in excellent 
agreement. The present work forms a complementary 
extension of their work to liquid helium temperatures. 
Values of @) reported by Martin and Clusius, respec- 
tively, are 737+9°K and 723+7°K. Briscoe and Squire! 
derive a 6) from low-temperature measurements on the 
elastic constants of LiF. They report a value of 9p, 
calculated using DeLaunay’s tables,'*® of @:>=734+5°K. 
This is felt to be in agreement with @) determined by 
specific heat measurements. 

In Fig. 6 we show our values of @p for KI along with 
values reported by Berg and Morrison.’ The agreement 
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Fic. 6. Debye temperature for KI versus temperature. The 
dashed line is the average of the experimental points of the 
present work below 3.5°K. 


"1D. L. Martin, Phil. Mag. 46, 751 (1955). 
2 J. DeLaunay, in Solid State Physics, edited by F. Seitz and 
D. Turnbull (Academic Press, Inc., New York, 1956), Vol. 2. 
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is seen to be favorable, but with an important difference 
in implication. From their data there is no indication 
that @p has yet begun to level off toward a constant 
value. The present work, however, indicates a leveling 
off in the neighborhood of 3°K with an approach to a 
value between 128 and 129°K for T=0°K. The average 
of the ten points below 3.5°K gives 6x1= 128.3°K. The 
value of 3°K is in rough agreement with Blackman’s 
criterion of @o/50=2.6°K. Norwood and Briscoe,’ in a 
companion paper to this one, describe measurements of 
the low-temperature elastic constants of KI. Again 
comparison of the elastic-constant @ with specific-heat 6 
may be made. They report two values, depending on 
the method of calculation. Using DeLaunay’s tables,” 
they derive @>=131+2. Using Houston’s method!* as 
extended by Betts, Bhatia, and Wyman," they: get 
69= 129+ 2. The agreement with either is felt to be good. 
In light of a recent paper by Ludwig,!® the agreement 
may be even better between the data on elastic con- 
stants and the specific heat data. He indicates that 
because of anharmonic terms in the crystal potential 
which are normally neglected there will generally be a 
slight difference between the 4 derived from data on 


13 W. V. Houston, Revs. Modern Phys. 20, 161 (1948). 


4 Betts, Bhatia, and Wyman, Phys. Rev. 104, 37 (1957). 
16 W. Ludwig, J. Phys. Chem. Solids 4, 283 (1958). 
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elastic constants and that derived from specific heat 
data. For LiF he reports, as for certain other alkali 
halides, that this should have the effect of making 
#(elastic constants) a percent or two higher than 
6(specific heat). Barron and Morrison,'* by another 
approach, consider the effect of anharmonic terms 
retained in the frequency distribution functions. They 
find a slight change in the specific-heat 6. 

The present work adds confirmation to the not very 
extensive body of low-temperature data that the 
Debye 6’s derived by elastic means and by thermal 
means do substantially agree. It is hoped, further, that 
this work, coupled with the elastic constants experi- 
ments, will contribute to the increasing effort being 
made to evaluate anharmonic terms and their influence 
on the physical properties of crystals. More work of 
this nature is needed to test recent extensions of the 
simple Debye model. 
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Vacancy Pairs in Ionic Crystals 
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Equations for the thermal equilibrium concentrations of Schottky vacancies and vacancy pairs are pre- 
sented; these equations allow for the effects produced by Debye-Hiickel screening. 


N the study of lattice defects in ionic crystals and 
semiconductors the concept of “association” be- 
tween defects bearing opposite effective charges—as 
borrowed from the theory of electrolyte solutions—has 
played a useful role.'~* In many applications it is good 
enough to treat the assembly of defects on the assump- 
tion that those pairs of oppositely charged defects 
which are close together are bound into neutral com- 
plexes, while defects at large separations move inde- 
pendently with their full effective charge available for 
interaction with external fields. It is sometimes desirable, 
however, to refine this picture and in a previous paper 
the question of the association between impurity ions 


1J. Teltow, Halbleiterprobleme (Friedrich Vieweg und Sohn, 
Braunschweig, 1956), Vol. 3, p. 26. 

? Reiss, Fuller, and Morin, Bell System Tech. J. 35, 535 (1956). 

3A. B. Lidiard, Handbuch der Physik (Springer-Verlag, Berlin, 
1957), Vol. 20, p. 246. 


and vacancies in ionic conducting crystals has been 
discussed in higher approximation.‘ The notion of 
associated pairs is retained but the unassociated defects 
are described by the Debye-Hiickel theory which takes 
account of the correlated motion caused by the long- 
range Coulomb interactions among the defects. The 
same approach can be used to refine the theory of the 
formation of Schottky and Frenkel defects.':* This 
topic was reviewed again recently by Theimer’ who 
suggests that these previous calculations are incomplete, 
in that they neglect the effect of the Debye-Hiickel 
screening on the energies of formation of the defects, 


4A. B. Lidiard, Phys. Rev. 94, 29 (1954). 

5 E. G. Spicar, thesis, Technischen Hochschule Stuttgart, 1956 
(unpublished); quoted by A. Seeger, Handbuch der Physik 
(Springer-Verlag, Berlin, 1955), Vol. 7, Part 1, p. 401. 

6 T. Kurosawa, J. Phys. Soc. Japan 12, 338 (1957). 

70. Theimer, Phys. Rev. 109, 1095 (1958). 
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specifically in that term called the polarization energy.® 
It is the purpose of this note to show that this assertion 
is wrong and to present correct formulas for the con- 
centrations of Schottky defects and vacancy pairs. 

Two distinct approaches to the problem should be 
noted. The one used previously*~* assumes that the 
energy of a crystal containing defects is made up of 
two parts, (a) the energies of formation of the defects 
calculated without regard to one another and (b) 
their interaction energies—of Coulombic form qiqj/ eri; 
at large separations although somewhat modified at 
close distances.’ Now Theimer draws attention to the 
polarization energy part of the energy of formation of 
a vacancy: this is one-half the energy which the ion 
to be removed would have in the field of the surrounding 
ions if these had the configuration and electric moments 
appropriate to the vacancy.® But the moments on these 
surrounding ions will be altered by the presence of other 
vacancies acting as centers of polarization in the lattice. 
Theimer therefore calculates the average energy of 
formation of a vacancy by calculating the polarization 
energy from P=(1—1/¢)D/42, with D the displace- 
ment around a vacancy with its Debye-Hiickel screen- 
ing cloud and not g/r’ as usual. In doing so he abandons 
in principle the continuum dielectric model and works 
instead with a lattice of ions having electric charges 
and moments dispersed in vacuo. This is the second 
approach to the problem. It is valid provided the electric 
fields are evaluated as for charges in vacuo. In particular 
this means that in the total energy of the crystal there 
are (a) energy terms for vacancy formation as evaluated 
by Theimer and (b) interaction terms between the 
vacancies which must now be written as gigj/ri; and 
not as g.q;/e;; as in the first approach. 

On this basis we see that the electrostatic interaction 
term U (na) in Theimer’s equation (11) is too small 
by a factor ¢. If we correct this and if we generalize the 
equations to conform to the limitation that two ions, 
or two vacancies, cannot approach closer than the 


® See, for example, F. G. Fumi and M. P. Tosi, Discussions 
Faraday Soc. No. 23, 92 (1957), and papers cited there. 

9M. P. Tosi and F. G. Fumi, Nuovo cimento 7, 95 (1958). 

10M. P. Tosi and G. Airoldi, Nuovo cimento 8, 584 (1958). 
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lattice spacing then we find that the term U (na) 
cancels with the term coming from the 1 of the (1—1/e) 
factor in Theimer’s e[®(nz)—(0) ]. The remainder is 
the energy of interaction of the vacancy with its 
screening cloud as evaluated in the first approach. Thus 
Theimer’s approach consistently applied gives the same 
result as previously obtained. 

To conclude, we present the correct equations de- 
scribing the thermal equilibrium concentrations of 
Schottky vacancies and vacancy pairs. The equation 
for the molar fraction of vacancy pairs, x», is unaffected 
by the accuracy with which we describe the effects 
of the interactions among the unassociated defects, 


Xp=2 exp(—g,/kT), (1) 


where ¢, is the free energy of formation of a vacancy 
pair and z is the number of distinct orientations of the 
pair (6 for NaCl). This equation is exact in so far as we 
can neglect the small dipolar interactions of the vacancy 
pairs with one another and with the unassociated 
defects. The equation for x,, the molar fraction of un- 
associated Schottky vacancies, is, in a crystal where 
anion and cation have equal valency," 


—1 qk 
ri=exp| (s- — )] 
kT e(1+xR) 


Here +q is the charge on the vacancies, g is the free 
energy of formation of an unassociated Schottky pair 
(evaluated in the absence of other defects), « is the 
Debye-Hiickel screening constant, 


P= (8rq*x,)/(vekT), 


where v is the molecular volume and R is the distance 
of closest approach of two unassociated defects. Similar 
formulas with only minor modifications apply to Frenkel 
defects and to Schottky defects in crystals where the 
ions have differing valencies. The relation of Eqs. (1) 
and (2) to experimental results on ionic conductivity 
and diffusion has recently been discussed elsewhere.*:” 


1 The correction term given by Spicar should be divided by 2; 
the error appears also in Seeger’s quotation equation (10.8). 
2A. B. Lidiard, J. Phys. Chem. Solids (to be published). 





PHYSICAL REVIEW VOLUME 1 


12, 


NUMBER 1 OCTOBER 1, 1958 


Magnetic Properties of Terbium Metal* 


W. C. TuHosurn,t S. LEGVoLp, AND F. H. SpPEeppING 
Institute for Atomic Research and Department of Physics, Iowa State College, Ames, Iowa 


(Received June 2, 1958) 


Results of magnetic measurements on metallic terbium over the temperature range from 4° to 375°K 
and in fields ranging from 50 oersteds to 18 000 oersteds are reported. The metal is found to have a para 
magnetic Curie point of 237°K. Tests with fields of from 50 to 800 oe indicate an order-to-disorder transi- 
tion at approximately 230°K which is evidently a Néel point. It appears that terbium has a weakly bound 
antiferromagnetic ordering for temperatures between 218° and 230°K, this ordering being gradually changed 
to ferromagnetic in fields exceeding 200 oe. Below 218°K the metal is ferromagnetic. The magneton numbers 
obtained from the paramagnetic susceptibility measurements and from the extrapolated ferromagnetic 
saturation moment are in good agreement with values calculated for the free ion. 


I. INTRODUCTION 


ERBIUM, atomic number 65, is one of the rare- 
earth elements and has eight electrons in the 4f 
shell. The magnetic properties of this element have been 
measured previously by Klemm and Bommer.! They 
reported that their sample obeyed the Curie-Weiss law 
X.t=10.1/(T-205) and that the room-temperature 
atomic susceptibility was 115X10-*. Spedding ef al.’ 
have reported results of magnetic measurements on a 
pure sample and indicate that terbium is ferromagnetic 
below 230°K. Leipfinger® has examined the metal at 
very low temperatures and found that the magnetic 
moment is nearly independent of temperature for the 
range below 80°K and for fields less than 3 kilo-oersteds. 
Specific-heat studies by Jennings ef al.‘ reveal two 
anomalies in the heat-capacity curve of terbium, 
plotted as a function of temperature. These are a 
“bump” at about 221°K and a sharp peak at 227.7°K. 
The sharp peak is not far from the Néel point found in 
the magnetic moment determinations on a pure sample 
reported in this paper. 

The terbium was prepared in a manner described 
previously.*-* Chemical analysis for carbon and nitrogen, 
and spectrographic examination for metallic impurities 
gave the following results and estimates in ppm: carbon 
438, nitrogen 170, Ce, Pr, Nd, Er, Tm less than 5000, 
Sm less than 3000, Dy, Ta less than 2000, Gd less than 
1000, Ca less than 250, Sc less than 200, La, Eu, Tb, Y, 
Mg, Cu, Fe, Si less than 50. 

As indicated, the spectrographic estimates are only 
upper limits. Spectrographic standards for quantita- 
tively determining impurities at low concentrations in 


* Contribution No. 639. Work was performed in the Ames 
Laboratory of the U. S. Atomic Energy Commissicn. 

t Now at Forman Christian College, Lahore, Pakistan. 

1W. Klemm and H. Bommer, Z. anorg. u. allgem. Chem. 231, 
138 (1937). 

* Spedding, Legvold, Daane, and Jennings, in Progress in Low 
Temperature Physics, edited by C. J. Gorter (North-Holland 
Publishing Company, Amsterdam, 1957), Vol. II, p. 368. 

* Hugo Leipfinger, Z. Physik 150, 415 (1958). 

( 4 Jennings, Stanton, and Spedding, J. Chem. Phys. 27, 909 
1957). 

5 F. H. Spedding et al., J. Am. Chem. Soc. 69, 2812 (1947). 

( * F. H. Spedding and A. H. Daane, J. Am. Chem. Soc. 74, 2783 
1952). 
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these elements are not yet available. It is quite probable 
that the total ferromagnetic impurity did not exceed 
0.1%. 


II. METHOD OF MEASUREMENT 


The experimental procedure is basically the same as 
that described by Elliott e¢ al.’ The apparatus was im- 
proved by the addition of a current control for the 
field magnet, by regrinding the pole pieces to provide 
a more uniform field gradient and by providing a 
centering device for the sample. The last consisted of 
a mechanism which caused slow transverse oscillations 
of the sample holder in the field during weighing and 
was used whenever significant lateral forces made it 
necessary to overcome the effects of friction. 

Two sample sizes were used. The ferromagnetic range 
was covered with a sample 1 mm squareX 10 mm long. 
For paramagnetic and low-field measurements a larger 
cylindrical sample, 2.4 mm in diameter by 10.6 mm 
long was used. 


III. RESULTS 


The values of the magnetic moment o expressed in 
ergs per oe per g are shown as a function of the effective 
field in Fig. 1 and as a function of temperature for 
various fields ranging from 1 to 18 koe in Fig. 2. At the 
right in Fig. 2 is shown the plot of 1/x vs T for the 
paramagnetic region, x being the mass susceptibility. 
From the intercept and the slope of this line, the para- 
magnetic Curie temperature @, and the intrinsic mag- 
netic moment yu, in Bohr magnetons per atom were 
determined. 

By plotting the values of o at temperatures below 
60°K against 1/H and extrapolating to 1/H=0, the 
limiting values of o»,r for various temperatures were 
obtained. These values of o,r were plotted against T! 
and extrapolated to 7!=0 to obtain o~,o the saturation 
moment per gram. Thence the ferromagnetic moment 
per atom, m4, in Bohr magnetons, was computed. 

The results of these deductions from the data are as 
follows: 0,=2372%2°K, ws=9.7, Gw,0= 322442 cgs 
units, m4=9.25. 


7 Elliott, Legvold, and Spedding, Phys. Rev. 91, 28 (1953). 
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The theoretical values of the atomic moments were 
obtained from the relations u4=g/(J+1) and m4=g/J, 
where g=} and J=6 for terbium. These yielded 
values of w4=9.72 and m4=9.0. The experimental 
value of u4 agrees very well with theory, but it must be 
remembered that the figure is uncertain by at least 1%, 
as indicated by the uncertainty of 4, obtained from the 
same graph. The saturation moment o.,o seems to be 
relatively more accurately known. 

In view of the two anomalies present in the specific- 
heat curve’ the larger sample of terbium was examined 
under weaker fields ranging from 50 to 800 oe in the 
region between 215° and 236°K. The results are shown 
in Fig. 3. As expected with a material as susceptible as 
terbium, the large demagnetization corrections applied 
to the data taken at the lowest fields tended to reduce 
the precision of the results, as did also the small forces 
observed. Nevertheless, the presence of an antiferro- 
magnetic region ranging from roughly 218°K to the 
Néel point in the neighborhood of 230°K is clear enough. 
The curves indicate that the antiferromagnetic ordering 
is progressively overpowered by fields above 200 oe. 
The ferromagnetic-to-antiferromagnetic transition point 
is only estimated. Further observations will be required 


to determine more accurately the limits of this region 
of easily disturbed antiferromagnetism. 


IV. DISCUSSION 


Somewhat in agreement with the finding of Leip- 
finger,’ the present study shows little temperature 
dependence of the magnetization in the range below 
80°K and for fields under 3 koe. However, the initial 
susceptibility as estimated from our results for this 
temperature region would be at least six times his value. 

It is to be noted that in the case of both dysprosium 
and holmium? there is a minor peak in the heat- 
capacity curve corresponding to the magnetic order- 
order transition at the Curie point and a much greater 
peak at a higher temperature, corresponding to the 
magnetic order-disorder transition at the Néel point. 
These two transitions are not resolved with strong mag- 
netic fields in the case of terbium. In the case of dys- 
prosium, the element of next higher atomic number, the 
field required to overpower antiferromagnetic ordering 
is of the order of 11 koe. With holmium, the fields used 
hitherto are not sufficient to cause the disappearance of 
antiferromagnetism. 
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Fic, 2. Isofield curves 1/x-vs-T plot. 


Further collateral evidence for the restricted anti- 
ferromagnetic region of terbium should be mentioned: 





(a) Tests made by Jennings,’ using a mutual in- 
ductance method in which the maximum applied field 
was not more than a few oe, indicate a magnetic sus- 
ceptibility peak for terbium in the neighborhood of 
228°K. 

(b) Resistivity studies on a sample of pure terbium 
by Colvin’ indicate two anomalies in the resistivity-vs- 
temperature curve at temperatures of approximately 
219° and 230°. The anomaly at 219°, however, is not 
observable if the sample is subjected to a field of a few 
hundred oe. 
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Ferrimagnetic resonance experiments (9000 Mc/sec, 300°K) have been performed using single-crystal 
spheres of yttrium iron garnet. Rf magnetic fields of several different configurations were used to excite 
specific magnetostatic modes. A mounting technique was employed such as to eliminate dielectric inhomo- 
geneities near the sample. Such inhomogeneities arise from the usual quartz or sapphire mounting rods. 
They have been observed to be responsible for the excitation of more complicated modes than would be 
expected from the unperturbed cavity fields. It has been found that supposedly spherical specimens produced 
by the usual tumbling procedures deviate slightly from true sphericity. In these experiments highly polished 
truly spherical samples were used. With these conditions there is no ambiguity about the identity of the 
mode representing the spacially uniform precession of the entire spin system. The spacings of the various 
modes do not vary with the crystal direction along which Hac is applied. These results contrast with those 
of White and Solt on manganese ferrite in several respects, viz. the clear identity of the uniform precession 
and the constant mode spacing for the various crystal directions. 


HITE, Solt, and Mercereau,! working with man- 
ganese ferrite spheres, reported a number of 
absorption peaks in ferrimagnetic resonance experi- 
ments. This multiplicity of absorption maxima was 
excited principally by placing the specimen at points in 
the microwave cavity other than the position of uniform 
rf magnetic field. Dillon’ described the observation of 
these magnetostatic modes in thin disks of manganese 
ferrite. The use of transverse rf magnetic fields of 
several different symmetries was found to excite sets of 
modes. In the case of the disks these fell in well-defined 
series and the identification was relatively straight- 
forward. Walker’s’ solution of the boundary-value 
problem appeared to give us an understanding of the 
magnetostatic modes for situations in which the propa- 
gation of radiation through the specimen did not have 
to be considered. This was essentially a restriction to 
small samples. The theory described modes which 
should vary in relative spacing with frequency, magnet- 
ization, and sample shape. The anisotropy would be 
expected to move the mode patterns up or down without 
changing the relative spacings in those cases in which 
the steady field was along one of the principal crystal- 
lographic directions. 

After the initial reports and the apparent agreement 
between theory and experiment, White and Solt*® 
made observations apparently in disagreement with 
the theory. They found that in the case of spheres, at 
least, the mode spacirigs seemed to vary with the crystal 
direction. A theoretical® explanation of this effect was 

* The results given here were described in a paper delivered to 
the American Physical Society April 2, 1958 LJ. F. Dillon, Jr., 
Bull. Am. Phys. Soc. Ser. II, 3, 194 (1958)]. 

1 White, Solt, and Mercereau, Bull. Am. Phys. Soc. Ser. IT, 1, 
12 (1956); R. L. White and I. H. Solt, Phys. Rev. 104, 56 (1956). 
? J. F. Dillon, Jr., Bull. Am. Phys. Soc. Ser. IT, 1, 125 (1956). 

3L. R. Walker, Bull. Am. Phys. Soc. Ser. II, 1, 125 (1956); 
L. R. Walker, Phys. Rev. 105, 390 (1957). 

4T. H. Solt, Jr., and R. L. White, Bull. Am. Phys. Soc. Ser. II, 
2, 22 (1957). 

5 Solt, White, and Mercereau, J. Appl. Phys. 29, 324 (1958). 

®R. L. White and I. H. Solt, Jr., Bull. Am. Phys. Soc. Ser. II, 2, 
22 (1957), 


proposed. Further they found that there was consider- 
able ambiguity about the identity of the mode which 
represented the spacially uniform precession of the 
entire spin system. There seemed to be several modes 
near the uniform precession. These were found to vary 
in relative intensity and spacing not only with crystal 
direction, but also with frequency and temperature. 
It is believed that the experiments reported in this 
paper clear up the question of the variation of spacing 
with crystal direction. They also have relevance to the 
ambiguity of the uniform mode. 

Microwave absorption was measured by placing the 
sample at the desired point in a transmission cavity 
which was mounted between the pole pieces of a magnet. 
A stabilized oscillator was used, and direct detection 
was employed. The cavities were mounted on a rocking 
mechanism which could rotate about a vertical or a 
horizontal axis perpendicular to the field. The angular 
settings about either of these axes could be made to one 
minute. The cavities were rectangular, one operated in 
the To. mode and the other in the TEo22 mode. Both 
cavities could be opened in such a way that no current 
flowed cross the seam. 

The samples were located at special positions in the 
cavities in order to subject the sample to different rf 
magnetic field configurations. Note that only the com- 
ponents of the rf field in the plane perpendicular to 
the steady field are effective in exciting precessional 
modes of the spin system. In Fig. 1 is shown a drawing 
of the TEo22 cavity with an indication of the magnetic 
field. The three special positions are designated O, /, 
and X. If the sphere is placed at the point J, and a 
steady field is applied along the axis y [case (e) ], the 
exciting field is essentially uniform over the sample. 
In practice the absorption in this case is so great for 
the spheres used that we cannot apply the steady field 
along the axis without completely destroying the Q of 
the cavity for hundreds of oersteds on each side of the 
resonance. It is sufficient to have a small component of 
the steady field along the.axis. If the sample is placed 
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Fic. 1. Drawing of TEo2 cavity showing the transverse rf fields 
available at various points in the cavity. 


at O with the steady field along the x or y axes, it 
experiences a transverse rf field which is of the type (a). 
This contrasts with the transverse field seen by the 
sample at O when the dc field lies along z, case (b). 
If, on the other hand, the sample is placed at X, there 
are two different configurations of the exciting field 
available depending on whether the steady field lies 
along y or z. Obviously the fields at points other than 
these special positions, or for Ha, along a general direc- 
tion, may be considered as a linear combination of the 
fields at these and other similar special positions. We 
can use these various special field configurations to 
excite a few appropriate modes. Having associated 
particular modes with field configurations, we can hope 
to use the symmetry of the exciting field in the identifi- 
cation of the magnetostatic modes. 


SAMPLE PREPARATION 


In general the hardness of a crystal is an anisotropic 
property. Spheres made by the tumbling procedure’ 
have apparently been used by all those who have done 
ferrimagnetic resonance experiments up to this time. 
A careful examination of samples made by this pro- 
cedure shows that they depart very slightly from 
sphericity. This departure is a consequence of the 
anisotropy of hardness. In the case of the ferrimagnetic 
garnets the derivation from a perfect sphere is very 
slight, and must be consistent with the cubic symmetry 
of the crystal structure. These two factors presumably 
account for the failure to recognize the deviation from 
sphericity before. The actual amount of the deviation 
would certainly vary with the abrasive used. Thus an 
abrasive with a hardness only slightly greater than that 
of the sample would surely produce much more strongly 
perturbed spheres than an abrasive very much harder 


7W. L. Bond, Rev. Sci. Instr. 22, 344 (1951). 
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than the sample. A 1.10-mm “sphere” was ground 
against a diamond abrasive, and polished against 
emery. When examined in an optical comparator 
variations in the radius of about one part in seventy- 
five were observed. Aside from this observation, no 
attempt has been made to correlate the deviation from 
sphericity with some of the anisotropic effects which 
have been observed. The point being made is that the 
most carefully prepared samples do not show these 
anisotropic effects. 

Bond® described another method of making spheres 
which grinds only those parts of the crystal projecting 
above some mean radius. This overrides the effect of 
the hardness anisotropy and produces considerably 
better approximations to spheres than the tumbling 
process. In this alternate procedure the sample is held 
between the ends of two tubes, one of which is rotating 
about its axis. The other is moved around in angle, 
always maintaining enough pressure on the sample to 
keep it in place. An abrasive slurry kept on the sample 
does the actual grinding. Our procedure has consisted 
in grinding with emery (American Optical Company 
30343), then polishing with Linde A Alumina. With care 
it is possible to produce an almost scratch-free surface. 
The spheres made by this method have ranged down 
to about 0.05-cm diameter. The tubes used were 
machined from a fiber-impregnated plastic. 


MOUNTING TECHNIQUE 


Ferrimagnetic resonance experiments are usually per- 
formed with the sample affixed to the end of a quartz, 
polystyrene, or sapphire rod. This is convenient, since 
if the [110] axis lies along the axis of the rod, and the 
axis of the rod is perpendicular to the magnetic field, 
one may observe the resonance with the field along 
each of the principal crystal directions merely by 
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Fic, 2. In order to eliminate dielectric inhomogeneities at the 
sample, the yttrium iron garnet sphere was introduced into the 
cavity in the center of this Polyfoam mounting block. First the 
sample was pressed into the center of a Polyfoam sphere. By x-ray 
goniometer techniques, that sphere was then pressed into the 
outer Polyfoam ring in such a way that (110) was parallel to 
the end faces of the ring. 


8 W. L. Bond, Rev. Sci. Instr. 25, 401 (1954). 





MAGNETOSTATIC MODES 
rotating the rod. In these experiments it was found that 
the distortion of the rf field produced by the dielectric 
rod supporting the specimen resulted in the excitation 
of many extra modes. This point will be illustrated 
later. The simplest rf field configurations would be 
obtained with the sphere suspended in space within the 
cavity. This effect was achieved by mounting the 
sphere as shown in Fig. 2. The sphere was pressed into 
the center of a Polyfoam sphere. The Polyfoam sphere 
was placed in a Polyfoam ring which was placed in the 
cavity at the desired position. The garnet sphere 
imbedded within the Polyfoam sphere was crystallo- 
graphically oriented with an x-ray goniometer. The 
Polyfoam sphere was placed within the ring so that the 
[110] axis of the garnet sphere was parallel to the axis 
of the ring. Finally, the principal directions in the (110) 
plane were marked about the edge of the ring. This 
mounting technique allowed us to introduce a sphere 
with a known orientation into a cavity without signifi- 
cant dielectric inhomogeneity. At least for some rf 
field configurations, Hy. may be made. parallel to the 
principal crystal axes. It precludes a measurement of 
the temperature of the sphere. 

All the absorption traces shown in this paper were 
taken witha 1.10-mm diameter polished sphere mounted 
as just described. 


MAGNETOSTATIC MODES 


Figure 3 shows the absorption encountered in rf 
exciting fields of the various symmetries available in 
our rectangular cavities. These figures are traces of the 
actual experimental recordings. In order to facilitate 
the comparison of these curves, the horizontal axes have 
been shifted so the positions of the uniform mode are in 
register. Note that the field axes are not quite linear. 
The uniform resonance occurs at various fields in the 
various traces because of orientation differences, and 
frequency differences. In cases (b) and (e) the uniform 
rf magnetic field component at a point could be elimi- 
nated by very careful positioning of the specimen. 
In cases (b) and (e) it could also be eliminated by 
making the steady field parallel to the uniform rf field. 
This characteristic could be used to identify it. For the 
purpose of this figure, the uniform precession was 
desirable as a reference position, so it was adjusted to 
some reasonable depth of absorption. 

In Fig. 3(a) the absorption of the uniform precession 
can be reduced at will without affecting the height of 
the two small maxima above it in field. Thus they 
apparently arise from some residual field inhomogeneity. 
This may well be a propagation effect. 

In Fig. 3(b) there are two principal modes excited, 
one at 53 oe below the uniform precession, the other 
about 130 oe below. But in 3(c) and (d) we see that the 
lower of these two peaks can be associated with the 
hyperbola-like rf field configuration shown in Fig. 1(d). 
The other is excited by the circular rf field shown in 
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Fic. 3. Traces showing the different absorption patterns ob- 
tained with rf magnetic fields of the various symmetries available 
in a TEo2: cavity. The horizontal axes have been shifted so the 
positions of the uniform precession on all five traces are in register. 
Note the nonlinear vertical axes, and the fact that the horizontal 
axis is not quite linear. 


Fig. 1(b). Walker has given an expression for the mag- 
netic potential VW for some of the magnetostatic modes. 
For the mode (2,0,1), WY contains x and y, the coordi- 
nates in the azimuthal plane, only in the form x*+y’. 
The correspondence between the symmetry of the rf 
field and the magnetic potential of the mode suggests 
strongly that the mode at —53 is (2,0,1). 

Similarly it is believed the mode at —130 oe is 
(4,2,0). In this case the magnetic potential V contains 
the term x*—y’, and thus has the same symmetry as 
the hyperbolic rf field which appears to excite this mode. 
Referring now to Fig. 3(e), we see in addition to the 
uniform mode another at about +230 oe. This is 
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Fic. 4. With the sphere in an rf field having the symmetry of 
Fig. 1(a) plus a small uniform component, traces were taken with 
the steady field along each of the principal crystal directions. The 
field intervals between the modes (1,1,0) and (2,1,0) are seen to 
vary by only a fraction of a percent. Most of this variation was 
associated with slight changes in the temperature of the specimen. 
Frequency 9000 Mc/sec. 


excited in a field which is odd along z. The mode (2,1,0) 
is the simplest to have this symmetry. Walker’s theory 
predicts that it will lie (2/15)4%M above the uniform 
precession at all frequencies. In this case a value of 
42M = 1690 gauss at 300°K was derived from Gilleo’s’ 
data. This would lead us to predict a spacing of 225 oe. 
This is considerably better agreement than the knowl- 
edge of the temperature justifies. Apparently, one could 
use the spacing between (1,1,0) and (2,1,0) as a micro- 
wave measure of the magnetization. Thus in observa- 
tions of line width or anisotropy over a wide tempera- 
ture range, the magnetization could be measured con- 
veniently at each temperature point. 

The identification of modes is largely beyond the 
scope of this study, and it was not pursued far beyond 
the few cases just given. Similarly, the question of the 
displacement of various modes from their theoretical 
position with frequency and sample size has not been 
investigated. 


MODE SPACING VS CRYSTAL DIRECTION 


The workers at the Hughes Research Laboratories re- 
ported that the mode spacings differ when the steady 
field is applied along different crystal directions. 
Walker’s treatment of the problem contains no mention 
of the anisotropy field. As the theory now stands, the 
anisotropy could only be introduced as an additive 
field for the case of the steady field along the principal 


®M. A. Gilleo (private communication). 
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directions. In the first instance we performed experi- 
ments on spheres ground by the tumbling procedure, 
and polished as carefully as possible. They showed this 
anisotropy of mode spacing. For instance, the spacing 
between the modes (1,1,0) and (2,1,0) varied by 15 oe 
as the field was applied along the various crystal direc- 
tions. Corresponding measurements made on spheres 
produced by the two-pipe procedure show no variation 
of mode spacing with crystal direction. In Fig. 4 are 
shown actual traces of the absorption with the steady 
field along each of the principal crystallographic direc- 
tions. In each case the sphere is at the same position in 
the cavity, namely very close to the point O with the 
steady field in the xy plane, case (a) of Fig. 1. The 
actual angle with the y axis is varied slightly to adjust 
the height of the uniform mode. As noted elsewhere, 
the temperature of the specimen is a variable which our 
mounting procedure allows us neither to control nor to 
measure. During the course of a day’s work it was 
observed that the mode spacings drifted slightly. It 
was found that we could attribute this drift to the 
change in the magnetization with temperature. 

In those cases in which the measurements with the 
steady field along different crystal directions were 
taken in a very short time interval, the mode spacings 
were the same within the accuracy of our field measure- 
ments. Mode spacings are accurate to +0.2 oe. 
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Fic. 5. In this case the rf field was like Fig. 1(c) plus a small 
uniform component. It is again seen that the spacings of these 
modes are essentially the same with the steady field along each 
of the principal crystal directions, Frequency 9395 Mc/sec. 
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Fic. 6. Both of these traces 
were taken with the rf field of 
Fig. 1(b). In (a) the sphere 
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was mounted in its Polyfoam 
holder. In (b) a sapphire rod 
0.050 in. with its axis parallel 
to the z axis touched the sphere. 
The presence of a mounting rod 
was also found to alter the ab- 
sorption structure seen with 
the sample at the other special] 
points in the cavity. Frequen- 
cies (a) 9037 Mc/sec, (b) 8985 
Mc/sec. 
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In Fig. 5 the rf field was like that shown in Fig. 1(c) 
plus a small uniform component to excite the (1,1,0) 
mode. Again we see that the mode spacing is not a 
function of crystal direction, at least as far as the 
principal axes are concerned. 


EFFECT OF MOUNTING ROD 


In Fig. 6 are shown the absorption (a) without and 
(b) with a dielectric inhomogeneity near the sphere. 
The sphere was at the position O with the steady field 
along the z axis. A short length of single-crystal sapphire 
rod, 0.050 in diameter, such as we generally use for 
mounting spheres was pushed through the Polyfoam up 
to the sphere. The trace shown in Fig. 6 (b) was taken. 
In it one can resolve some sixteen modes spread over 
600 oe. The cavity was then opened, the sapphire rod 
removed, and the trace (a) taken. In this only some four 
modes are resolvable. Similar curves to these could be 
shown for the other special positions with the cavity. 
In cases where the uniform component of the rf field 
can be eliminated by making the de field parallel to it, 
it is found that at least a part of several modes come or 
go with the uniform field. That is to say, for the case of 
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a sphere mounted on the end of the customary rod other 
modes than (1,1,0) appear to be associated with the 
uniform component of the rf magnetic field. 


CONCLUSION 


The experiments reported in this paper have shown 
that the positions of the magnetostatic modes are not 
functions of crystal direction as previously reported. 
The anisotropy is seen to be a simple material property 
and not different for the various modes. It appears that 
the specimens on which ferrimagnetic resonance has 
been performed up to this time deviated from sphericity 
slightly. Finally, evidence has been given of the effect 
of dielectric inhomogeneities in the neighborhood of 
the sample in a ferrimagnetic resonance experiment. 
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Computation of the Principal Components of an Asymmetric g Tensor 
from Paramagnetic Resonance Data* 


J. E. Geusict anp L. CARLTON Brown 
Depariment of Physics and Astronomy, The Ohio State University, Columbus, Ohio 
(Received June 5, 1958) 


A straightforward method is developed for obtaining the principal components of the asymmetric tensor 
g and its orientation in a crystal system. The necessary paramagnetic resonance data involve three crystal 
rotations about arbitrary orthogonal axes. Although the spin Hamiltonian is probably not applicable 


1 


except for S=} 
levels about their mean, is quite general. 


, the development, which is based upon a calculation of the second moment of the energy 





INTRODUCTION 


OR the case of a paramagnetic ion having no 

nuclear spin and having S=}3, the paramagnetic 
resonance properties of the ion in a crystal can be 
predicted from the spin Hamiltonian 


H=BS-g-H=6L > SigisH;, (1) 


where H and S are vectors and g is a symmetric second- 
order tensor. In the principal coordinate system of the 
tensor g the Hamiltonian takes the simpler form 


H=B(GeSeHetgySyHy+geSeHe). (2) 


The constants gz’, g,’, and g. as well as the orientation 
of the principal axes relative to the crystal axes must 
be determined from experimental data. 

If the direction of the principal coordinates relative 
to the crystal axes can be inferred from the symmetry 
properties of the crystal, the determination of the 
constants gz’, g,’, and g,, is indeed simple. However, in 
many cases the orientation of the principal coordinate 
system is not suggested by the crystal symmetry and 
an analysis of the data becomes correspondingly more 
troublesome. In the following procedure! paramagnetic 
resonance measurements, obtained from three crystal 
rotations about arbitrarily chosen orthogonal reference 
axes, are used to obtain numerical values for the 
components (g’);; of the symmetric tensor (q’). This 
tensor is then diagonalized to provide values for the 
principal components of (g’) and of (q) as well as the 
orientation of the principal axes relative to the reference 
axes. 


PROCEDURE 


Although the spin Hamiltonian (1) is probably not 
applicable except for the case S= 3, a general derivation 
for any S can be given and is preferable to a more 
restricted tratement. If Eq. (1) is rewritten as 


K=6S-(gH), %*=sS-H’, (3) 


* Work supported in part by the Office of Scientific Research, 
Air Research and Development Command. 

t+ Now at Bell Telephone Laboratories, Murray Hill, New 
Jersey. 

1J. E. Geusic and L. Carlton Brown, Bull. Am. Phys. Soc. 
Ser. II, 3, 8 (1958). 
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where H’ represents a transformation of H by gq, then 
it follows that the resulting energy levels will be 
equally spaced for any fixed relative orientation of g 
and H. Thus, with Z taken along the direction of H’, 


(4) 
where E,, and E,, are any two levels and hy is the 
spacing between adjacent levels. A reorientation of g 
with respect to H (rotation of the crystal) will modify 
the magnitude and direction of H’ and thus change hy, 
but will not affect the validity of Eq. (4). 

The second moment? of the energy levels about their 
mean can be calculated from Eq. (4) as follows: 

+ me m'(m—m’)?(hv)?= > m2, m' (Em— Em)’, 

from which 


§5(S+1) (25+1) (h)*=¥ En = Tr( 3c’). 


(m—m')hv=En—Em’, 


(5) 
The trace of 3C? can be obtained from Eq. (3) by writing 


Tr(%?)=Tr> 6S,(gH) > 6S ;(qH); 
=>) % 6?(qH) «(qgH); Tr(SiS;) 
= §5(S+1)(2S+1)8°L LX s(@H) (GH) 9: 
= 45 (S+1) (25+ 1)6?(gH)?. (6) 
The subscripts i and 7 range over x, y, and z in any 
arbitrarily oriented system. Finally from Eqs. (5) and 
6 ’ 
= (hv)?= 6?(qgH)? 
=P LiLigisl gute 
=P LU iLie(D giskin)H Ae 
= BL ie (@?) eH Ai, (7) 


(97) je= De BisGin (8) 


can be represented by a symmetric matrix (g”) which 
is the square of the symmetric matrix (). 
Alternatively, it can be seen that Eq. (3) implies that 


hv=B\ (gH)|, 


(hv)?=8*| (gH) |’. (9) 


2L. Carlton Brown and Paul M. Parker, Phys. Rev. 100, 1764 
(1955); J. Chem. Phys. 27, 1108 (1957). 


where 


from which 





PRINCIPAL COMPONENTS 


Equation (9) can then be reinterpreted to obtain 


(hv)?= 6°(qH)?, 


again leading to Eq. (7). 

In a practical application some convenient crystal- 
fixed xyz coordinate system is chosen and the crystal 
is rotated in the magnetic field about each of the three 
axes in succession. The effective value of g, defined as 

ge=hv/BHo, (10) 
is measured at a number of orientations in each rotation. 
Consider a rotation about the x axis such that 

H,=0, 
H,= Ho cosd¢z, 
H,= Ho sind:z. 


For this case Eq. (7) reduces to 


sin’, 


+2(q*)y2 cosdz sings. 


Le = (9?) yy cos*h.+ (Q*) 22 


OF 


ASYMMETRIC g TENSOR 


Similarly, for a rotation about y 


ge= (9?) 2 cos*gy+ (9°) zz sin*py 
+2(9*)«2 cosd, singy, (13) 


and about z 


ge= (q”) 22 CoS*h.+ (g”)y, sin’¢z 


+2(q?)2, cosd. sing;. (14) 


A Fourier analysis of the measured values of g,’ as a 
function of rotation angle thus provides experimental 
values for the constants (q*);; which appear in (12), 
(13), and (14). The corresponding matrix (g*) can then 
be diagonalized by the usual methods to obtain the 
principal components of (g*). The square roots of 
these components are the principal components of the 
tensor (q). Furthermore, the transformation which 
diagonalizes the experimental (gq?) gives the correct 
relationship between the reference xyz system and the 
principal coordinate system of (q). 
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Theory of Plasma Resonance in Solids 
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A study is made, in a simple geometry, of the modes of a confined plasma. The modes are closely spaced in 
frequency and unresolvable unless the size of the plasma is comparable to the Debye length. Observation 
of the modes in small samples is made difficult by line broadening due to surface scattering, but might be 


possible in a suitably designed experiment. 


i 


N a recent paper Dresselhaus, Kip, and Kittel! have 

presented a theory of plasma resonance in finite solids 
with experimental evidence that confirms it. They find, 
in particular, that the electron plasma in a semi- 
conductor has a single resonance at a frequency 


w= (Lne?/em*)}, (1) 


where » is the electron density, ¢ the dielectric constant, 
m* the effective mass, and L a depolarizing factor ap- 
propriate to the geometrical shape of the sample.” Other 
treatments’ of the properties of electrons in solids, on 
the other hand, indicate that the plasma has a whole 
spectrum of frequencies given by the dispersion relation 


4orne® (0 )w 


(2 


< 


) 


, 


in which (v*)y is the average squared velocity of the 
plasma particles, and k the wave number of the wave 
in question. Although the latter formula applies to an 
infinite solid, one might equally well expect to find a 
(denumerably) infinite set of plasma modes in a 
finite sample. The purpose of this paper is to study 
these modes and, in particular, to investigate the condi- 
tions under which it might be possible to resolve them 
experimentally. We shall see that in the experiments of 
Dresselhaus, Kip, and Kittel the resonances were so 
closely spaced in frequency as to not be separately 
observable. The single resonance they observed arose, in 
fact, from the simultaneous excitation of many plasma 
modes. In a suitably designed experiment, however, the 
modes are more widely spaced and it may be possible to 
resolve them. 
II. 


It is well known that the dispersion term (0”),k?/3 in 
Eq. (2) arises because of the random motion of the 
particles that make up the plasma. Such motions are, 
of course, essentially those of diffusion. Thus one would 


1 Dresselhaus, Kip, and Kittel, Phys. Rev. 100, 618 (1955). 

2 This formula is valid for the case of zero magnetic field and 
isotropic effective mass. We will generally assume that m* is 
isotropic, although the equations may be generalized to treat 
anisotropic masses. 

3 See. D. Pines’ article, in Solid State Physics, edited by F. Seitz 
and D. Turnbull (Academic Press, Inc., New York, 1955), Vol. 1. 
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expect a treatment of the plasma problem including 
diffusion to give the correct dispersive behavior of the 
plasma. Such a treatment is the central point of the 
present work. 

The basic equations describing the motion of the 
plasma are the continuity equation, Poisson’s equation, 
and an equation relating the particle current to the 
electric field and particle density gradient. In the ab- 
sence of an external magnetic field, and under conditions 
where the anomalous skin effect is not important, the 
latter may be obtained by an integration of the Boltz- 
mann equation over velocity space, and is given by 


eEn 
Vn— ’ 


m* 


al 
—+y1=(iw+v,)1= 
at 


- (v day 
(3) 
3 


where E is the electric field, I the particle current, and 
v, the collision frequency.‘ The terms on the right-hand 
side of this equation represent diffusion and mobility 
currents, respectively. Of these, the latter is nonlinear 
but under small signal conditions may be linearized by 
replacing » by the equilibrium electron density, n’. 
Such a procedure is equivalent to writing an expansion 
in powers of the electric field, 

+n04 aS 


— go (0) 


n=n (4) 


and neglecting terms of order En™. It will be valid 
whenever the fields applied to the sample are suf- 
ficiently small. 
In terms of the variables defined above, Poisson’s 
equation and the continuity equation become 
Vv -E= —4ren"/e, (5) 
and 
Vv -I+dn/dt= 9 -I+ion™ =0. 


Assuming that the dimensions of the sample are small 
compared to the skin depth and wavelength of the 
applied field, one may write E=—¥¢. Elimination of 
n™ and I from Eqs. (3), (5), and (6) then leads to the 
formula 
V?2(V2-+x«?) ¢=0, 
where 
x= 3 (w*—wy?— iw) /(v”) av, 

4W. P. Allis, Handbuch der Physik (Springer-Verlag, Berlin, 

1956), Vol. 21. 
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and 
wp? = 4arn e?/m*. (9) 


This is the basic equation that we will use to describe the 
dynamics of the plasma. The boundary conditions that 
¢ must satisfy on the surface of the sample are of two 
types: the usual conditions on the continuity of the 
normal component of the displacement and the tangen- 
tial component of the electric field; and a condition 
that the normal component of I vanish since no carriers 
may enter or leave the sample. 

To solve Eq. (7) one must choose a geometry in 
which the equation is separable. We shall discuss the 
simple case of a thin foil specimen. This example 
illustrates the important physical points and is also, in 
all probability, the most interesting from the experi- 
mental point of view. 

Ill. 


For a foil specimen with an rf field, Ho, applied normal 
to its surface the equation describing the plasma is one- 
dimensional] and has the general solution (aside from a 
constant) 


g=Azst+B sin(xz)+C cos(xz), (10) 


where z is the coordinate normal to the foil, and the 
point z=0 is at its center. One may readily convince 
oneself that, with the type of excitation being considered 
here, the field should be an even function of position 
so that C=0. The other two coefficients are determined 
by the requirements that the normal component of the 
electric displacement be continuous and the normal 
component of I be zero at the surfaces of the foil. These 
conditions lead to the equations 


A+kx cos(xd)B= — Eo/e, (11) 
and 


w pA + (w*—twv.)x cos(xd)B=0, (12) 


where d is the half-thickness of the foil. Upon solving, 
one obtains the result 


Eo Wp 1 sin(xz) (w?—twy,) 
= ——— , sorayantretie nhl 
€ (w’—iwy,—w,")i x cos(kd) Wp 


To understand the meaning of this formula we first 
consider the case v.=0. Under these circumstances x? 
is a real number and ¢ becomes infinite at values of x 
such that 

n=0,1,2---. 


xd= (n+4)m; (14) 


The resonant frequencies to which these values corre- 
spond are 
(0?) (n+4)?x* 


3 d? 


(15) 


This formula is the analog, for the finite plasma, of 
Eq. (2). The frequencies at which cos(xd)=0 are points 
at which the determinant of coefficients in Eqs. (11) 
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and (12) vanishes. At such points these equations have 
nonzero solutions for Ey>=0; such solutions correspond 
to free oscillations of the plasma within the foil and it is 
not surprising that Eq. (13) is resonant there. 

It is important to notice that there is no resonance 
in Eq. (13) at the point c=0 even though the determi- 
nant of coefficients of Eqs. (11) and (12) vanishes there. 
The point x°=0 is that which is normally termed 
plasma resonance; in the present problem (with ».=0) 
it serves to divide the frequency spectrum into two 
parts, in the upper of which propagating longitudinal 
waves are possible, and in the lower of which longi- 
tudinal waves are damped. 

We now consider the case v.+*0 with a view to investi- 
gating the conditions under which the various plasma 
resonances should be observable. « is now a complex 
number which we write in the form 


(16) 


k=at+76. 


The expression for the field takes the form 


E 2 Ce 
“( Wp Ne =") 
ae 9 9 ‘ ° ; a. » 
€ \u’—w,"’—twr, wp 


cos (a+78)z'] cos (a—i8)d } | 
~ ———— . (17) 
cos?(ad) cosh?(8d)+sin*?(ad) sinh?(8d) 


This equation has two types of limiting behavior 
depending upon whether 8d>>1 or 8d<1. In the former 
case the hyperbolic functions may be approximated by 
exponentials and one finds 


. 9 
Eo Wp 
E = bie ianaininame 
9 9 . 
€ \w"—w,’— Wwe 


(w*—itwy,) 
x|— ning Pt) (0 * (18) 


9 


which has a single resonance at the point w*=w,’. The 
condition 8d>>1 is satisfied for all frequencies provided 
(v./wp) (d/ra) >1, (19) 


where the Debye length, Ag, is given by the formula 
a= (0")a/ Sw” }}. (20) 


In the experiment of Dresselhaus, Kip, and Kittell 
v./w was about $ and d/\q approximately 10°. Thus 
Eq. (19) is amply satisfied in their work. Their calcula- 
tions also apply to the case Bd>>1 since neglect of 
diffusion is equivalent to setting (v*), (and thus Aq) 
equal to zero. As one might expect, the first term of 
Eq. (18) is precisely the Eur, they calculate for thin-foil 
geometry. The second term is a correction which is 
negligible except within regions of thickness \q at the 
surfaces of the foil. 

We now consider the limit Bd«1 with the aim of 
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understanding under what conditions the various 
plasma modes might be observable. If Sd<«1, the 
denominator of Eq. (17) takes the form 


cos*(ad)+ (8d)*+0(8d), 


and will show resonant behavior provided Bd<1. This 
condition amounts, physically, to the requirement that 
the widths of the various plasma modes be less than, 
or of the order of, their frequency separation. One may 
readily verify that it is satisfied whenever 


Ov Aw y7d*/ (07) y)?= (v./wp)?(d/da)*S 1. 


(21) 


(22) 


From this result it is clear that to observe the plasma 
modes one must work with samples whose thickness is 
comparable to the Debye length. On the other hand, if 
one chooses a sample whose thickness is equal to, or 
smaller than Xa, the plasma oscillations will be strongly 
damped by the transfer of energy from collective 
motion to individual particle motion—this is the so- 
called Landau® damping. Fortunately, however, the 
effectiveness of this damping decreases very rapidly 
with increasing wavelength, being proportional to the 
number of electrons with velocity (w,/k) and, therefore, 
an exponentially decreasing function of wavelength. 
Thus, by working with samples a few times the Debye 
length in thickness one may avoid the Landau damping. 
It would then appear to be possible to satisfy Eq. (22) 
by using material with a sufficiently small value of »-. 
In the arrangement we have been discussing, however, 
this is not possible. The minimum attainable value of 
v. is that determined by surface scattering, namely 
v-(min)~ ((v?))4/d. With this value of v., and a sample 
thickness greater than the Debye length, Eq. (22) can- 
not be satisfied. Moreover, when v.~((v?)w)!/d the 
mean free path of the electrons is comparable to the 
distance within which the electric field changes by a 
large fraction of its value. Under these circumstances 
the foil is in the anomalous skin effect region and the 
simple differential equation used above [Eq. (7) ] must 
be replaced by a complicated integro-differential 
equation. 

The latter of these difficulties, and to a certain 
extent the former, may be obviated by doing experi- 
ments with a dc magnetic field in the plane of the 
sample. Such a field, as we show in the Appendix, 
shifts the frequencies of the plasma modes but does not 
change their number or otherwise greatly affect their 
properties. On the other hand, it can greatly reduce the 
transport of carriers, thereby taking the specimen out 
of the anomalous range, and making possible values of 
v- smaller than the minimum given above. Probably the 
best value of field to use is one such that the cyclotron 
frequency, w-, is about equal to wy. Under these circum- 
stances the cyclotron radius equals the Debye length 
and one might expect the relaxation time, due to 


5L. Landau, J. Phys. U.S.S.R. 10, 25 (1946); see also N. G. 
Van Kampen, Physica 23, 641 (1957). 
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surface scattering, to be increased by a factor (d/da). 
The left-hand side of Eq. (22) is then of order unity, 
and the plasma modes should be resolvable if the bulk 
relaxation time of the solid is sufficiently great. 

Finally, it should be mentioned that the fabrication 
of a sample a few Debye lengths thick with a uniform 
carrier concentration is probably a well-nigh impossible 
task. Surface charges will almost invariably be present 
and cause some bending of the energy bands, thus 
making carrier density nonuniform. A sample of this 
sort will still have a set of plasma modes, but their 
frequencies and form will be somewhat different from 
those we have calculated in the rather ideal case of 
uniform carrier density. The theoretical treatment of 
modes in a nonuniform plasma‘ is slightly more com- 
plicated than that of this paper, but identical in 
principle. This increased complexity is probably com- 
pensated by the greater experimental flexibility to be 
gained in using a spatially varying carrier density. In 
particular, it might be possible to use a sample, such, 
for instance, as a sandwich of intrinsic—n-type— 
intrinsic semiconductor, in which carriers are contained 
electrostatically rather than by the surfaces of the 
solid. With such an arrangement, surface scattering is 
eliminated and collision times longer than those 
estimated above should be possible. 


IV. 


In the preceding sections we have studied the modes 
of a plasma that is confined to a foil-shaped region. 
Other simple geometries, such as the spherical or 
cylindrical, may also be treated with the equations 
derived above and yield results which are physically 
the same. The confined plasma invariably has a set of 
modes that are closely spaced in frequency unless the 
sample size is comparable to the Debye length. In 
resonance experiments on large samples (such as those 
of reference 1), many of these modes are excited at once 
and combined in such a way as to give the resonant 
frequency of Eq. (1). Resolution of individual modes in 
small specimens is limited, as in the foil case, by line 
broadening due to surface scattering. Use of a magnetic 
field to inhibit the scattering is not very effective in 
spherical or. cylindrical samples since carriers may 
reach the surface by moving parallel to the field. One 
may conclude, therefore, that the foil geometry is 
probably the best for observing the plasma modes. 
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APPENDIX 


In this section we wish to consider the plasma reso- 
nance problem in an external magnetic field (in plane 


~ 6For a discussion of modes in a nonuniform gas plasma see 
P. A. Wolff, Phys. Rev. 103, 845 (1956). 
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parallel geometry). When a magnetic field, Ho, is 
applied to the plasma the only one of the dynamical 
equations that changes is that connecting the current 
with the electric field and particle density gradient. One 
finds 

' (iwty,.)?A+,-(A+w-)— (iwtv-) ( 


(iwtv.)[ (iwtv.)?+w2 ] 
where 
A= }(0? wn) —eEn® /m*, (A2) 
and 
= eHo/m*c. (A3) 
For plane parallel geometry with the field Ho in the 
plane of the foil, one has A-@,=0 and 


(iwtv,JA— (AX w,) 


—— (A4) 
[ (iw+yv.)?+w? | 


Assuming that all quantities are functions of z only, 
one may now eliminate the particle current and density 
from Eqs. (5), (6), and (A4). The resultant equation 
for the potential is the same as Eq. (7) with the excep- 
tion that x? is now given by the formula 


w(w*— 2iwy,— v2—w,?) 


a as} (AS) 
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which is seen to reduce to Eq. (8) when w.=0. The 
solution of the plasma equations in this case is thus 
formally the same as that derived in the body of the 
paper, and has an analogous physical interpretation. 
Plasma resonance occurs at the point where Re(x?)=0 
which, for small v,, gives the frequency 


(A6) 


w?=w,"+w-’. 


This formula agrees with that of reference 1 for this 
geometry. In a similar way, the presence of a magnetic 
field shifts the resonant frequencies of the plasma by 
replacing w,” by w,’+w in Eq. (15) so that 


(0?) ay (n+-$)?ar? 
Wn? = (w,’+w2)- + ———_. 
rh 


(A7) 


Finally, it should be observed that the calculation of 
the modes of a plasma in a magnetic field is simple only 
in certain special geometries. This simplicity occurs 
whenever, as in the foil case, the depolarizing factor in 
the direction normal to Eo and Hp is zero. Under these 
circumstances currents may flow unhindered in this 
direction. In geometries in which this depolarizing factor 
is not zero, on the other hand, currents in this direction 
give rise to space charges and fields which, through the 
magnetic field, react back in a very complicated way 
on the motion in the £o direction. 
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We have supplemented a previous investigation of flux trapping by obtaining the magnetization curves 
of very fine impure tin wires in a transverse external field. For annealed specimens (containing In, Bi, or 
Cd) in which the impurity is completely dissolved and homogeneously distributed, we find that some flux is 
frozen-in in decreasing magnetic field when the external field equals half the critical value. However, this 
flux leaks out monotonically as the field is further reduced, and none remains in zero field. In pure specimens 
virtually no flux trapping occurs. However, in a specimen containing more Cd than was completely soluble, 
considerable flux remains frozen-in even in zero field. These results confirm our previous inference that 
suitably prepared and annealed homogeneous alloy specimens are incapable of freezing-in appreciable 
amounts of magnetic flux. We further conclude that this is due to the fact that the flux which is initially 
trapped when the specimens begin to become superconducting readily leaks or migrates out, probably 
because of the tendency of lines of force to contract as suggested by Faber and Pippard. 


INTRODUCTION 


E briefly describe the magnetization curves of 

very fine impure tin wires with their axes 
transverse to an external field. These measurements 
were made to supplement our previous observations! 
of flux trapping in impure tin cylinders of much larger 
diameter. In the earlier investigation the specimens 
were placed in a transverse magnetic field considerably 
greater than the critical value, H.. The field was 
reduced to zero, and then the amount of magnetic 
flux remaining in the specimens was determined. 
Although we found that only very small amounts of 
flux were retained even in quite impure specimens 
(particularly after they had been annealed for extended 
periods), we had no way of knowing from these measure- 
ments how closely the magnetization curves of the 
alloy specimens approached the curve of a pure speci- 
men. In particular, when the applied field was decreased 
to H./2, we could not know whether almost all the 
flux was expelled from the specimen immediately; or 
whether a considerable amount of flux remained inside, 
and subsequently leaked out as the applied field was 
further reduced. This investigation has shown that the 
second alternative occurs. That is, in fields less than 
H,/2, the amount of flux in the specimens decreases 
monotonically to zero as the applied field is reduced to 
zero. 


SPECIMENS AND APPARATUS 


The specimens were prepared by placing a small 
ingot of the alloy in a soft glass tube. The tube was 
heated in a flame until the metal melted and the glass 
became soft, whereupon it was pulled by hand into a 
fine capillary tube containing a metal wire. Pieces of 
the capillary tube of uniform cross section were selected 
and cut into 9.5 mm lengths. Our specimens consisted 
of 50 such short lengths selected at random from pieces 
cut from several different capillary tubes. The wires 

* This work has been partly supported by the Office of Naval 


Research and by the Rutgers University Research Council. 
1 Budnick, Lynton, and Serin, Phys. Rev. 103, 286 (1956). 


which were measured magnetically were left in the 
glass tubes. The glass was etched off a random sample 
of the wires and the diameters were measured. These 
values are listed in Table I; the average deviation in 
diameter was about 0.01 mm. The other specimens 
had comparable diameters. Measurements of the 
residual resistivity of some of the wires confirmed that 
their impurity concentrations were comparable to the 
concentration in the ingot. All the specimens were 
measured one day after they had been made, and 
remeasured after having been annealed in vacuo at 
195°C for the times listed in Table I. 

We used fine wires in this investigation primarily 
to make it likely that annealing for the stated periods 
would produce complete homogenization of the speci- 
mens, at least over their diameters. As a result, in 
order to get an appreciable magnetic moment in small 
applied fields, we had to measure, as mentioned above, 
a composite specimen consisting of 50 short lengths of 
wire. For convenience, we will henceforth refer to such 
a composite as “the specimen.” This procedure has 
the advantage, in our opinion, of yielding an average 
behavior roughly comparable to the average obtainable 
from separate measurements on fifty individually 
prepared specimens. 

The apparatus for determining the magnetization 
curves of the specimens was similar to one developed 
by Shoenberg,? but was less sensitive. The individual 
wires were placed in holes in a plastic block. The holes 


Taste I. Characteristics of specimens. 





Diameter 
(mm) 


0.17 
0.13 


Annealing time 
(days) 


Atomic 
concentration 





Pure 

3.11% In 
2.18% Bi 
1.75% Cd 
0.58% Cd 


0.12 





2D. Shoenberg, Proceedings of the International Conference on 
Fundamental Particles and Low Temperatures, Cambridge, 1946 
(The Physical Society, London, 1947), Vol. 2, pp. 85 and 93. 
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SUPERCONDUCTIVE 


were regularly spaced 3.2 mm apart. The block fitted 
into a holder on which was wound a coil of wire. By 
sending a small current through this coil, the magnetic 
moment of the coil could be made to cancel the magnetic 
moment of the specimens induced by an externally 
applied field. The magnetic field of the coil itself was 
negligibly small compared to the external field. The 
effective magnetic moment of the assembly of specimens 
plus coil was determined by dropping it into ‘a pickup 
coil connected to a ballistic galvanometer. The. gal- 
vanometer deflections on dropping the assembly were 
observed for two coil currents giving positive net 
magnetic moments and for two giving negative ones. 
The coil current which would result in zero net moment 
was then determined by graphical interpolation. The 
current value so determined is proportional to the 
magnetic moment of the specimen in the given applied 
field. 
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Fic. 1, Magnetization curve of the 3.11% In specimen at t=0.970. 
H, is the critical field value for bulk specimens. 


The procedure followed at any given temperature 
was to determine the magnetic moment in increasing 
field until it becomes too small to measure conveniently. 
The field was then increased to at least twice the 
critical value and held there for a few minutes. Measure- 
ments were then taken in decreasing field. Before 
changing the temperature to a new value, we always 
warmed the liquid helium bath to above the transition 
temperature of the specimens. Whenever the specimens 
were cooled below the transition temperature, the 
component of the earth’s magnetic field transverse to 
the wire axes was canceled. 


RESULTS 
The data obtained with the annealed 3.11% In 


specimen at a reduced temperature’ ¢=0.970, are 
shown in Fig. 1. The data have been normalized to give 
3 The reduced temperature is ‘= 7/7T., where T is the absolute 


temperature and 7, the transition temperature. We shall some- 
times call this quantity simply the temperature. 


Sn ALLOYS 


© — H increasing 
+ ---Hdecreasing 


RR —— ‘ A. % i i 
° 2 4 6 8 
(oersteds) 


— Mag. Moment (arb, units) 


2 








Fic. 2. Magnetization curve of the pure tin specimen at ¢=0.975, 
H, is the critical field value for bulk specimens. 


an initial slope of 2.0. Qualitatively similar curves were 
obtained at ‘=0.93, and also for the annealed bismuth 
specimen at the same two temperatures. Moreover, the 
curves for unannealed In and Bi specimens look quite 
similar down to temperatures of 0.89. 

It is to be noted in Fig. 1 that in increasing magnetic 
field, the magnetization curve quite closely approximates 
the ideal isosceles triangle* expected for a superconduct- 
ing cylinder in a transverse field. However, as the field 
is decreased from above the critical value, appreciable 
amounts of flux remain in the specimen near H,/2. 
This flux then steadily leaks out of the specimen as the 
field is decreased further, until none remains when the 
applied field becomes zero. 

In contrast, we show in Fig. 2 the data obtained for 
annealed pure tin at /=0.975. A similar curve was 
obtained at ‘=0.93, and the curves for unannealed pure 


4 
[ 


© — H increasing 
+ ---H decreasing 


— Mag.Moment (arb, units) 





8 10 
H (oersteds) 


' 
Nn 
: T 





-41L 


Fic. 3. Magnetization curve of the 1.75% Cd specimen at t= 0.967. 
H. is the critical field value for bulk specimens. 


_ 4B. Serin, in Encyclopedia of Physics, edited by S. Fliigge 
(Springer Verlag, Berlin, 1956), Vol. 15, pp. 220-222. 
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tin wires were also qualitatively indistinguishable from 
Fig. 2. On the right side of the curve, we attribute the 
too small values of the magnetic moment, observed 
when the field is first reduced below H., to the super- 
cooling of the specimen, different wires supercooling 
by differing amounts. The important feature of Fig. 2 
is the fact that almost as soon as the field is reduced 
below H,/2, all the flux is expelled from the specimen, 
and the magnetization values obtained in decreasing 
field are indistinguishable from those obtained in 
increasing field. 

By way of further contrast with Figs. 1 and 2, we 
show in Fig. 3 the magnetization curve at /=0.967 
of the annealed 1.75% Cd specimen. Similar curves were 
obtained at all temperatures. The limit of solid solubil- 
ity of cadmium in tin has been determined metal- 
lurgically® to be about 1%, and this value was confirmed 
by residual resistivity measurements made in this 
laboratory. Thus, the wires in this specimen un- 
doubtedly consisted of a mechanical mixture of two 
phases. As can be seen from Fig. 3, its magnetization 
curve is typically similar to those that have been 
observed previously in alloys.* A considerable amount 
of flux is trapped once the field is reduced below H,/2; 
and while some of it leaks out when the field is further 
reduced, about 25% remains trapped inside the speci- 
men in zero applied field. A specimen containing only 
0.58% Cd, on the other hand, exhibited magnetization 
curves which (aside from the absence of supercooling) 
were practically the same as the curves for the pure 
specimen. Thus, there is no question that appreciable 
amounts of flux can be frozen into even these very 
small wires, provided only that they are sufficiently 
inhomogeneous. 

It took us several minutes to make the four magnetic 
moment determinations at any given field value. 
Except occasionally at fields close to half the critical 
value, we observed no indications that the magnetic 
moment of the specimen changed during the course of 
the measurements at a given field. We believe, therefore, 
that after a change in the external magnetic field, the 
magnetic moment attained its final value in these 
specimens in less than one minute. 


DISCUSSION 


Because of the sharpness of the magnetization curves 
in increasing field, and also because we were able to 
obtain good data quite close to the transition tempera- 
ture, we believe that the individual wires of the 
specimens had quite similar properties. It must be 
noted, though, that the magnetization curves of our 
pure specimen do not show the unusual intermediate- 
state feature of a “horn” near H,/2 found in small 
specimens by Desirant and Shoenberg.’ However, 


1949), 


5 Equilibrium Data for Tin Alloys (Tin Research Institute 

®E.g., D. Shoenberg, Proc. Roy. Soc. (London) A155, 712 
(1936). 

7M. Desirant and D. Shoenberg, Proc. Roy. Soc. (London) 
A194, 63 (1948). 
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careful scrutiny of their magnetization curves reveals 
that the horn is pronounced only when their specimen 
was a single extruded wire; the curves for their compo- 
site specimen of wires in glass are quite similar to ours. 
Thus, we do not feel that our failure to observe this 
feature is of importance. 

We did not choose to investigate whether the transi- 
tion from a magnetization curve of the type character- 
istic of the pure specimen (Fig. 2) to the type observed 
with the alloy specimens (Fig. 1) set in sharply at some 
critical impurity concentration as has been suggested 
by Pippard.* The main reason for this was that the 
curves for the two different impurities, bismuth and 
indium, while qualitatively similar, were quantitatively 
quite different. Thus, it would seem to be most difficult 
to arrive at an objective criterion for a transition from 
one type of curve to the other. On the basis of our 
experience in these matters, we believe that regardless 
of what the theoretical situation may be, practically, the 
transition from one type of behavior to the other will 
occur gradually with changing impurity concentration. 

We believe that this investigation permits three 
conclusions : 

(1) The measurements confirm the inference drawn 
in our earlier paper! that alloy specimens when suitably 
prepared and annealed are incapable of freezing-in 
appreciable amounts of magnetic flux. 

(2) It would appear that for an alloy an appreciable 
amount of magnetic flux remains inside the specimen 
when it first attempts to become completely supercon- 
ducting in decreasing fields. This flux subsequently 
leaks or migrates out of the specimen as the field is 
reduced to zero, probably because of the tendency of 
lines of force to contract as suggested by Faber and 
Pippard® It may very well be that, in our small 
specimens, migration was facilitated simply because 
the flux had to move only a small distance. But this 
does not change the conclusion that it is possible, in 
principle, for magnetic flux to migrate out of specimens 
of any size, although flaws in the specimen may make 
this unlikely. 

(3) Since the cylinders of larger diameters used in 
our earlier investigation of flux trapping retained 
very little flux when well annealed, it seems reasonable 
to infer that their magnetization curves were similar 
to the one shown in Fig. 1. It appears therefore that 
it is possible to produce alloy specimens having magnet- 
ization curves approximating the ideal curve at least 
as closely as the curve in this figure. 
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Fourier Coefficients of Crystal Potentials* 
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A method is developed for the calculation of the Fourier coefficients of the electrostatic potential of a 
given distribution of valence electrons in a solid. The valence electron wave functions are expressed as 
combinations of orthogonalized plane waves. The treatment takes full account of the nonspherical character 
of the atomic polyhedron. Application is made to lithium. 


INTRODUCTION 


N important problem in the calculation of elec- 

tronic energy bands in solids is the determination 
of the crystal potential. Most existing calculations 
assume that the potential energy is spherically sym- 
metric inside an atomic polyhedron.’ This approxi- 
mation may be serious for the valence electron dis- 
tribution in multivalent solids. A method for deter- 
mining the electrostatic potential of a given charge 
distribution taking the correct crystal symmetry into 
account should be quite useful. 

For example, consider the simple case of a uniform 
distribution of valence electrons in a cubic solid. The 
approximation is often made that this distribution is 
equivalent to that of uniformly charged spheres (whose 
radius is chosen so that the volume of the sphere is 
equal to that of the actual cell). The potential of such 
a charge sphere can easily be computed. But the sphere 
approximation is not self consistent. Such spheres, 
placed on atomic sites, would overlap in some regions 
of the atomic cell and not touch in others so that twice 
the charge desired is present in some places and none 
at all in others. Thus it is not surprising that in a 
Fourier analysis of this potential there are nonzero 
coefficients V(k) for k#0. On the other hand, the 
potential of a really uniform charge distribution would 
have to be constant, and have no nonzero Fourier 
coefficients for k¥0. 

Heine has attempted to determine a correction 
potential to be added to the uniform sphere result to 
take account of the nonspherical nature of the actual 
distribution.2 His method seems, however, to be un- 
necessarily cumbersome. Our approach is based on the 
fact that in the orthogonalized plane wave (OPW) 
method of calculating energy bands, it is principally the 
Fourier coefficients of the crystal potential which must 
be determined.’ 

In this work a method is presented for calculation of 
* Supported by the Office of Naval Research and the Air Force 
Office of Scientific Research. 

1 For a review of band calculations see J. Callaway, in Solid 
State Physics, edited by F. Seitz and D. Turnbull (Academic 
Press, Inc., New York, 1958), Vol. 7. 

2V. Heine, Proc. Roy. Soc. (London) A240, 363 (1957). 

8 For a review of the OPW method see, T. O. Woodruff, in Solid 
State Physics, edited by F. Seitz and D. Turnbull (Academic 
Press, Inc., New York, 1957), Vol. 4, p. 367. 

4 J. Callaway, Phys. Rev. 97, 933 (1955). 
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the Fourier coefficients of the crystal potential from 
the expansion coefficients of the wave functions when 
they are expressed as sums of orthogonalized plane 
waves. Application is made to lithium. 


PROCEDURE 


Let the charge distribution in the crystal, including 
electrons and nuclei be expressed by the function ep(r). 
The potential energy V(r) of an electron (charge —e) 
at ris determined from Poisson’s equation. 


V*V=+8np. (1) 


We use atomic units with energy measured in Rydbergs. 
The + sign indicates that V(r) will be negative for an 
attractive potential. The potential and charge density 
are expressed in terms of their Fourier components: 

V (r)=>0n V(h) exp(th-r), 

p(t) = don p(h) exp(th-r). 
In (2), the sums run over all reciprocal lattice vectors 
h. The Fourier coefficients V (h) are given by 


1 


NQ 


(2) 


V(h) (3) 


fro exp(—ih-r)d*z, 


and similarly for p(h). In (3), NV is the number of unit 
cells in the crystal. Each unit cell has volume Qo. The 
integration goes over the entire volume of the crystal. 
Upon substitution of (2) into (1), it is found that 


8x 


NQ¢h? 


8r 
7p h)= 


V (h)=— 
(h) : 


(4) 


p(r) exp(—th-r)d*r. 


This relation will be used to compute V(h). It can 
easily be shown, by application of Green’s theorem to 
Poisson’s equation that (4) is valid provided the normal 
component of VV vanishes on the surface of an atomic 
polyhedron.® Essentially this condition is required by 
symmetry for a cubic solid with inversion symmetry. It 
appears to have been ignored in some calculations. 
The charge density must be the same in each cell. 
Consequently we write it as a sum of the charges in 


each unit cell 
om o()=E, o(r—1,), (5) 


5 More precisely, the integral fe'**'WV-dS over the surface 
of the polyhedron is required to vanish. 
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where o(r—r,) differs from zero only in the cell which 
is located at r,. 
On substitution of (5) into (4), we find 


8x 
) exp(—ih-r,) 


_ o(r) exp(th-r)d*r, 
NQo 2 ~ 20 


V (h) 


the integral being restricted to the central unit cell only. 
The lattice sum is 


> exp(—ith-r,)=N 


if h is zero or a reciprocal lattice vector and is zero 
otherwise. Thus 


8 
vih)=-— fof exp(—th-r)d*r. (6) 
Qh? 20 


In order to simplify the discussion, we consider in 
the remainder of this paper only monatomic cubic 
solids containing one atom per unit cell. The atom 
consists of a point charge of charge number Z and a 
continuous electron distribution o,. The cell is elec- 
trically neutral. 


o(r)=Z6(r)—o-.(r), (7) 


fesyar=z. 


It is useful to separate the electron distribution into 
two parts: the core electrons and the valence electrons. 
It will be assumed that the wave functions of the core 
electrons go to zero before the cell boundary is reached. 
Consequently the Fourier coefficients of the potential 
of these electrons may be computed accurately from 
Eq. (6) in the usual approximation in which the cell is 
replaced by the sphere of equal volume. 

The valence electron distribution requires more 
careful treatment. If uy, is the periodic part of a Bloch 
wave function 


where 


Vi= N-te**-"u,(r), 


the valence charge density @, is 
Oo= Dx | Ux? (8) 


(which we consider to be defined in one cell only). The 
sum runs over all occupied k states. In the remainder 
of this calculation, we shall assume that all the valence 
electrons have the same “, and that there is one valence 
electron per atom so 


[oar f \16|2d*r= 1. 
Qo Qo 


These restrictions can easily be removed if desired. 

We consider first the Fourier coefficients for 4~0 
according to Eq. (6), focussing our attention on the 
Fourier coefficients of the electrostatic potential of the 


(8a) 
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valence electrons: V,(h). The case h=0 


us 
V,(h) = f | u(r) |? exp(—ih-r)d*r (9) 
Qoh? 20 


obviously requires special treatment. According to the 
assumptions above, u(r) is the wave function for the 
electron state of k=0. We expand this in orthogonalized 
plane waves 


U(r) = 2g a(8)X (8), (10) 


where 
exp(ig-r) 
X(g)= ~~ 


0 


—L u(8,)6;(r), (11) 


¢; is the wave function for the core state j and u(g,j), 
the orthogonality coefficient, is 


1 
u(g,7)= ma f exp(ig-r)@;*(r)d°r. 


Note that in accord with Eq. (5), these functions are 
considered in one cell only. We now substitute (10) 
and (11) in (9) and evaluate the integral. The result is 


8x ; 
V,(h) = ht Dd a*(k)a($) {de +r 


Qh? g.k 


—D[e*(k,j)u(g—h, j)+u(8,/)u*(k+h, j)] 
+2 w* (Kk, j)u(8,7’)K (h,j7’)}, (12) 
in which 


K(h,j7’)= J ey*(t) exp(—ih-t)g;(n)dr. (13) 


The integrals K (h, 77’) can be expressed in terms of the 
u(k,j) through the properties of Fourier series, but it 
does not seem advisable to do this because of the 
relatively poor convergence of the Fourier represen- 
tation of a core electron wave function. It is simpler 
to compute the integrals as required. 

The second and third terms of Eq. (12) are easily 
reduced to forms involving radial integrals as is done 
in reference 4. We replace the core index j by the 
appropriate n, /, and m of the usual notation, and define 


I(kynl) = f Rai(r) ja(kr)rtdr, 


where R,, is the radial part of the wave function for 
the core state 7 normalized so that 


[Rtmrar- 1. 





FOURIER 
We obtain 


8r 7 | 
V.(h)= 2, a°(k)a(8) | be, x+m 


Qoh? g, « 


nl Qo | 


XC Pi(cosOy, ¢»)I (| k\ ,nl)I(|g—h), ni) 


+P 1(cosO, xyn)l (| 8! nl) (| k+h}, nl) 


+5 ut (k, j)u($,7’)K (h, 77’) | (14) 


Ox. is the angle between the vectors k and g. The 
Legendre polynomial P; is normalized so that P;(0)=1. 
The last term of (14) involves sums of products of three 
spherical harmonics. It does not appear desirable to 
give a general reduction of this term for arbitrary /, 
but rather to work it out ior each case desired. 

In the special case where there is only one core func- 
tion of s symmetry, as applies in lithium, Eq. (14) takes 
the simpler form: 


8a 4a 
—— > a*(k)a(8)} 5. x4 n——L/ (A) (| $—h |) 
Qo 


Qoh? gk 


4dr 
+I (g)I(\k+h)}) ]+—/(k)I(g)Q(A)}. (15) 


In which J(k)=J7(k10) and 


O(h) = J Re ilinyrar. 


AVERAGE CRYSTAL POTENTIAL 


The Fourier coefficient of potential V(h) for h=0, 
which gives the volume average of the crystal potential, 
requires special treatment. The general procedure is 
the same as employed by Birman® and many others. 
We define 
V (0) =limV (h) =lim 


h-0 h-0 


Sr 
x ( -—— fow exp(— ih-r)). (16) 
Qoh? 


This limit can easily be shown to exist if the cell is 
electrically neutral and the charge distribution has 
inversion symmetry. 

In evaluating (16) we will neglect the core electrons 
since their contribution can be determined in the 
spherical approximation, and consider a neutral charge 
distribution consisting of a point charge of Z=1 and 
one valence electron as in Eq. (8a). Our procedure is 
to expand exp(—ih-r) in powers of A, including terms 
of order h’. 


6 J. L. Birman, Phys. Rev. 98, 1863 (1955). 
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89 
V (0) = im (—— f a(r)[1—ihr cosé 
h 


“0 Qh? 429 


— 1h? cos’@+:- ier). 


f a(r)d*r=0 
20 


because the charge distribution is neutral, and 


foi cos6d*r=0 


because of inversion symmetry. Thus 


We have 


4dr 
V(0)=+— ] a(r)r’ cos*6d*r. 


Qo “20 


(17) 


Because of the factor r? in (17), the point charge at the 
center does not contribute, so by (7) 


(18) 


4a 
V(0O)=— = font cos*6d?r. 
Q 


Q° 0 


340 


We can make use of the assumed cubic symmetry of 
a, to simplify (18) further. We have 


cos*@= 4+-2 P2(cos6), 


where P» is the second Legendre polynomial. P2 belongs 
to the representation I'j. of the cubic point group’ 
whereas’o, has I; symmetry so that the integral with 
P. vanishes. Thus 


; dr 
V (0) =—-— [ onrer. 
3Q0 4 20 


For the special case of a uniform charge distribution, 
oyp= Qo. We have 


dr 
V(0O)=— — f rer 
300? 20 


In the approximation that the cell is a sphere of radius 
r,, V(O) becomes 


(19) 


(20) 


V (0)=—3/5r,, (21) 
which is a well-known result. The result of (20) using 
the actual polyhedral cell will be larger in magnitude 
than the result (21). 

We now expand ga, in orthogonalized plane waves 
according to (8), (10), and (11), substitute into (19) 
and perform the integral. The result can be written in 


7F. C. Von der Lage and H. A. Bethe, Phys. Rev. 71, 612 
(1947); Bouckaert, Smoluchowski, and Wigner, Phys. Rev. 50, 
58 (1936). 
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TABLE I. Normalized eigenvector for lithium. The quantities 
Ny and (N},)*a(h) are given for each plane wave type employed, 
where Nj, is the number of waves of the particular type and a(h) 
is the expansion coefficient in Eq. (10). The wave type (/mn) 
aT the waves employed are of the form exp[2xi(+lx-+-my 
nz) }. 





Nata(h) 





Wave type 





000 1.03452 
110 —0.03169 
200 —0.07439 
211 —0.04076 
220 —0.00162 
310 —0.00300 
222 —0.00350 
321 —0.00546 








the following way 


4dr 
V(0)= “ee ~ a*(k)a(g){H(g—k)—D[p*(k, j)»(8, 3) 


+AU GATE wtDa(GAMG), (22) 
in which 


v(¢./)=264 f exp (ig-r)@;*(r)r°d*r, 
AG N= J 6)" (oi(r)Pe, 


H(g—k)= anf cos{_(g—k) -r }r°d*r. 


This form can easily be reduced to involve only radial 
integrals, except for H, according to the procedures of 
reference 4 providing that the core functions ¢; are 
zero on the cell boundary. Define 


J (bal) = ff Rel) ulbr)rar, 


Stn) = f ReRaoir 
Then (22) becomes 


4a 
v(0)=-—= o*(k)a(@)| 1(¢—K) 
32 kg 


4dr 
<3 — (a1+1)Pi(cost)| 


nl Qo 
x [I (k,nl) J (g,nl) +1 (g,nl) J (k,nl) 
=~ 2, I(k,n'l)I(g,nl)S(n,n'l) . (23) 


Finally, in the special case where there is only one core 
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state of s symmetry, the result is: 


4 
V (0)=—— > a*(k)a(g); H(g—k) 


No kg 


4 
GMI +1 @I®) —I(k)I(g)S}}, (24) 


in which J(g)=J(g,10), S=S(11,0). 
APPLICATION TO LITHIUM 


We have computed the Fourier coefficients of the 
valence electron potential V,(h) for lithium and also 
the average potential V(Q) of such a distribution 
neutralized by a unit point charge in each cell, ac- 
cording to Eqs. (15) and (24). The computation is 
based on the band structure calculation of Glasser and 
Callaway.’ The valence electron wave function was 
taken to be the eigenvector of the eighth-order matrix 
problem for the state I’). The normalized eigenvector 
is given in Table I. The computed Fourier coefficients 
are given in Table II, where they are compared with 
those obtained for a uniform charge distribution in the 
spherical approximation [set #=Qo~! in (9) and replace 
the cell by a sphere of radius r, ]. 

In the computation of V(0) the integral /gor*d*r was 
transformed by Gauss’ theorem into a surface integral 
over the surface of the polyhedral cell. We obtain 


/ 221 
Qo J rder= 
20 


where a is the lattice constant such that the cell volume 
is a*/2. This result is applicable to any body-centered 
cubic solid. A mesh integration using 505 points in one 
forty-eighth of the cell gave a result in excellent agree- 
ment with this. For comparison, if the cell is replaced 
by the sphere of the equal volume, the result is 0.1455 
a’. The difference is about 2%. The small difference 
indicated to us that sufficient accuracy would be 
obtained if the integrals H(k) for k~0 were computed 
in the spherical approximation, which was done. 

The small values of the V,(h) for #0 as compared 
with the corresponding coefficients of the ionic potential 


a?=0.1487a?, 


TaBLE II. Fourier coefficients of valence electron potential for 
lithium. The first five coefficients V(h) obtained from Eqs. (15) 
and (24) are given as functions of n?= (ah/27)*. All computations 
are made for a=6.518. In the third column are given the Fourier 
coefficients of a uniform charge distribution in the spherical 
approximation. 





V(h) (uniform sphere) 


—0.1869 

+0.001763 
—0,003864 
—0.000247 
— 0.000815 





+0.000404 
+0.000777 
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All these calculations have been performed for 
y,= 3.21, and a lattice constant a= 6.518. 


(see reference 8) indicate that inclusion of the V,(h) 
can have little effect on the relative positions of the 
energy levels calculated for lithium using the Seitz 
potential.’ ACKNOWLEDGMENTS 

We are indebted to Mr. A. Cordish and Mr. D. 


Bellows for assistance with the numerical calculations. 


9 The Seitz potential does not satisfy the condition (VV )r,=0, 
and this may require a significant correction. 
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Low-Temperature Influence on the Technetium-99m Lifetime* 


Don H. Byersft AND RoBert Stump 
University of Kansas, Lawrence, Kansas 


(Received June 2, 1958) 


The rate of decay of a nuclear isomer has been demonstrated to be influenced by its electronic environment. 
This effect has been utilized to detect environmental changes of Tc”™ in its metallic lattice at low tempera- 
tures. The effect of low temperature on the decay constant of Tc” in technetium metal was measured. 
Measurements were made at 77°K and 4.2°K. Since the metal is superconducting at 4.2°K, a measurement 
was made at 4.2°K in a magnetic field sufficient to destroy superconductivity. Results of the experiments 
indicate a negligible change in the decay constant for the metal at 77°K, whereas a noticeable change in the 
decay constant was observed for the superconducting metal at 4.2°K: 


\(4.2°K superconducting) —A(293°K) = (6.40.4) x 107-*\(293°K). 


Measurements on the low-temperature normal-state metal indicate a gross removal of this influence: 


\(4.2°K normal) —\ (293°K 


HE decay of a radioactive nucleus is generally 
quite unaffected by the physical surroundings of 
the nucleus. However, in two examples, the decay con- 
stant has been shown to be affected slightly by chemical 
surroundings, i.e., in the decay by K capture of Be’ and 
in the internal conversion? of Tc”™. This change in 
decay constant is attributed to a change in the electron 
density near the nucleus. 

Tc®™ is ideally suited to this type of experiment be- 
cause of its extremely small isomeric transition energy 
of 2 kev. This low transition energy insures interaction 
with electrons only beyond the second shell where they 
may be more easily affected by external means. Since 
technetium has been found to be a superconductor,’ it 
was decided that an investigation of the decay constant 
at low temperatures might be of interest. 


I. THE EXPERIMENT 


The method employed for the measurement of minute 
differences of decay constant was the differential method 
of Rutherford, which has been used extensively in in- 


* This work is described in greater detail in a thesis submitted 
by Don H. Byers in partial fulfillment of the requirements for the 
degree of Doctor of Philosophy to the University of Kansas, 1958. 

Now at Los Alamos Scientific Laboratory, Los Alamos, New 
Mexico. 

1 Kraushaar, Wilson, and Bainbridge, Phys. Rev. 90, 610 (1953). 

2 Bainbridge, Goldhaber, and Wilson, Phys. Rev. 90, 430 (1953). 

J. G. Daunt and J. W. Cobble, Phys. Rev. 92, 507 (1953). 


)=(1.340.4 


x 1074) (293°K). 


vestigations of this nature.!:?}5 Two sources whose 
decay constants are very nearly equal are compared by 
placing the sources in identical ionization chambers and 
measuring the difference in ion current as a function of 
time. The difference in their decay constants may then 
be found by plotting the difference current times the 
inverse decay factor, exp(A/), against time. The slope of 
the straight line which best fits these data is equal to the 
difference in decay constant times the initial strength of 
one source. This calculation and the standard deviations 
have been discussed in complete detail in the literature.® 

The ionization chambers used in the present work 
were constructed of brass tubing 7} in. in diameter and 
15 in. long with }-in. stainless steel tubes soldered in the 
ends to permit essentially 4% counting geometry. The 
chambers were filled to a pressure of 200 psi with pure 
aged argon. A vacuum tube electrometer was used to 
measure ion currents. 

Metallic technetium sources were prepared by using 
the method outlined by Bainbridge et al.7 Tc®™ was 
chemically separated from its parent Mo”, ground-state 
technetium was added, and an oxide of technetium was 
electrodeposited from this solution onto a copper-plated 


* Leininger, Segré, and Wiegand, Phys. Rev. 81, 280 (1951); 76, 
897 (1949). 

5 Bouchez, Daudel, Daudel, Muxart, and Rogozinski, J. phys. 
radium 10, 201 (1949), 

® See reference 2, Sec. II. 

7 See reference 2, p. 434. 
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Fic. 1. Lifetime alteration at various temperatures. The in- 
crease in decay constant over the room-temperature comparison 
source is denoted }’. 


Nichrome cathode. The cathode deposit was reduced to 
the pure metal by heating the cathode wire in an 
hydrogen atmosphere. A thin film of aluminum was 
evaporated over the active layer in order to prevent 
reoxidation in the atmosphere. Both radio-isotopes were 
obtained from Oak Ridge National Laboratory. The 
reduced and aluminized active cathode wires were cut 
into equal lengths and sealed in source holders con- 
structed from ;g-in. diameter, 0.004-in. wall stainless 
steel tubing. The sources were carefully balanced at the 
outset of the experiment by tinning the source holders 
of the stronger sources with solder, and then filing away 
the solder until a balance was reached. 

Four identical sources were prepared for each experi- 
ment. One source was selected as the comparison source 
and was kept at room temperature. The remaining three 
were kept in various low-temperature baths between 
measurements. An error is introduced in the measured 
value of the difference in decay constant due to the fact 
that the source must be warmed to room temperature 
during the measurements of difference current. Pro- 
viding the difference current measurements are per- 
formed at equal intervals of time and each measurement 
has equal duration, the error may be corrected by 
multiplying the observed difference in decay constant 
by the ratio of the duration of the experiment to the 
accumulated time at low temperature. 


AND R. 


STUMP 


Three sources were compared to determine the effect 
of temperature. One of these was left at room tempera- 
ture along with the comparison source. This provided an 
over-all check of the methods, the source preparation 
techniques and the measuring equipment. A second test 
source was kept in a liquid nitrogen bath (approximately 
77°K), and the third was left in liquid helium at 4.2°K. 
The results of this experiment are shown in Fig. 1. 
There is no difference in lifetime between the first two 
test sources and the comparison source, indicating first, 
satisfactory apparatus and techniques and second, 
that the electron distribution in technetium metal at 
77°K is not altered enough to be detected. The third 
test source did, however, display a definite increase in 
decay constant. 

In order to demonstrate that metallic technetium was 
present on the source wires in sufficient quantities to 
behave as the bulk material, a rough measurement of 
the critical field at 4.2°K was undertaken. The measure- 
ment was made by observing the shift in frequency of an 
oscillator due to the exclusion of flux by superconducting 
wires placed along the axis of its tank coil. 

Measurements of Daunt and Cobble* on 102.7 mg of 
Tc indicate that 0H./dT at the critical temperature is 
300 to 400 gauss/degree. Assuming that the usual 
parabolic relation between critical field and temperature 
applied at 4.2°K, the critical field should equal 1440 to 
1920 gauss. Our measurement on 4 wires (about 100 
micrograms of technetium) yields a value of 1800+ 200 
gauss. Thus it may be concluded that the thin films used 
do not differ greatly in their superconducting properties 
from the bulk material. As a check on the apparatus, a 
similarly prepared lead specimen was found to have a 
critical field of 600+50 gauss at that temperature. The 
accepted value for this measurement is 552 gauss.* 

The experiment was repeated in liquid helium at 
4.2°K, with two sources, one in zero field, the other in a 
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Fic. 2. Lifetime alteration at 4.2°K. Both sources were held at 
4.2°K. The normal state was attained in a magnetic field of 5300 
gauss. The increase in decay constant over the room-temperature 
comparison source is denoted }’. 


8 J. G. Daunt and J. W. Mendelssohn, Proc. Phys. Soc. (Lon- 
don) A160, 127 (1937). 
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field of 5300 gauss. Since the high field is well above the 
critical field, the low-temperature effect could be 
effectively separated from any possible superconductive 
effect. Results of this experiment (Fig. 2) confirmed the 
previous value of the altered decay constant in super- 
conducting technetium. The low-temperature normal- 
state source displayed only a fraction of this change. 


II. RESULTS 


In order to calculate the difference in decay constant 
of two sources, one must know the decay constant of one 
source and the initial strength of the other. In practice 
the decay constant and initial strength of the same 
source is determined from the plot of log intensity vs 
time for that source. All data were assigned standard 
deviations on the basis of counting statistics coupled 
with the error introduced through the uncertainty in 
difference current measurements. The current resolution 
of the equipment for a typical measurement is 7X 10~'° 
amp. The initial intensity of the comparison source in 
the final experiment was 7.66X10~" amp. Standard 
deviations in the result were calculated according to the 
method outlined by Birge.’ Straight lines were fitted to 
the data by the method of least squares. The calculation 
of the coefficients of the straight lines, as well as the 
summations necessary for the standard deviation calcu- 
lations, were carried out on an IBM 650 computer. 

Table I lists all experimental results. The room tem- 
perature check source (see Fig. 1) displayed no altered 
lifetime within experimental accuracy, indicating the 
proper functioning of the apparatus and the purity of 
the sources with respect to active contaminants. This is 
further indicated by the ability to repeat the results in 
liquid helium using sources prepared separately from 
different shipments of the activity. The plot of log (in- 
tensity of one source) vs time for the last experiment 
contained 30 points spread over a period of twelve half- 
lives (72 hours). These data displayed no perceptible 
deviation from a straight line. This fact demonstrates 
the constancy of chamber sensitivity, freedom of the 
chambers from saturation effects and purity of the 
source with respect to active contaminants of half-life 
other than six hours. An active contaminant of the 
strength of 10 parts per million should have been quite 
noticeable. The value of \ appearing in Table I was 
found from these data. 


*R. T. Birge, Phys. Rev. 40, 225, 226 (1932). 
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TaBLe I. Experimental results. The following table lists the 
change, \’, in the decay constant for metallic Tc®” under various 
conditions of temperature and magnetic field. A positive value for 
’ indicates a decreased lifetime over that of the room-temperature 
field-free metal. 


Source ’ «105 hr= (A’/) KX 100 
not significant 
not significant 
0.075 +0.010 
74+0.5 0.064 +0.004 
1.5+0.4 0.013 +0,004 
0.1156 +,0.0002 hr™ 


—1.941.3 
—0.6+1.9 


°K superconducting (temp. experiment) 8.6+1.2 


. superconduc ting (field experiment) 
. norma! (field experiment, 5300 gauss) 
» of decay constant 


Results of these experiments indicate that the electron 
distribution is not sufficiently altered at 77°K for detec- 
tion by the methods of this experiment, whereas a 
definite alteration is experienced at 4.2°K in the super- 
conducting material. The comparatively small value of 
increased decay constant in the normal metal at 4.2°K 
demonstrates that the effect is attributable to super- 
conductivity. 

In comparison with lifetime alterations found in 
technetium metal at extremely high pressures,’ one may 
predict that the volume contraction due to low tempera- 
ture should not produce a measurably altered lifetime. 
This fact is substantiated by the results at 77°K and by 
the removal of the effect by magnetic field. There has 
been reported" a volume change at the superconducting 
transition. The dimensional change, however, amounts 
to only 1 part in 107 and will not account for the effect 
found by us. We are led to the conclusion, therefore, 
that the increased electron density in the vicinity of the 
nucleus in the superconducting metal is brought about 
by a redistribution of the electrons rather than a density 
change in the material. 

One or both of two influencing factors could be re- 
sponsible for a decreased lifetime in the superconductor. 
Certain conduction electrons may be permitted a closer 
approach to the nucleus in the superconducting ma- 
terial, or altered motion of the superconducting elec- 
trons may alter the shielding effects sufficiently to permit 
a slight contraction of the bound electron shells. The 
methods of this experiment do not permit any distinc- 
tion between these possibilities. 
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A theory of the effect of a constant magnetic field on the behavior of ultrasonic attenuation in normal 
metals at low temperatures of the order of liquid helium temperatures is given. The ideas are of the same 
kind as those suggested by Pippard to account for the attenuation in the absence of an external field. The 
different geometries are specified by the directions of three vectors, the wave vector q of the acoustic wave, 
the direction of polarization uo, and the external magnetic field Ho. The analysis shows that, for a transverse 
wave polarized in the direction of Ho (i.e., uo and Hp are parallel and both are perpendicular to q) the 
attenuation decreases as |H»|~* for large fields. When up and Hp are perpendicular and q is perpendicular 
to both, the attenuation increases as |Ho|? for large |Ho|. For a wave such that uo and q are parallel and 
Hy is perpendicular to q, the attenuation increases asymptotically to a constant value as |Ho| increases. 
The maxima and minima obtained experimentally by Morse and co-workers cannot be explained on this 
model. An absorption similar to that occurring in cyclotron resonance absorption is obtained in the attenu- 


ation of transverse waves (Uo perpendicular to q) when Hb is parallel to q. 





I. INTRODUCTION 


T low temperatures the main mechanism respon- 

sible for the attenuation of ultrasonic waves in 
metals is the scattering of conduction electrons by the 
ultrasonic phonons. The attenuation can be regarded 
as being the decrease, per unit distance travelled, in the 
number of phonons in the ultrasonic wave as it pro- 
gresses in the metal. The phonon-electron scattering 
gives rise to a transfer of energy from the ultrasonic 
wave to the conduction electrons which, in turn, 
transfer their excess energy to the thermal phonons. 
Thus, there is an irreversible flow of energy from the 
acoustical phonons to the thermal phonons. 

Early measurements of ultrasonic attenuation in both 
normal and superconducting metals have been per- 
formed by Bémmel! and MacKinnon.’ In the region 
where the electron mean free path / is short as compared 
with the wavelength A of the sound wave, the attenu- 
ation is proportional to the square of the ultrasonic 
frequency. However, the attenuation becomes propor- 
tional to the frequency when /2\. The attenuation 
also decreases with increasing temperature having 
a flat maximum at absolute zero. Recently,’ it has 
been observed that the attenuation changes if the 
metal is in the presence of an external magnetic 
field Ho. When gi <1, where g=27/) is the propagation 
number of the sound wave, the attenuation decreases 
inversely as the first power of the magnetic field when 
|Ho| increases. For gi/>1 the attenuation presents one 


* This work has been assisted in part by the Office of Naval 
Research, the Signal Corps, the Air Force Office of Scientific 
Research, and the National Security Agency. 
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or several maxima and minima as a function of | Ho! 
before decreasing as 1/|Ho! for large fields. It has been 
suggested’ that this effect is caused by electron reso- 
nances similar to those occurring in cyclotron resonance 
absorption. These experiments were all performed with 
Hp» perpendicular to the direction of propagation of the 
wave. 

The theoretical treatments of ultrasonic attenuation 
in metals consist in calculations of the power loss by 
the ultrasonic wave to the electron cloud. In the region 
in which gi<<1 the attenuation is interpreted as arising 
from the viscosity of the electron gas.* The electrons 
travel between regions in the metal having different 
particle velocities, thus giving rise to shear stresses of 
the same kind as those which occur in the propagation 
of waves in a viscous fluid. The effect of an external 
magnetic field on the viscosity of the electron gas has 
been considered by Steinberg.’ A magnetic field applied 
in the direction of polarization of a transverse wave 
tends to decrease the viscosity of the electron gas. In 
fact, the presence of the magnetic field shortens the 
range of the electrons in a plane perpendicular to Ho, 
thus rendering the number of electrons that transfer 
momentum between two layers of the electron gas 
smaller than the same in the field-free case. Because the 
power loss by the ultrasonic wave is proportional to the 
viscosity, the attenuation is, in this case, a decreasing 
function of Hy. When gi>1 the absorption occurs 
because of direct collisions between electrons and 
phonons. Kittel® has calculated the decrease in the 
number of ultrasonic phonons, caused by the collisions 
with conduction electrons, as the wave progresses in 
the metal. Pippard® has given a rather complete 


5A. B. Pippard, Phil. Mag. 2, 1147 (1957). 

* W. P. Mason, Phys. Rev. 97, 557 (1955). 

™M. S. Steinberg, Phys. Rev. 109, 1486 (1958). 
( 8C. Kittel, Phys. Rev. 98, 1181 (1955); Acta Met. 3, 295 
1955). 

* A. B. Pippard, Phil. Mag. 46, 1104 (1955). 
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discussion of the problem in the absence of an external 
magnetic field. His argument is as follows. If the 
electron mean free path were infinite, the deformations 
of the lattice as the ultrasonic wave travels through 
the metal would produce adiabatic changes in the shape 
of the Fermi surface. However, the collisions tend to 
restore the Fermi surface to its original shape. But 
this process can never be complete, particularly if the 
relaxation time is long. Therefore, the total electronic 
energy will, on the average, be greater than its thermal 
equilibrium value. This excess energy is dissipated to 
the thermal phonons thus producing an attenuation of 
the acoustical wave. Pippard’s treatment gives expres- 
sions for the attenuation for all values of gl. 

In this paper we shall give a theory of the magnetic 
field dependence of ultrasonic attenuation in metals 
along similar lines of argument as those given by 
Pippard. A unified treatment based on the usual 
transport theory in the presence of a magnetic field Ho 
is given. The results of our work, in the case where the 
external field Ho tends to zero, coincide with those 
obtained by Pippard.’ 

We shall assume that the metal consists of a lattice 
of ions embedded in a uniform sea of conduction elec- 
trons, that there is one conduction electron per atom, 
and that the electrons can be properly described as a 
degenerate Fermi gas. The attenuation of sound waves 
on this model is caused by the following mechanism. 
When the wave propagates in the metal, the ions oscil- 
late around their positions of stable equilibrium. The 
electrons will be dragged by the ions in their motion. 
However, there will always be a lag in the motion of 
ions and electrons, which will give rise to electric 
currents. These electric currents induce electromagnetic 
fields which are able to transfer energy to the conduction 
electrons. The power per unit volume W absorbed by 
the electrons can be calculated to determine the 
attenuation a by means of the relation 


a=2W/(p|u|?r,), (1) 


where p is the density of the metal, », the velocity of 
sound, and u the particle velocity describing the sound 
wave. 

In Sec. II we develop the method of calculation of 
the fields carried by the lattice and the power absorption 
W. The procedure consists in the simultaneous solution 
of the Maxwell equations governing the electromagnetic 
fields and the Boltzmann transport equation relating 
the electron currents to the fields. In Secs. III and IV 
we consider the special cases of shear and longitudinal 
acoustic waves, respectively. In both these cases the 
external magnetic field Ho is assumed to be perpen- 
dicular to the direction of propagation of the ultrasonic 
wave. The case in which the external magnetic field is 
parallel to the direction of propagation of the wave is 
treated in Sec. V. The results do not agree very well 
with experiment. A detailed account of the results and 
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of the discrepancies with experimental information is 
given in Sec. VI. The most important difference from 
the experimental results is, perhaps, the inability of 
our theory to account for the maxima and minima that 
are observed when g/>1. Let us consider, to fix the 
ideas, the case when Hp is perpendicular to both the 
direction of polarization uo of the wave and to the 
direction of propagation defined by the wave vector q. 
Also assume a shear wave, i.e., that up is normal to q. 
It is argued® that, if the magnetic field is properly 
chosen, the radius of the cyclotron orbit of a group of 
electrons on the Fermi surface may be such that the 
electrons are accelerated by the electric field associated 
with the acoustic wave, thus giving rise to a power 
absorption. However, if we consider a similar orbit 
which is equal to the previous one except that it is 
displaced in space, in the direction of propagation of 
the wave by half of the wavelength, then, the same 
amount of energy that the electronic cloud absorbed 
from the ultrasonic field by means of an electron in the 
first orbit is returned to it by an electron in the second 
orbit. 

A few words should, perhaps, be said about the 
limitations of our treatment. We have assumed that 
the electrons have a constant relaxation time over the 
Fermi surface. This approximation is good for scattering 
by lattice imperfections. However, no such relaxation 
time for phonon-electron collisions can be defined at 
the low temperatures considered here. We think, 
nevertheless, that this limitation is not very important 
because, at low temperatures and for the usual crystals 
that can be obtained, impurity scattering is the domi- 
nant mechanism. Also the inherent approximations of 
the Boltzmann transport theory will be present in this 
theory. For magnetic fields such that the cyclotron 
resonance period is small compared with the relaxation 
time, the validity of the Boltzmann transport theory 
is questionable. 


II. GENERAL THEORY 


Consider a sample of metal in which a sound wave 
propagates in the direction of the wave vector q. The 
wave may be characterized by the velocity u of the 
ions which can be expressed in the form 


u(r,t)= Uo exp(iw!—iq-r), (2) 


where w is the angular frequency and up is parallel to 
the direction of polarization of the wave. The variables 
tand rare the time and the position vector, respectively. 
The velocity of sound in the direction q is 


Ya=w/|ql. (3) 


While the wave propagates in the metal, the ions will 
experience oscillatory motions around their positions 
of stable equilibrium with velocities given by (2). The 
electrons will tend to screen the local electric charges. 
Thus, they will follow the ions in their motion. However, 
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there will always be a phase difference between the 
displacements of the two types of charges, thus creating 
local electric currents which have the same space-time 
periodicity as (2). These unbalanced local currents will 
produce a magnetic field H(r,/) which will, in turn, 
induce an electric field E(r,/). The field E is responsible 
for the motion of the electrons and will, therefore, be 
functionally related to the local currents. The fields E 
and H are obtained in terms of u by means of a self- 
consistent calculation which takes the screening prop- 
erty of the electrons into account. If the sound wave 
has a longitudinal component, i.e., if u-q0, there will 
be other electric fields arising from local changes in the 
electron density n. In fact, the distortions of the lattice, 
produced by the propagation of a longitudinal wave, 
cause local changes in volume. When the time + 
between lattice-electron collisions is much shorter than 
the period of the sound wave (wr<1), the electrons 
have time to distribute themselves with densities in 
accordance with the local volume distortions in the 
crystal. These local charge distributions produce an 
electric field pointing in the direction of propagation of 
the wave. The electromagnetic fields carried by the 
lattice can be consistently calculated with the aid of 
Maxwell’s equations. 

As all the electromagnetic vectors in the lattice have 
the periodicity of u, it follows, from Maxwell’s equa- 
tions, that 

cqX E=oH, 
and 

cqX H=4rij, (3) 
where c is the velocity of light and j is the total current 
density which is composed of the electronic and ionic 
current densities, i.e., 


j=J—Neu, (6) 


where J is the electron current density, V the number 
of atoms per unit volume in the crystal, and e the 
charge of the electron. In Eq. (5) we have neglected 
the displacement current. The electron current density 
J satisfies the equation of continuity 

q-J=ewN,, (7) 
where NV; is the departure of the electron density 
n=N+N, from its equilibrium value NV. From Eqs. 
(5), (6), and (7) we obtain 


Ni=Nu-q/o. (8) 


Equations (4), (5), and (6) permit us to determine E, 
H, and J in terms of u once we know the dependence of 
J on E. 

The point relation J=cE, where a is the conductivity 
of the metal, is not valid in the problem at hand 
because of the presence of the magnetic field, and 
because, in the region of interest to us, the electron 
mean free path is comparable to distances in which the 
’ electric field E experiences radical changes in magnitude. 
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Thus, Ohm’s law is not an appropriate approximation 
here. The dependence of J on E is found by considering 
the transport problem in detail. 

Let (1/4n*) f(r,k,)drdk be the number of electrons 
in an element of volume drdk around the point (r,k) 
in « space at the time ¢. Here k is the wave vector of 
the electron. The time rate of change of the distribution 
function f, coming from the drift of the electrons and 
the presence of the fields, is 


e 1 
—v-Vf— [e+ -vX | H+ 1) | ‘Vil, 


c 


where v=hk/m is the velocity of the electron in the 
state k and m its mass. We now take into account the 
collisions of the electrons with lattice imperfections and 
thermal phonons by assuming the existence of a 
relaxation time 7 which is a function of the electron 
energy «=%*k’/2m alone. The electron distribution 
function f will relax towards its local equilibrium value 
f with the characteristic time r+ (here, as before, it is 
assumed that wr1; this assumption will be retained 
throughout this paper). The time rate of change of f 
arising from the collisions is —(f—f)/r. Then, the 
steady-state distribution function f must satisfy the 
equation 


e f—f 


7) 1 
OF s+ [ B-+-wx HoH) [a+ —=(. (9) 
at h c T 

The local equilibrium value f of the distribution 
function is not equal to the Fermi function fo(e), 
because the electron density n= N+ JN, is not constant 
throughout the crystal, and because the lattice as a 
whole is moving locally with a velocity u. The function 


J is given by 


F(r,t)= {exp[(e’— €0’)/kT]+1}>, (10) 
where ¢€o’ is the local value of the Fermi energy, and ¢’ 
is the kinetic energy of the electron relative to the 
moving lattice. Here & is the Boltzmann constant and 
T the absolute temperature. To first order in u, we have 


(11) 


e' = €— MvV-U, 
and 


€o = eo t+ Fe0(Ni/N). (12) 


In Eq. (12) € is the Fermi energy of the unstrained 
metal. Thence, 


j= fo(e—mv-u— 2eN1/N) 
dfo 
= fo(e) —-—(mv-ut+feoNi/N). 


de 


(13) 


This expansion is justified if (mv-u)/kT and [%eo(N1/ 
N)V/kT are negligible as compared with unity. This is 
indeed the case for all practical purposes. For an 
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input power of 0.01 watt/cm? the strain in the metal is 
of the order of 10~*. The copper and an ultrasonic 
frequency of 50 Mc/sec we estimate u~0.7 cm/sec and 
Ni~10-*N. Thus, for a temperature as low as 1°K, 
(mu: v)/kT ~10~4 and [3¢o(Ni/N) ]/kT ~ 107 

The deviation of the electron distribution function 
from its thermal equilibrium value fo is small as 
compared with fo and is proportional to the field E. 
We shall, as is customary, assume a solution of (9) of 
the form 


f= fot fi, (14) 


where f; has the periodicity of u. We linearize the 
equation resulting from (14) and (9) in the usual 
manner to obtain 


eT 
—Ho: (kX Vic fs) 


mc 


dfo m N, 
— . ery (E+ u) +e | ( 15) 
de eT N 


In this expression we have neglected H, being of the 
order of 10~* oersted. In the region of interest, when 
|Ho| ~500 gauss or more, H produces a tilting of the 
cyclotron orbit by an angle of the order of 10~* radian. 
It is now convenient to take polar coordinates (k,6,¢) 
in k space with the polar axis parallel to the external 
magnetic field Ho. Here & is the radius vector in k space 
and @ and ¢ are the polar angles of k. After some 
transformations, (15) becomes 


(1+tw7—iq: vr) fi-— 


1+iwr—iq: vr 
pes 


WeT 


1 dfo m : N, 
=—— ol ery. (B+ u) +e | (16) 
wet de er N 


cyclotron resonance fre- 
(16) can be solved 


The 


where w.= —eHo/mc is the 
quency of the electrons. Equation 
exactly by a procedure invented by Chambers. 
solution is 


dé WT ery] 


arte m 
xf tel erv’-( B+ 
eT 


° 


N, 
) +e . | 
N 


*1+iwr—iq:v’r 
[—— “a¢"| (17) 


¢’ x 


xexp| ~ 


1 ¢" I+iwr—iq- vr 
=—f me “dy. (18) 
Qn 0 WT 

iThe quantities v’ and v”’ 
that have the azimuthal angles ¢’ and 


 R. G. Chambers, Proc. Phys. Soc. (London) A65, 458 (1952). 


are the electron velocities 
¢”’, respectively. 
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Using (17) and 


we obtain the required relation between J and E. This 
relation turns out to be 


3 Ne 2r+¢ 
J(r,i)=— f dé sina fae —f dy’ 
4a mo), " err} 
m 1 mo N, 
x n(0,e’)-( B+ w)+ “| 
eT 3 er N 


*1tiwr—igq-v’'r 
xexn| — f — ie" (20) 
, WeT 


v 


In Eq. (20), n(@,¢) is a unit vector in the direction of 
the electron velocity v having polar angle @ and azi- 
muthal angle ¢. To obtain (20) we have made use of 
the fact that, for temperatures much lower than the 
Fermi degeneracy temperature, —dfo/de behaves as 
the Dirac 6-function 6(e— eo). Once we have obtained 
J and E in terms of u, the power absorption per unit 
volume of the sample is given by 


W=} Re(J*-E). (21) 


We shall first consider the situation in which Ho is 
perpendicular to q. This is also the important case from 
the experimental point of view as the results of Bommel* 
and Morse ef al.‘ correspond to this geometry. Let us 
take a system of Cartesian coordinates x, y, with the 
z axis parallel to Ho and the y axis in the direction of q. 
We shall assume that u is in an arbitrary direction. 
In this case Eq. (20) reads 


ae 
—f sia f de n( ‘eh 
dee Ms ¢ ert 


70 Ni(t,t) 
x| n0,0°-( 8 (r,) +- ute!) + —— - 


Xexp[y(¢’— ¢)+iay sin8(cos¢’— cose) ]. 


3 Né 
J(r,t)= 


In (22), y and a are defined by the relations 


y= (1+iwr)/wer (23) 


a=ql/(1+iwr). (24) 


Equation (22) defines a conductivity tensor relating J 
to E. It is convenient, to determine the components of 
this tensor, to introduce the expressions J/,=J,+i/,. 
When this is done, the components of the conductivity 
tensor can easily be expressed in terms of integrals 
containing Bessel functions. The integrations can be 
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performed, in the form of a power series, to obtain 


tamvy N, 


er N 


(25) 


J,= OrzO2tOrybyt4O ry 


iamvo N, 


J y=Oyzb sto yyby+ BO yy 


er 
J e™Gexbo 


(26) 
(27) 
In Eqs. (25), (26), and (27) the following symbols are 
used 


m 
&(r,t) = E(r,t)+—au(r,)), (28) 
er 


30 (—1)*a*" 








Ozz>= 


atte 


l-ptet soe ere a: 


r+1 1 
6, 
n=) 1+ (ny)? 
30 ow (—1)%a"* rt 1 
It+iwrrs 27r+3 n= 1+ (ny)? 
30 1 « (—1)'a""(r+1) 


1+iwr y r=0 2r+3 


(29) 


(30) 








Fyy— 


Cry ~— Sys 


r+1 1 
2) Legere 
no 1+(ny)? 
30 iw (—1)*a’" r 


1 
C= : > II . (32) 
1+tiwr ro (2r+1)(2r+3) »—0 1+ (ny)? 








The Eqs. (29)—(32) are useful for the numerical compu- 
tation of the coefficients of the conductivity tensor for 
large values of Hp (i.e., |y|<1) and for any value of a, 
and for |a|<«1 and any value of Ho. However, it is 
important to know the behavior of the conductivity 
tensor for |a|>1 and fields Ho in the range in which 
w,r~ 1. Expressions for the components of the conduc- 
tivity tensor developed in a powers series in a~ can be 
found. The method to obtain this power series is 
outlined in the Appendix. The results of these expan- 
sions are 


3x 
ox2= - | counter) ——+ cotntrr)(14+—) 
1+iwrl4a 4y? 





- (—1)"a*"* | 
1+ 


— 
r=o (2r+1)(2r+3) 
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x I (1+ (7) | (33) 


o 3x coth(ry) 
Cry= —Cyr= | ——- ——-_— 
1+iwr 
3 @ (—1)'o —2r— 4(r +1 )ir 
2 h 


4a’ v 





II {1+ (ny~)?} 


Y r=) %» 


a 3r 3 
Cyy= | - cotntea) += 
1+iwrL 2a a 


- (-1)e 
+35 That (m9 } (35) 


r+1 
and 


o 3nr 
o::=———_| — *coth(ry) += (14) coth (zy) 
1+iwrl4a 


»- (—1)’a —2r—2 ° 
$35 ————__I1 (1+ (ny) |. (36 
2 rst yo AS blac v9} (36) 


In the calculations we have performed until this 
point, we have kept the small term wr. From now on, 
this term will be neglected, except in the discussion of 
Sec. IV, whenever it appears in the combination 
1+iw7. Thus a~q/ and y= (w-r)~'. Then, we see that, 
for all practical purposes, the coefficients oz2, ***, Oc 
are approximately real. It is convenient to give, for 
reference in the following sections, the limiting values 
of the components of the conductivity tensor for very 
large magnetic fields (w-7>>1) and for zero magnetic 
field (y= ©). For w.r>>1, we have 


o 
ox2=——(1+ 40"), (37) 


(wer)? 
o 2. £ 
J -“|1-— —| 
WT 10 (w,7)* 


o : ++ © 
(w.r)? 20 (w,7)? 


1 «oa? 
~~ 
5 (wo.7)? 


(38) 


Ory —Tyz 


(39) 


Tyy 


(40) 


When Hy=0 we find 
(41) 


2a? 


Orr O22 


30 fa?+1 
| tan a— i} 
a 
(42) 


(43) 


Ory= —Cyz=0, 
Oyy= (30/a*)(a— tana). 


Equations (41) and (43) are valid for all values of a. 


III. ATTENUATION OF TRANSVERSE WAVES IN 
A TRANSVERSE MAGNETIC FIELD 


In this section we shall apply the results obtained in 
Sec. II to the particular case of the attenuation of 
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transverse waves in a transverse magnetic field, i.e., 
the case when q is perpendicular to both up and Ho. 
For a transverse wave, N;=0. Two cases will be 
considered. The first will be that in which uo is parallel 
to Ho, and the second that in which uo is at right 
angles with Hp. 

When up is in the direction of Ho, the only non- 
vanishing component of the current density is 


J = 6128.= of LE,+ (mu/er) ], (44) 
with 
(45) 


On2= 60. 
In this geometry, ,= E,=0 and H,+0 while the other 
components of H vanish. From Eqs. (44), (45), (4), 
(5), and (6) we obtain 
m (1—$)ige? 
oe 
eT g+itge 


gGt+ige 
J = Neug——_. 
g+ ifge 


(46) 


’ 
4 


(47) 


go is defined by 
(48) 


go’ = 4rwa/c?. 
The attenuation a,, for this situation is obtained from 


(1), (21), (46), and (47). The result is 


Nm ¢(1—f)qo! 


je see 


(49) 


ptr, +h Go ° 


In deriving (49) we have assumed that ¢ is real. As 
we have remarked before this is approximately true if 
wr<1. In this expression the symbol », stands for the 
shear velocity of sound. For an ultrasonic frequency 
v=w/2r=26 Mc/sec, with o=2X10” esu and 2,=3 
X 10° cm/sec, (¢o/¢)*= (20/v)(v,/c)? turns out to be of 
the order of 10°. As ¢ is of the order of unity, the 
approximate relation 


Nm /1 
a= —"(-- 1 ) 
ptv, \f 


holds. The dependence of a; on the magnetic field 
comes in through the dependence of ¢ on w-r. In Fig. 1 


we have given a graph of 
ati; (we7) 1 1 
MG) © 
a(0) £ (wer) (0) 
as a function of w.7 and for several values of q/. 

Let us now turn to the case where up is perpendicular 
to Ho, i-e., when uo is along the x axis. In this case the 
only nonvanishing components of the fields are E, and 
H,. One might think at first sight that there will be a 
Hall field in the y direction. Such a field cannot be 
sustained within the metal. In fact, a field of this nature 
would have the periodicity of (2); therefore, it would 
change direction after a distance of half a wavelength. 


(50) 
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Fic. 1. Ratio (an/ao), defined in Eq. (51), as a function of wer 
for the values of g/=0.1, 1, 3, and 10. 


This requires space charges which cannot be in equi- 
librium inside a conductor. Charges of this sort decay 
exponentially in a time much shorter than the period 
of the acoustic wave. Then, we have 

(52) 
(53) 


J 2=022(Ez+mu/er), 
J y= Oy2(E.+mu/er). 


The attenuation turns out to be given by 


~~-(——1) f (1), 


after the same approximations used before to derive 
(50) have been made and where we have defined 
Oz2= 0§(w-r). The behavior of a,(w-r) is similar to that 
of ai (wer). 

For w.r>1 and a, we obtain the approximate 


expressions 
ay a? ¢(0) 
Rou har 
a (wer)? / §(0) 
a(0) ee ee 
When the external magnetic field vanishes, the attenu- 


ation is 
Nm 1 
«()=-—(—-1), 
orv, \f(0) 





(54) 


(55) 








(56) 


(57) 
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where 


3 [a+1 
¢(0)=—_| —— tan“a— i} 
2a°l a 


This result agrees with that obtained by Pippard.’ For 


ai, 
8 22 
(1- -a°+— at—---), (58) 


35 175 
(59) 


NmvPo" 
a(0) =———— 
5p2,° 
For" a21, 
a(0)=4N miqw/ (32p2,*). 


IV. ATTENUATION OF LONGITUDINAL WAVES 
IN A TRANSVERSE MAGNETIC FIELD 


In the case of a longitudinal wave propagating in the 
y direction and in the presence of a magnetic field in 
the z direction, there will be a Hall field directed along 
the x direction. Here uo and q are parallel to each other 
and Hy is perpendicular to both up and g. The argument 
given in Sec. III holds only for drift currents that 
originate in the y direction. Because the fields have a 
space-time dependence of the form exp(iw/—igy); at 
each instant they are constant on any plane which is 
transverse to the direction of propagation of the wave. 
Therefore, a Hall field can be sustained by surface 
charges on the boundaries of the sample and no internal 
charge densities are required. We determine the Hall 
field E, by setting J,=0 and remembering that wu is 
directed along the y axis. From Eq. (28) and setting 
J ,=0, it follows that 


Ory 
E.= -*| y+ 


Orz 


(60) 


id My ~] 
3 er N 


Substituting (60) into (26), we find 


mu 1d Uo 
J,=on E+=(14+==)], 
eT 3 v 
where 7 is the longitudinal velocity of sound and 


2 
Syy Fry 
7=— 


(62) 


Ste 


The attenuation a; can now easily be obtained. 
From (61), (24), and (3) we get 


mu 
Jor] £+™=( 1 


eT 


i(ql)? 
+—* _)I (63) 
3w7(1+iwr) 


11 Jt may be argued that the attenuation given in (59) is inde- 
pendent of the Coulomb interaction between ions and electrons 
as the expression does not contain the electronic charge as a 
parameter. However, we must remember that (59) is an approxi- 
mation in which the large ability of the electrons to screen 
unbalanced charges has been considered. If the charge of the 
electron were much smaller than what it actually is, the better 
approximation (49) should be used. It is seen that, if the electron 
charge tends to zero, so does the attenuation. 


But, J,=Neu as can be seen from (7) and (8). Of 
course, this is only valid when the displacement current 
is neglected. At the acoustic frequencies that are of 
interest to us the displacement current is extremely 
small as compared with Neu. Proceeding as before, 
it can be shown that 


Nm |a|? 
pvtln 3 


(64) 
For w,.7>>1, 


(65) 


=|" ee) 
ge 2 ° 
pv7l15 (w.7)* 
Equation (65) tells us that the attenuation of a longi- 
tudinal wave increases asymptotically to a constant 
value as (w,7) increases. When Ho=0, 


a;(0)=——| — (66) 


| a? tana 
pvt 3( 


~ | 
a—tan'a) 


which again is in agreement with the result given in 
reference 9. Once more we give the expressions for the 
limiting cases of a1 and a>>1. They are 


‘ 4N mv?" 9 23 
a,(0) =~ “Tia a] (67) 
5 1 : 


15pv;* 3! 75 


for a<1, and 
a1(0)=aNmiqo/Opv;" (68) 


for a>>1. 


V. ATTENUATION OF ULTRASONIC WAVES IN 
A LONGITUDINAL MAGNETIC FIELD 


The attenuation of acoustical waves in the presence 
of a magnetic field Ho pointing in the direction of 
propagation of the wave has been considered by 
Kjeldaas.'* Let us consider a wave propagating in the 
z direction with the particle velocity u in an arbitrary 
direction. The case of a transverse wave is particularly 
interesting as we shall see later. If we consider the 
portion of the Fermi surface corresponding to electrons 
having a component of velocity 2 cos@ in the z direction, 
then if Ho is such that 


We= Wt qvo cos8, (69) 


we find an absorption that is very similar to that 
obtained in cyclotron resonance. In fact, the electrons 
travelling with velocity +  cos@ along the z axis will 
experience an electric field having a frequency v’ 
= vl 1+ (09/r,) cos#]. Then if the field Hy is such that 
(69) holds, the electrons we are concerned with will 
observe a field E which is always in the same direction. 
Therefore, an absorption of energy results. 

To develop the theory quantitatively, we start from 


2 T, Kjeldaas, Jr., Bull. Am. Phys. Soc. Ser. II, 3, 180 (1958). 
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Eqs. (18) and (20). These equations become 


1+iwr—igl cosé 
‘eee , 
WT 


J dé sin’ 
ae = tos. f ; ’ 7 r _ ) 
0 1+iwr—igl cosdFiw.r 


where & is defined as in (28) and 


J4=Jtily, (72) 


with a similar expression for 6,. The z component of 
the current density J, turns out to be completely 
independent of the presence of the magnetic field. The 
attenuation in this case, is simply that given in Eq. 
(66). It only remains to consider the transverse waves. 
From (71) we get 


3084 * d@sin*é 
4(1+iwrFiw.t)“9 1—iay cosd 


with a, defined as 


(73) 


gl 


ay4.= . 
1+1(wFw,)r 


Performing the integration in Eq. (73), we find 


o by 
tan“'a,—1 [: 


3 jaa +1 
J,=— : 
1+ir(wFw,) 2a3?! ay 


The attenuation is now calculated as before. 

A more detailed analysis of the situation encountered 
here is desirable. However, it turns out to be no simple 
matter to get an expression for the attenuation for the 
intercsiing range of values of the parameters gi and w,7. 
As we have stated before, electroacoustic resonances 
should occur for electrons satisfying (69). The impor- 
tant values of the parameters are gi/2 1 and w.r~1. An 
order of magnitude estimate of the effect is given in 
the next section. 


VI. DISCUSSION 


The present theory of the attenuation of acoustic 
waves is unsatisfactory from the experimental point of 
view. In fact, the behavior both at very large fields 
(w.7>>1) and in the region where maxima and minima 
of the attenuation as a function of |Ho! occur, is not 
obtained on this model. The attenuation for large fields 
in a transverse wave such that wo is parallel to Ho 
(q being perpendicular to uo) decreases inversely as the 
square of |Ho| while the experimental result shows a 
decrease as |Ho|~!. This result probably arises from 
the limitations in the validity of the Boltzmann 
transport theory for large magnetic fields, and is also 
encountered in other galvanomagnetic phenomena such 
as magnetoresistance.’* The failure of the theory to 


wR, G. Chambers, Proc. Roy. Soc. (London) A238, 344 (1957). 


account for the oscillations in a before decreasing with 
|Ho| is a more serious one from our standpoint. We 
have discussed the reason why our treatment fails to 
show the oscillations in Sec. I. Similar difficulties arise 
when up is perpendicular to both q and Ho, with uo 
again normal to q. Here, for large fields, the attenuation 
increases indefinitely as |Ho|*. The difference in the 
large magnetic field behavior for the two possible 
directions of polarization of the transverse wave can 
easily be understood on the electron gas viscosity 
picture. In fact, in the case of Ho parallel to uo we 
expect the attenuation to decrease with increasing | Ho! 
because the presence of such a field decreases the vis- 
cosity of the electron gas. The electron gas viscosity 
Ho| makes the electrons 
in the 


decreases in this case because 
less effective in the transfer of momentum 
direction of propagation of the wave. When uo is 
perpendicular to Ho, for large |Ho| the electrons which 
are accelerated in the direction of up are immediately 
bent by the magnetic field so that their direction of 
motion is reversed. This produces large shear stresses 
in the electron gas and therefore a large attenuation 
results. This process creates a drift of the electronic 
cloud in the direction of propagation of the wave. This 
drift has the periodicity of u. If the drift were stopped 
by a Hall field, for example, then the attenuation would 
decrease with w.7 for large fields. The experimental 
result in polycrystalline copper’ is that the attenuation 
decreases with |Ho|. We believe this effect to be 
probably caused by Hall fields that can be maintained 
inside the meta! if the size of the grains is smaller than 
the ultrasonic wavelength. 

The most interesting case is, perhaps, the one con- 
sidered in Sec. V. Here we have an absorption that 
can, with justice, be called cyclotron resonance absorp- 
tion. Let us assume that we have a circularly polarized 
transverse ultrasonic wave. The effect of the presence 
of such a wave will be to set up a screw of radial electric 
fields in the metal. The pitch of the screw is the wave- 
length of the acoustic wave. The system of fields as 
a whole will be travelling along the direction of propa- 
gation of the wave with the velocity of sound. The 
electrons, in the presence of the external magnetic field, 
move in helical paths the pitch of which depends on 
the region of the Fermi surface in which they are. If 
the electrons turn in the same sense as the sense of 
polarization of the wave, and they have a component 
of velocity v» cos@) along the direction of propagation 
of the wave such that in one cyclotron period of time 
the electrons travel a distance \, i.e., if 

(2/we)Vo cos#o=A, (76) 
then the electrons will experience a field which acceler- 
ates them away from the axis of the helix in much the 
same way as in cyclotron resonance absorption. We 
observe that we can separate the contributions to the 
attenuation coming from carriers with charges of 
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different sign by using circularly polarized acoustic 
waves with the planes of polarization rotating in 
different directions. To give a detailed account of the 
ultrasonic attenuation in this case, we need to express 
(75) in terms of simple functions of the parameters g/ 
and w,7. This is not easy and we prefer to give a rather 
crude calculation of the effect. 

From Eq. (71) we see that the electrons which give 
rise to the cyclotron resonance are those having a polar 
angle @) in the Fermi surface such that 


COSOo= (wwe) /qvo= Fw-7/ql. (77) 


We see that in order to obtain a resonance we must 
have (w.7/gl)S1. For fields such that 1<gql<w,r 
<(qo/q)* the attenuation becomes independent of the 
field, but when w.7>>(qo/q)? the attenuation decreases 
as (wr). When w-7 Sq there will always be a portion 
of the Fermi surface around the polar angle 6) which 
will give an extra power absorption. The number of 
electrons that contribute to the power absorption 
depends on the relaxation time. If the relaxation time 
is very large, few of the electrons remain in phase with 
the electric field. The criterion to decide how many 
electrons contribute to the cyclotron absorption is the 
following. All those electrons with polar angle @ on the 
Fermi surface such that they do not get out of phase 
with E by more than \/2 in their mean free path will 
contribute to the power absorption. Therefore, the 
range in @ for the electrons giving cyclotron resonance 
is defined by 


| vor CoSA— vor COSA9| <d/2. (78) 


If gi>1 this range A@ of @ satisfying (78) is approxi- 
mately given by 
(79) 


The number of electrons contributing to the effect is 
proportional to the portion of Fermi surface in between 
the angles 0:+348, i.e., proportional to } sin#oA@. Thus, 
the change in attenuation from the value in the absence 
of cyclotron resonance is roughly 


Nmi1 71 T 
hei ( -—1)-, 
rpr, ¢\F ql 


where ¢ is defined in (45). We see that Aa is inversely 
proportional to both w and /, as we expect. In fact, the 
larger / is, the fewer is the number of electrons that 
contribute to the absorption. Also, if w is very large the 
screw of fields E we have considered can, in a relatively 
short time, get out of phase with the resonant electrons. 

According to the argument presented above, if we 
change the magnetic field slightly the attenuation a 
will remain practically unchanged. However, if we are 
in the region where w-~ qv an increase in the magnetic 
field will obliterate the increase in the attenuation. 
An experiment of ultrasonic attenuation in a longi- 


A= 21/ (ql sinBo). 


(80) 


tudinal magnetic field may, thus, give information 
concerning the extent of the Fermi surface in the 
different directions. For a successful application of this 
technique single crystals should be used. However, we 
do not believe that the distribution of effective masses 
for different sections of the Fermi surface can be 
resolved by an experiment based on this geometry. 
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MATHEMATICAL APPENDIX 


We shall briefly indicate here how Eqs. (33)—(36) 
were obtained from (29)-—(32). Let us consider oz:, 
which is the simplest example. We are interested in 
expanding the function 

(—1)'a* + 


1 
Ske ete a (CAD 
pale Prana rye Tia 


in a power series of a~. The product in the right-hand 
side of (A1) can be expressed in terms of I’ functions. 
Then we have 


Sey = (-1)0" 
4 sinh(zy) r=0 (r+4)(. +9) 
1 
x , 
PGytrt+iyl (—iytr+1) 


with ‘=ay. Consider now the function of the complex 
variable z defined by'® 


at? 1 
" (+4) (s+3) P(iyt+e+1)P(—iy+s+1) sines 
(A3) 





F(a,y)= 








This function is analytic except at the poles at s=0, 
+1, +2, --- and s=—4, —$. Take now the integral 
S-.2°P(sz)dz, where the contour of integration is a 
curve that runs from — & to 0 below the real axis, turns 
around the origin, and goes back to — © above the real 
axis. The integral of P(z) along a circle of infinite radius 


4“ E. T. Copson, Am Introduction to the Theory of Functions of a 
Complex Variable (Oxford University Press, London, 1935), pp. 
205-232. 

16 The consideration of a function of this type was suggested to 
the author by G. Dresselhaus. 


* 
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and centered at the origin, which is complete except for 


a small angle around | argz| = gives zero (see reference 
14, p. 219). This shows that 


(0+) 4 sinh (zy) 4 sinh(ry) 
J P(s)dg =—————_F (a, 7) —- —, (A4) 
TY 


- ary 


The integral on the left can be performed directly. 
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112, 


We get 


3r 3 1 
F(a,y)=— coth(ry) +=(1+—) coth(zry) 
4a 4a’ 47’ 


w (- ie e 


—— IT [1+ (wy). 


n=) 


(AS) 


This is the result we needed to prove (36). 
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Superconductivity and Ferromagnetism in Isomorphous Compounds 
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Isomorphous germanides of some of the rare earth metals are observed to become either ferromagnetic or 
superconducting. It is concluded that there is a close relationship between the two phenomena. 


INCE the discovery of ferromagnetism in ZrZno,! 
it has become increasingly more likely that the 
relation between superconductivity and ferromagnetism 
may be a much closer one than had until now been 
anticipated. We have recently found a number of iso- 


TABLE I. Transition temperatures of rare earth germanides. 


Crystal 
structure 


Transition 
temperature 


1.30°-1.31°K ? 

3.8°K tetragonal ThSiz 

1.49°K orthorhombically 
distorted ThSi. 


ScGez superconducting 
YGe. — superconducting 
LaGez superconducting 





er ae ee Curie point 
orthorhombically 

distorted ThSi, 
tetragonal ThSiz 
tetragonal ThSiz 





CeGe, ferromagnetic ~4.5°K 


19°K 
3.6°K 


PrGe, ferromagnetic 


morphous compounds which are either superconducting 
of ferromagnetic and which illustrate this point of view 
further. These compounds are being formed between 
elements of the third column of the periodic system 


1B. T. Matthias and R. M. Bozorth, Phys. Rev. 109, 604 (1958). 


and either germanium or silicon. Superconductivity or 
ferromagnetism was discovered in the germanides listed 
in Table I. In Table II measurements of the correspond- 
ing silicides are reported. 

From Table II it becomes evident that if any of the 
silicides aside from PrSiz should ever become super- 


TABLE IT. Transition temperatures of rare earth silicides. 


Crystal structure 





ScSie 
YSiz 


normal above 1°K ? 

normal above 1°K orthorhombically 
distorted ThSiz 

tetragonal ThSiz 

tetragonal ThSiz 

tetragonal ThSi, 


normal above 1°K 
normal above 1°K 
Ferromagnetic curie 
point at 10.5°K 
normal above 1°K 


CeSiz 
PrSiz 


NdSiz tetragonal ThSiz 








conducting or ferromagnetic, this could only happen 
at a much lower temperature than the corresponding 
germanides. From this, one might ask whether an 
electronic configuration favorable to superconductivity 
is also favorable to ferromagnetism? 

We would like to thank Professor F. H. Spedding for 
the scandium metal. 
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The simple classical theories of the dielectric constants and 
compressibility of ionic crystals lead to two relations among the 
experimental quantities from which arbitrary parameters have 
been eliminated, the Szigeti relations. Neither is satisfied by the 
data, indicating the inadequacy of these simple theories. The 
short-range repulsive interaction between ions with closed shell 
electron configurations is investigated, and an approximate inter- 
pretation of the Born-Mayer potential in terms of overlap integrals 
is developed. These results are applied to the interaction of model 
ions consisting of rigid charged shells bound to cores by harmonic 
restoring forces. Using this model, polarization mechanisms 
neglected in the simple dielectric constant theory, the ‘‘short 
range interaction polarization,” and the ‘exchange charge 
polarization” are described. Both arise from charge redistributions 


I. INTRODUCTION 


HE simple classical theory of the dielectric con- 
stants of ionic crystals! considers the following 
model: The crystal lattice is occupied by polarizable 
ions in static equilibrium of charge +Ze and polariza- 
bility as. This theory gives expressions for the extra- 
polated high-frequency dielectric constant €,, the low- 
frequency dielectric constant €9, and the characteristic 
frequency of transverse lattice polarization waves (the 
restrahlung frequency) wo: 


(1.1) 


(1.2) 





(1.3) 


pus 4a N(a,+a_) 


Here M is the reduced mass of the positive and negative 
ions; V is the number of ion pairs per unit volume; and 
A is the harmonic restoring force constant related to 
the short-range repulsion between the ions which in 
the simple theory for NaCl type alkali halides is given 
by A=6Ro/K, Ro being the nearest neighbor distance 
and K the compressibility. 

Of the parameters appearing in these expressions 
M, N, and Z are known if the crystal is specified and is 
assumed to be completely ionic. The polarizabilities a, 
and a_ for, say, the alkali metal ions and the halogen 
ions in alkali halides are known neither in vacuum nor 
in a crystal environment and are to be regarded as 
adjustable parameters in the simple classical theory. 

* Present address: Department of Physics, University of Illinois, 
Urbana, Illinois. 


1 See, for instance, M. Born and K. Huang, Dynamical Theory of 
Crystal Lattices (Oxford University Press, Oxford, 1954), Sec. 9. 
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occurring when the ions move with resulting changes in electron 
overlaps. Applied to a crystal, these ion models permit the 
derivation of generalizations of the Szigeti, Clausius-Mossotti, 
and Lorenz-Lorentz relations. The e*/e of the second Szigeti 
relation can then be calculated and comparison with the e*/e 
values derived from experimental data imply that the above 
polarization mechanisms must be at least in part responsible for 
the deviation of this parameter from unity. The failure of the 
first Szigeti relation is discussed and attributed to the inadequacy 
of the treatment of compressibility. The additivity feature of 
the simple theory and its absence in the refined theory are dis 
cussed in relation to the so-called vacuum and crystal ion 
polarizabilities. 


Consider the expression for ¢,, (1.1). It is a function 
only of V(a,+a_). If it is further assumed that the 
polarizability of an ion is the same in all crystals then 
€~ is said to possess the “additivity” property. If the 
additivity property holds for actual crystals it should be 
possible, for instance, to find 8 polarizabilities for the 
ions L+, Nat, Kt, Rb*, F-, Cl-, Br-, I> which through 
(1.1) would give the sixteen ¢,’s for the NaCl type 
alkali halides. Tessman, Kahn, and Shockley? (TKS) 
have determined such a set of crystal polarizabilities. 
These crystal polabizabilities have meaning only insofar 
as the simple model on which the expressions (I.1), 
(I.2), and (I.3) are based is valid. 

We can use (I.1) to express .V(a,+a_) in terms of 
€~. Substituting this V(a,+a_) into (1.2) and (1.3) we 
get two expressions from which the adjustable parame- 
ters a, and a_ have been eliminated: 


€9>=G[ex,4,N (Ze)? ], 
Mu?= Hex, WV (Ze)? ]. 


If A is expressed in terms of the lattice constant and the 
compressibility, (I.4) and (I.5) contain experimental 
quantities only. By eliminating alternately A or 
N (Ze)? between (1.4) and (1.5) these two relations can 
be written 


Mong? (eo+2)/ (ex +2) =A =6Ro/K, (1.6) 
€0—€n = (€o+2)*[4aN (Ze)? )/9M wr’. (1.7) 


In this form (I.6) and (I.7) are called the first and second 
Szigeti relations, respectively (Szigeti®-).6 The failure 
of the experimental data to satisfy (1.6) and (I.7) 
demonstrates the inadequacy of the model on which the 
classical theory is based. 
3 Tessman, Kahn, and Shockley, Phys. Rev. 92, 890 (1953). 

3B. Szigeti Trans. Faraday Soc. 45, 155 (1945). 

4B. Szigeti, Proc. Roy. Soc. (London) A204, 51 (1950). ‘ 

5 In Szigeti’s statement, (1.6) has A replaced by 6Ro/K and 
(1.7) has e replaced by e*, 


(1.4) 
(L.5) 
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The first Szigeti relation depends for its validity on 
both the classical theory of the dielectric constants and 
the theory of the compressibility which associates A 
with experimental data. If we define 


K*=6Ro(e, + 2) Mu? (eo+2), 


then a comparison of A* with the observed compressi- 
bility gives a check on the validity of the first Szigeti 
relation. If the relation were satisfied, A*/K=1. Values 
of K*/K derived from the experimental data are listed 
in Table I. It is seen that deviations of K*/K from 
unity are of both signs and are as great as 34% for RbI. 

The second Szigeti relation gives the difference 
between the high-frequency and the low-frequency or 
static dielectric constants. It is a relation that does not 
contain A and so does not depend in this classical 
theory on the validity of the theory of the compressi- 
bility as did the first Szigeti relation. As is the case with 
the first Szigeti relation, the second relation is not satis- 
fied by the experimental data. Accordingly Szigeti 
introduced a quantity e* in place of e in (1.7). e*/e is 
defined by 


(e*/eP= 9M ww? (en— ex \/4arNe(e,+2)?, (Z=1). 

If (1.7) were satisfied, e*/e would be unity. The values 
of e*/e derived from experimental data are given in 
Table I. For the cases given here, e*/e is always less 
than unity. 

Whereas the failure of the first Szigeti relation could 
be due to either the inadequacy of the theory of the 
dielectric constants and/or the theory of the compressi- 
bility, the failure of the second relation demonstrates 
the inadequacy of the dielectric theory itself. The 
success of the Born-Mayer equation for the cohesive 
energy and the fact that the Cauchy relations are 
approximately satisfied for alkali halides suggest 
strongly that these crystals are highly ionic in character. 
This makes it unlikely that the departure of e*/e from 
unity is to be ascribed to a departure from ionicity in 
these crystals. The suggestion of Mott and Gurney® 


TABLE I. Values of K*/K and e*/e derived from 
experimental data (Szigeti*). 


K*/K e*/e 
0.87 
0.93 
0.74 
0.69 
0.71 
KCl 0.80 
KBr 0.76 
KI 0.69 
RbCl 0.84 
RbBr 0.82 
RbI 0.89 


LiF 
NaF 
NaCl 
NaBr 
Nal 


®N. F. Mott and R. W. Gurney, Electronic Processes in Ionic 
Crystals (Oxford University Press, Oxford, 1948), second edition, 
p. 17. 


DIELECTRIC 


CONSTANTS 91 


that overlap alters the Lorentz local field drastically and 
thus accounts for the failure of the second Szigeti 
relation has been criticized by Born and Huang! and 
made to appear implausible. It is therefore of interest 
to know to what extent the departure of e*/e from unity 
can be understood on the basis of a model of an ideally 
ionic crystal, if it is assumed that the ionic charges are 
+e and not +e*. The fact that e*/e is less than one for 
the NaCl-type alkali halides suggests that in these 
cases, accompanying the electronic polarization of the 
ions and the polarization due to the displacement of the 
ions from lattice sites, there is some further polarization 
of opposite sign which has not been included. 

In the classical theory leading to Eqs. (I.1), (1.2), and 
(1.3) the only agency causing polarization is the 
effective field at the lattice sites composed of the 
externally applied field and the field due to the dipoles 
of the polarized crystal. We shall find that the nearest 
neighbor short-range repulsive interactions are also 
responsible for deformations resulting in polarization. 
These deformations are entirely neglected in the simple 
classical theory except insofar as they are responsible 
for the restoring force which limits the ionic displace- 
ments. Szigeti, in his paper deducing the second 
Szigeti relation, suggested that such deformations 
would cause the deviations of e*/e from unity, and 
Born and Huang present a phenomenological treatment 
of such distortion dipoles although without investigat- 
ing the details of their origin. The problem has also 
been treated by Yamashita’ and Yamashita and 
Kurosawa.’ Yamashita has carried out a quantum 
mechanical variational calculation of the polarization 
of LiF and MgO neglecting the positive-ion polariza- 
bilities. Using this calculation as a guide, Yamashita 
and Kurosawa propose a general theory in which a 
quadratic form for the energy similar to that used here 
is employed. However, their general theory in which 
the polarizability of both + and — ions are considered 
has more parameters than can be evaluated from the 
experimental data. In the present paper, using the 
quantum mechanical treatment of the nearest neighbor 
interaction as a guide, we are led to a simple physical 
picture of this interaction which allows us to evaluate 
and estimate quantities which can be identified with the 
unknown parameters of Yamashita and Kurosawa. 

We shall examine in detail a model of an ideal 
NaCl-type alkali halide crystal with overlapping ions. 
With a more complicated model than that of the 
classical theory it is not always possible to accomplish 
the elimination of all nonexperimental parameters to 
give simple Szigeti type relations among the experi- 
mental data alone. However, we shall be able to derive 
expressions for K*/K and e*/e in terms of parameters 
of the model. The property of additivity which the 

7 J. Yamashita, Progr. Theoret. Phys. Japan 8, 280 (1952). 


( § J. Yamashita and J. Kurosawa, J. Phys. Soc. Japan 10, 610 
1955). 
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simple model possesses will be seen not to hold for more 
elaborate models. We shall be able to understand, 
though, why it holds approximately and why Tessman, 
Kahn, and Shockley were able to find a not too bad 
“best” set of crystal polarizabilities. The relation of 
these polarizabilities to vacuum polarizabilities will be 
given a physical basis on the model. 

In Sec. IT the short-range interaction between ions is 
discussed and the magnitude of the exchange charge as 
a function of internuclear separation is estimated. In Sec. 
III an ion model is discussed. The implication of this 
model in the polarization process is treated in Sec. III 
where two polarization mechanisms neglected in the 
classical theory are found. These features are incor- 
porated into a theory of the polarization of an ideal 
crystal in Sec. V. 


Il. SHORT-RANGE ION INTERACTIONS 


We seek the explanation of the deviation of e*/e from 
unity in the details of the short-range or repulsive 
interactions between the closed-shell ions of the alkali 
halide crystals. In this section the interaction of two 
helium atoms is first discussed, this being the simplest 
system of two closed-shell atoms. The insight provided 
by studying this simple case is then applied to more 
complex ion pairs and an approximate interpretation of 
the Born-Mayer repulsion potential in terms of overlap 
integrals is given. 

The interaction of two He atoms is studied using a 
Heitler-London approach’ in which the atomic wave 
functions are taken to be products of hydrogen like 1s 
functions. The effective nuclear charge Z’ in these 1s 
functions used ultimately in deriving numerical results 
is Z’= 27/16, the value for the isolated He atom derived 
from a variation calculation using a product of 1s-type 
functions with Z’ as the variation parameter (see 
Pauling and Wilson”). 

We wish to calculate the interaction energy W 
given by 

WHES+Ev= Wo H|¥o)/(Lo| Vo) 


as a function of R. In (II.1), £,° and £;° are the energies 
of the two He atoms at infinite separation, and Wo is an 
antisymmetrized product wave function for the four 
1s selectrons. 

By treating the integrations and summations of the 
antisymmetrized wave functions in the standard way, 
it can be shown that the normalization integral can be 
expressed as follows: 


(Yo| Wo) = (1—S*)?, (II.2) 
where S is the overlap integral f-u4(1)u»(1)d7;. The 


® For closed-shell interactions such as these, the Heitler-London 
and the molecular orbital schemes are identical. See F. Seitz, 
Modern Theory of Solids (McGraw-Hill Book Company, Inc., 
New York, 1940), p. 262. 

1. Pauling and E. B. Wilson, Jr., Introduction to Quantum 
Mechanics (McGraw-Hill Book Company, Inc., New York, 
1935), p. 184. 
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AND 
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interaction integral similarly can be written (see 
Rosen!!:!2) 


W 4-2S? 
é (1-S) 
4Z tq? (1) y Ay 
dr,+— 
R 


dr \dr 





f tq? (1) 44? (2) 


12 


1-—-S? Tb) 





2—4S? tha(1)t¢q(2)uy(1)%,(2) 
= f - dr,drT 
(1—S?)? 


Tie 





dr \dre 


4S — 
(1—S*)? 


Ti2 





4SZ a(1)u(1 
ik (1)u,(1) (IL3) 


aT}. 

1i-S Toi 

It is interesting to notice that the interaction energy 
contains no kinetic energy. The expectation values of 
the kinetic energy operators in 7 all appear as terms in 
Ef and E;° and not in W; thus the interaction of the 
two helium atoms involves no change in the kinetic 
energy of the system in this first-order treatment. Lenz 
and Jensen" have treated this problem using Thomas- 
Fermi atoms and find in that approximation that the 
origin of the repulsion between rare gas configuration 
atoms lies in the higher kinetic energy of electrons in the 
overlap region. The kinetic-energy in the overlap region 
is considered to be higher because of the increased 
density there and the operation of the exclusion 
principle. It seems difficult to reconcile the Thomas- 
Fermi atom treatment with the Heitler-London treat- 
ment. The latter is surely the more realistic. 

The terms in (II.3) can be given a simple interpreta- 
tion in terms of the charge density associated with the 
wave function Wo. This charge density is given by 


p(1)=— (|e| /(¥o| Yo) f WotWodr’, —-(II.4) 


where the integration dr’ is over all spins and over all 
space coordinates except one, say coordinate (1). The 
result of this simple integration is 


p(1)=—[]e] /(1—S?) ][200.2(1) + 2u,7(1) 
—4Su_(1)up(1)]. (1.5) 


To the first order in .S? the first two terms, the “electron 
charge distribution,” are 


Per (1)= — |e] [(1+S?)2m?(1) + (1+-S*)2uy?(1)] (II.6) 


which we see to be the spherically symmetric negative 
charge distributions of the noninteracting helium atoms 


1 N. Rosen, Phys. Rev. 38, 255 (1931). 

2 N. Rosen, Phys. Rev. 38, 2099 (1931). 

8 See P. Gombis, Die Statistische Theories des Atoms und ihre 
Anwendungen (Springer-Verlag, Vienna, 1949), Sec. 18. 
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TaBLE II. Molecular integrals and W for He-He system. The integrals and W are given in atomic units. 6=Z’R. 


(DistetsteR) 


0.99785 
0.99956 
1.00000 
1,00000 


(KisaR) 


0.99997 
1.00000 
1.00000 
1.00000 


(Sista) 


0.09658 
0.04710 
0.02219 
0.01005 


increased by a factor of 1+.S*. The remaining part, the 
“exchange charge distribution,” to O(.S*), is 


Pex(1)=+|e|4Suq(1)u,(1), 


and is seen to be a positive charge distribution which is 
large where the overlap integrand is large. The charge 
distribution is thus regarded as the sum of the electron 
distributions on the atoms increased by a factor 1+.S* 
and a positive ‘exchange charge distribution” given by 
(11.7). The total exchange charge is 


(II.7) 


(11.8) 


dex f pex(1)dr1=4|e| 5° 


The total electron charge on each atom is — (1+.S*)2|e!. 

With the aid of this picture of the charge distribution, 
the terms in W (IT.3) can be interpreted. In order, the 
terms are: the Coulomb interaction between the 
electron charges on the two atoms; the Coulomb 
interaction between electron charges and the two 
nuclei, the electrons on atom a@ interacting with 
nucleus 6 and vice versa; the nucleus-nucleus interac- 
tion; the exchange charge interaction with itself; the 
exchange charge-electron charge interaction; and the 
exchange charge-nuclei interaction. 

It remains to calculate the integrals appearing in 
(II.3) so as to know their relative importance as con- 
tributions to W. These integrals have been expressed in 
terms of tabulated auxiliary functions by Kotani,, 
Amemiya, and Ishiguro.“ In the notation of these 
authors, (II.3) can be written to O(S*) with Z=2, as 


WR/=[(4+6S*) Dieter —8(14+S*) Kier R+4 | 


ha # 2Cyste1s1ek — 4ST yetsts1ekt + 8ST is1sR, (II.9) 


when it is noted that Cysistere is O(S®) and that Lystetsts 
and Jis;, are O(S). 

These integrals are tabulated in Table II for several 
values of Z’R=46, R in atomic units. The range of 6 has 
been chosen to give values of S similar to the overlap 
integral magnitudes in crystals (see Léwdin"®). 

The three terms in the square brackets of Eq. (II.9) 
correspond to the Coulomb interaction of the electron 
charges and nuclei. Since Disisisuk and Kyi.1,R are 
nearly equal to unity in the range considered, this 
square bracket is nearly equal to —2S*. Thus the con- 


4 Kotani, Amemiya, Ishiguro, and Kimura, Table of Molecular 
Integrals (Maruzen Company, Tokyo, 1955). 

16 P, Liwdin, A Theoretical Investigation into Some Properties of 
Tonic Crystals (Uppsala Almqvist and Wiksells, Uppsala, 1948); 
also Phil. Mag. Suppl. 5, 1 (1956). 


(CrstetateR) 


0.018585 
0.0048841 
0.0011732 


CONSTANTS 


(JiaisR) Ww 


0.2021 3.500X 10-? 
0.1041 7.467 X 10-3 
0.05107 1.665 X 10-3 

4.07210 


(ListeteaR) 


0.180830 
0.0918686 
0.045765 





tribution of the square bracket terms is small, negative, 
and decreasing in magnitude with increasing R. This 
corresponds to a slight attraction arising from the 
overlap of the charge distributions. The remaining 
three terms correspond to exchange charge interactions. 

Notice that the exchange-exchange and the electron- 
exchange interactions are attractive while the exchange- 
nuclei interaction gives a repulsive term. To a very 
good approximation (JisisR)~2S, ListersrR~2S, and 
Ciststa1ed?™~2S* so that we can write 


W2S*e?/R= eGex/2R. (II.10) 


Thus the exchange charge-nuclei interaction is respon- 
sible for the net repulsion between the two helium 
atoms. 

A more precise calculation gives the values of W listed 
in Table LI. These values are well expressed by the 
repulsive law 


W=4.6X10-” exp(—5/0.688) ergs. 


Slater’s calculation'® using more exact helium wave 
functions gives 


W=7.7X10-" exp(— 6/0.695) ergs. 


From Eq. (II.10) we see that if W is known as a function 
of R then we have a way of estimating the magnitude 
of gex. This method of estimating gx will be of im- 
portance in Sec. IV. 

Equation (IJ.10) shows that W for a pair of helium 
atoms is proportional to g-x/R and depends exponen- 
tially on R. It is plausible to assume that these features 
are retained in the interaction of pairs of more complex 
closed shell atoms. Accordingly it is assumed that the 
short-range interaction energy for such atom pairs can 
be written 


W=B exp(—R/p)="9ex/R, (11.11) 
where B, p, and y are constants. The first part of 
(II.11) is the assumption of the Born-Mayer theory of 
ionic crystals and that theory evaluates B and p in 
terms of the lattice constant and the compressibility. 
To evaluate the dimensionless constant y we need to 
know gx. Equation (II.8) for the exchange charge of a 
pair of overlapping helium atoms can be generalized to 
more complex atoms. If atom A has occupied states 
u;(i=1, ---, m4) and atom B has occupied states 
uj;(j=1, ---, mg), and if both A and B have no partially 


16 J. C. Slater, Phys. Rev. 32, 349 (1928). 
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filled electron shells then the total exchange charge is 
Gex=2\e| D0 S,7, (11.12) 
t7 


where S;;= fu;(r)u;(r)dr. 

The overlap integrals S;; have been evaluated for 
LiCl and NaCl by Léwdin" for a number of inter- 
nuclear separations. By using these S;; for separations 
closest to the measured lattice nearest neighbor 
distances and the values of B exp(—Ro/p) from refer- 
ence 1, values of y can be deduced. They are 4.2 and 
1.4 for LiCl and NaCl, respectively. 

Note that (II.11) and (11.12) imply that 


DS;7/R« exp(—R/p). 


This relation can be checked by using Léwdin’s overlap 
integrals for LiCl and NaCl. The assumption (II.11) 
is given supportj by that fact that a plot of 
logl (1/R) & Si7] vs R gives an excellent straight line 
over the range 5ay7<R<6.5ay (@y=1 Bohr radius). 
Furthermore the slope of these lines gives a p of ap- 
proximately 0.35 A in good agreement with the values 
of p deduced by Born and Mayer.' 

We shall assume that the constant vy is the same for 
all the lithium halides; also that among the sodium, 
potassium, and rubidium halides it is the same. One 
expects the value of y for the lithium halides to differ 
from that for the other alkali metal halides since Li* 
has an s shell outermost while all the other positive 
ions—Nat*, K*+, Rb*—have shells as outer shells. 

It is not unreasonable that 7 is larger for LiCl than it is 
for NaCl. The exchange charge is distributed more exten- 
sively in the lithium salts where it extends all the way to 
the lithium nucleus than it is in the sodium, potassium, 
and rubidium salts where the wave functions of the 
electrons participating in large overlaps are small near 
the nucleus. This has the consequence that the 
exchange-exchange interaction integrals will be con- 
siderable larger in the case of the latter salts than for the 
lithium salts. Since the exchange-exchange term is 
negative, this consideration leads one to expect that 
YNaCl <YLicI- 

The principal results of this section are the inter- 
pretation of the repulsion in terms of the exchange 
charge and the approximate relation (II.11). 

It will be necessary to consider how the short-range 
interaction between ions studied in this section is 
affected by the polarization of the ions. Before con- 
sidering this problem, a model for the ions themselves 
will be proposed. Then, in terms of this model, the 
question of the repulsive interaction between polarized 
ions will be treated. 


III. ION POLARIZATION MODEL 


The polarizabilities of a number of free ions have 
been calculated by Pauling'’ and Sternheimer.'* It is 
17L. Pauling, Proc. Roy. Soc. (London) A114, 181 (1927). 


18. M. Sternheimer, Phys. Rev. 96, 951 (1954); 107, 1565 
(1957). 
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desirable to understand the effects arising from the 
crystalline environment and not to conceal these 
effects in “crystal polarizabilities” to be assigned to 
the ions so as to satisfy the relation (I.1). Thus, in the 
following, the Pauling!’ free-ion polarizabilities will be 
used since in principle the vacuum polarizabilities 
should be used as input data. Assuming then that the 
free-ion polarizabilities are known, a picture of the 
charge distribution deformations in a polarized ion will 
be needed. This problem will be treated in terms of an 
ion model. 

In an ion those electrons far from the nucleus, being 
less tightly bound, are more profoundly affected by the 
application of an electric field than the inner electrons. 
Sternheimer has found that the polarizabilities of rare- 
gas-configuration ions are due almost entirely to the 
outermost shells. Accordingly a model is used which 
incorporates this qualitative feature. 

The rare-gas-configuration ions are considered as 
being constituted of an outer spherical shell of 
electrons and a core consisting of the nucleus and the 
remaining electrons. In an electric field the shell 
retains its spherical charge distribution but moves 
bodily with respect to the core. The polarizability is ~ 
made finite by a harmonic restoring force of spring 
constant k which acts between the core and shell. The 
two unknown parameters n and & will be chosen by 
considering the polarizability and ultraviolet dispersion 
of a gas of such model ions. ’ 

It is easy to show that the polarizability of this 
model ion in an applied periodic field of angular 
frequency w is given by 


a=aol 1— (w/w)? }, 


where ao= (ne)?/k, wo=k/nm, and e and m are the 
electronic charge and mass. Upon using the Lorentz 
local field, the static dielectric constant of the gas is 
given by 


(III.1) 


(eo— 1)/(€o+2)=$2Nao, (III.2) 


where N is the number of atoms per unit volume. 
For nonstatic applied fields with w<wo, the dielectric 
constant is given approximately by 


e=eot+m(eo—1)°[4eNne}e%. —(IIIT.3) 


The static dielectric constants and the frequency 
dependence of ¢ are known for the rare gases” and, 
according to (III.2) and (III.3), suffice to determine n 
and & for these atoms. The values of and & for rare 
gas atoms calculated in this way are found in Table IIT. 

If only the outer shells moved in polarization, and 
they did so in the manner assumed in the spring model, 
then the numbers 2 would be ny.=2, nye=6, na=6, 
etc. The rare gas n’s of Table III are thus not un- 


19 Using Sternheimer’s values for the polarizabilities does not 
much alter the calculated values of (e*/e). 

*C. Cuthbertson and M. Cuthbertson, Proc. Roy. Soc. 
(London) A84, 13 (1910). 
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reasonable. The increase in m for the heavier rare gas 
atoms suggests that these heavier atoms have more 
electrons far from the nucleus which can take part in 
the polarization. 

Neither the polarizabilities nor the ultraviolet dis- 
persion data is known for the alkali metal or halogen 
ions, so that it is not possible to treat them as we have 
the rare gas atoms. However, for a given rare gas 
electronic configuration it is reasonable to suppose 
that the change in polarizability accompanying a 
change in nuclear charge (e.g., the change in a from A 
to Cl-) will be due mainly to the altered spring constant 
while m remains the same. The classical agencies that 
tend to restore a polarized ion to an unpolarized state 
are the central field of the nucleus and the electron- 
electron Coulomb repulsions which tend to make the 
electrons assume a spherically symmetric distribution. 
Consider what happens if the nuclear charge of a rare 
gas atom is increased from Z to Z+1 without changing 
the number of electrons. To a first approximation the 
electron distribution is scaled down in its dimensions 
by a factor Z/(Z+1). The decrease of size of the elec- 
tron distribution puts the electrons both closer to the 
nucleus and to one another and therefore increases the 
effectiveness of the restoring agencies which appear in 
the spring model in the spring constant k. Therefore it 
will be assumed that the number of shell electrons n will 
be the same as that of the rare gas atom with the same 
electronic configuration. The spring constants & will 
then be determined from the Pauling polarizabilities on 
the assumption that these are good estimates of the 
vacuum free-ion polarizabilities. These m and k are 
given in Table III. 

Using the physical insight into the repulsive inter- 
action provided by the discussion of Sec. II and the 
ion model outlined above, the problem of the repulsive 
interaction of polarized rare gas configuration ions can 
be discussed. 

Consider for simplicity the case of two helium atoms 
differently polarized as shown in Fig. 1. 


TABLE IIT. Some data for rare gas atoms and derived quantities 
for isoelectronic ions. 


n k 
Spring model 
(107 cgs) 

2.24 5.77 
3.39 
0.511 
1.36 
2.97 
0.477 
1.08 
2.10 
0.474 
0.91 
1.62 
0.412 
0.736 


TKS> 
polarizability 
(10-% cm?) 


Pauling* 
polarizability 
(10% cm!) 
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or ion 
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0.03 
0.652 


0.41 
2.97 
13 
4.1 
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1.98 
6.44 


1.98 
7.10 
3.99 


=o 
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11.3 
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> See reference 2, 


DIELECTRIC 


CONSTANTS 
X Shell Centers 
@ Cores 


Fic. 1. Core and 
shell configurations 
for the interaction of 
two differently po- 
larized helium atoms. 





The short-range interaction energy can be estimated 
in the same way as was used to write (II.9) in the 
approximate form (II.10) except that R,,, Ree:, and 
Rseg must be used as denominators where before all 
the denominators were R. For instance, for the electron- 
core interaction the distance entering in the denomi- 
nator of the estimate of the corresponding term will be 
Rec, or Rseg in the polarized state (Fig. 1) where it was 
R in the unpolarized state. S? is clearly a function of 
R,,. Thus: 


1 
- ) (IIT.4) 
Rsce 


Rscy 


Rsey = Rys— 51, 
Rseg= Ry 3— be. 


Expand in powers of 6:/R,., 52/R,, to get 


2S? 4S? /5,—8, 
w= + (=) ++ SB ex(— Revo) (III.5) 
Re Rive 


Since the deformations of ions in the state of polariza- 
tion are very small compared with the lattice separa- 
tions that are encountered, we can neglect the second 
term. 

In using this spring model, the alteration of the 
repulsion due to polarization of the atoms will be 
estimated using (III.5). Knowing the state of polariza- 
tion of the ions and the separation of the ion cores 
we can deduce R,,; the short-range interaction energy 
is then given by Bexp(—R,,./p) rather than by 
B exp(—R/p). Thus the repulsion between ions is to be 
regarded as acting between the shells and not the cores. 
This modification constitutes the first improvement of 
the present theory over the simple classical theory. 


IV. SHORT-RANGE INTERACTION 
POLARIZATION MECHANISMS 


From the discussion of the short-range interactions 
of the ions that has preceded, we can now deduce two 
polarization mechanisms which are neglected in the 
simple classical model of Sec. I. 
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Fic. 2. The short-range interaction polarization. d, are the 
displacements of the shells with respect to the cores in the absence 
of repulsion between the ions. d,’ are the additional shell displace- 
ments resulting from repulsion. 


Short-Range Interaction Polarization 


First consider what happens due to the short-range 
interaction when pairs of ions are moved together as is 
the case in that polarization of a crystal due to the 
motion of the positive and negative ions. As we have 
seen, the shells of the ions repel one another and tend to 
become displaced with respect to the ion cores because 
of this repulsion. This is equivalent to a polarization 
of the ions. The restoring spring between the shell and 
the core is in general weaker in the negative ion than it 
is in the positive ion, and hence one would expect the 
polarization of the negative ion due to the repulsion of 
the shells to exceed that of the positive ion if the shell 
charges were the same. Referring to Fig. 2, we see that 
the polarization due to the short-range interaction is in 
the direction of the applied field for the positive ion 
and against the direction of the field for the negative 
ion. If the negative-ion “short-range interaction polari- 
zation” exceeds that of the positive ion, it is seen that 
there is a resulting net dipole per ion pair directed 
opposite to the applied field. Whether it will in fact be a 
net dipole directed opposite to the field depends, of 
course, both on the spring constants & and on the shell 
charges ne. For the NaCl-type alkali halides, the 
polarization due to this mechanism is indeed negative, 
as we shall see. As discussed in Sec. I, this is the sort of 
contribution to the polarization that serves to reduce 
e*/e to values Jess than unity. The short-range inter- 
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action polarization arises from a coupling of the 
ionic displacement polarization and the electronic 
polarization of the ions, a coupling beyond that which 
exists because of the Lorentz field. 


Exchange Charge Polarization”! 


There is another sort of polarization which is a con- 
sequence of the overlap of the ions and the resulting ex- 
change charge. When the repelling ions are moved with 
respect to one another there is a change in the overlap 
integrals and a consequent change in the exchange 
charge distribution. This change is responsible for the 
repulsive force between the ions at short distances. In 
a crystal the displacement of the ions in the polarization 
process causes such redistributions of exchange charge 
and the resulting forces cause the ionic displacement 
polarization to be finite. Associated with these charge 
redistributions is a net dipole moment per unit volume. 
This will be called the “exchange charge polarization.” 

Consider a chain of ions in a NaCl-type alkali halide 
crystal in equilibrium (no field) with their associated 
exchange charges (Fig. 3). 

Except for the end members of this chain, each ion in 
the crystal is surrounded by six nearest neighbors which 
are dissimilar to itself. The end members of the chain 
have only five nearest neighbors. There is an exchange 
charge between each pair of ions, and the ions have 
acquired increased negative charges from the electrons 
“excavated” to make the exchange charge. Although, 
of course, the exchange charges are distributed through- 
out some region they are represented schematically by 
squares in Fig. 3. Only those exchange charges along the 
line of the chain are shown. The charge magnitudes 
associated with the ions and the exchange charges are 
shown. The end atoms differ from the interior ones by 
a charge of magnitude |g/2!. 

Now consider the crystal in a polarized state with the 
positive-ion shells displaced relative to the negative-ion 
shells by a distance x. Figure 4 shows a line of ions in 
such a crystal. The center of exchange charge q: is a 
distance £ from the negative-ion shell center and qo is a 
distance y from the point halfway between the negative- 
ion shell centers. The dotted circles are ions in one of the 
four adjacent lines of ions. The exchange charges 3 


+4 4 4 ba) 


Fic. 3. Chain of positive and negative ions in an unpolarized 
crystal, showing exchange and electron charge magnitudes and 
positions. The large circles represent negative ions. 

21 After the completion of this work we have received an un- 
published manuscript from P. W. Anderson in which this exchange 
charge polarization effect is treated. Our results and those of 
Anderson on this effect are in good agreement. 
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are a horizontal distance ¢ from the equilibrium 
positions 0, Ro, 2Ro, --*, wRo, ---. Except for the ends 
of the chain the charges on the positive (small) 
and negative (large) ions are 1—4$(q:+¢2)—2q3 and 
—1—}(¢:+92)—2q3, respectively. The positive ion at 
the right end of the chain of Fig. 4 has a charge 
1—492— 2g; and the negative ion on the left end has a 
charge —1—}9,--2q3. The distance x is the displace- 
ment of the positive-ion shell relative to the negative-ion 
shell and so includes the electronic polarizability of 
the ions. 

Each row of q;’s is shared by two rows of ions. There 
are four rows of them surrounding each row of ions, so 
there should be two rows of q3’s associated with each 
line of ions in counting up the total dipole moment of 
the crystal. This, of course, includes too many rows of 
ga’s since it neglects absence of them at the surfaces. It 
is correct, however, to order 1/(N!) where N is the 
number of ion pairs in the crystal. 

From (II.11) we can calculate q:, g2, and qs: 

Ji= Jo 8X, (IV.1) 
where 
go= (RoB) (ye)~ exp(— Ro/p), 


8=90(p'— Ro). 
Similarly 


q2=qotgx, (IV.2) 








Fic. 4. Chain of positive and negative ions in a polarized 
crystal, showing exchange charge magnitudes and positions. 
(Exchange charge polarization.) 


and 


qg3=qo+O(z*). (IV.3) 


We need carry the expressions for these exchange 
charges only to O(«), as we shall see in Sec. V. 

We now calculate the dipole moment of the line of 
charges of Fig. 4. Since the net charge of this line with 
the two associated lines of q3’s is zero, the choice of 
origin is arbitrary. It is chosen to be at the negative-ion 
shell center at the left end. The dipole moment P for 
a line of N ion pairs with associated exchange 
charges is” 


+q2{[Rot+nJ+[(Rotn)+2RoJ+:+-+[(Ro+n)+2Ro(N—2))} 
+[1—}q1—3q2— 29s ]{[Rot+*J+[(Rot+«)+2Rol+:--+[(Rotx)+2R(N—2)]} 
+[—1—4y:—4q2—29s]{2Rot4Rot - +» +2Ro(N—2)}+[1—4q1—2gs {Rot x+2Ro(NV—1)} 


Performing the arithmetic sums in (IV.4) and using 
(IV.1), (IV.2), and (IV.3), we have for the dipole 
moment per ion pair (dropping terms of order 1/N) 


P/N =gx(n—§&) 
+qo(&+n—3a—Rot4{)+Rota, (IV.S) 


where the first term is the dipole due to changes in the 
magnitude of the exchange charges, the second term is 
the dipole due to the movement of the exchange charges, 
and the third term is the dipole of the chain of positive 
and negative ions. This third term is exactly canceled 
by a similar term in the neighboring chain in the 
crystal. The last term is the polarization due to the 
displacement of the ion shells. The first two terms 
constitute the “exchange charge polarization” per 
ion pair: 


Pexch/N = gx(n—£)+go(+n—3a—Rot+4s). (1V.6) 


By taking care, as has been done, to treat the end ions 
of the chain correctly (and this is essential if Pexen/N is 
to be unambiguous), the dipole moment per ion pair 
calculated using a chain starting on the left with a 
positive ion is exactly the same as (1V.6). 


+ 2gs{S+[h+RoJ+-+-+[$+(2N-1)Ro]}. (TVA) 





If it is assumed that initially, before the application 
of the electric field E, the exchange charge centers are 
at the points of tangency of the spheres possessing the 
Zachariasen radii r, and r_ (Kittel**) and further that 
the exchange charge center moves so as to keep the 
ratio of its distances to the two ion shell centers the 
same after polarization as before, then 


f=r_+1r_2x/Ro, 
n=r,+r_x/Ro, 
t=r_x/Ro. 


(IV.7) 


The Zachariasen, Pauling, and Goldschmidt ionic radii 
are very nearly the same for the ions considered here 
with the exception of Lit. In the case of Li* the 
Zachariasen radius has a value which lies between the 
Goldschmidt and Pauling radii and is arbitrarily chosen 
for use here. Substituting these expressions for &, n, ¢ 


2 The dipole moment due to the ion core displacements is not 
included in this expression since it is simply an additive term not 
of interest here. 

*% Charles Kittel,?Jntroduction to Solid State Physics (John 
Wiley and Sons, Inc., New York, 1956), second edition. 
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TABLE IV. Values of the parameters. The D/e (in units of 10~) are calculated by using (IV.9), where r,—r_ is set equal to the differ- 
ence of the Zachariasen ionic radii in the calculation of D/e and r,—r_ is set equal to — Ro in calculating (D/e)extreme. Here, as in the 
other calculations throughout, the Born-Mayer parameters B and p used are those given in reference 1, p. 26. y is deduced for the 
various salts in Sec. II. A is given by 6Ro/K, where Ro is the nearest neighbor distance and K is the compressibility from reference 1, 
p. 26. \, w, and » in terms of D and of quantities to be found in Table III are given by Eqs. (V.19) and (V.12). \, —u/e and v/é are 
given in cgs units. e*/e and (e*/e)extreme in the seventh and eighth columns were calculated by using (V.31) with e’=e+D 


and e’=e+-Dextreme, respectively. The (e*/e)ots are from Table I. 
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into (IV.6), we get 


Pxch /N =X (r, — r_)go (Ro— 4p) ‘pRo. (IV.8) 


Note that for r;<r_ this is opposite to the direction of 
the field. Since the Zachariasen radii of negative ions 
do, for the salts of Table I, exceed those of the positive 
ions, we see that the exchange charge polarization also 
contributes toward making e*/e<1. It is convenient to 
define the exchange charge polarization coefficient D 
by writing (IV.8) as 


Pexcn/N=((r,—1r_)B 


Xexp(—Ro/p)(Ro—4p)/pye]x=Dx. (IV.9) 


Using the values of r, and r_ given in reference 23, 
p. 81; B exp(—Ro/p), p, and Ro from reference 1, p. 26; 
and y from Sec. II, we can then calculate values for 
D/e. They are listed in Table IV. All the D’s are nega- 
tive except that for KF which is zero and that for RbF 
which is positive. The values labeled (D/é)extreme are 
calculated on the assumption that the exchange charge 
is at the center of the positive ion. These values will be 
useful in estimating how much alteration in the cal- 
culated of e*/e is to be expected if gexch were in fact 
located nearer the positive ion core than it has been 
assumed to be. 

The assumptions that go into the calculation of D are 
rather rough. They are 


(1) Assumption of the relation between exchange 
charge and the interaction energy, Eq. (II.11). 

(2) The relation of the interaction energy parameters 
B, p to the compressibility and lattice constant. (See 
Sec. V.) 


A 
(104 ergs/cm?) A X107 


(e*/e obs 


—p/e X10° v/e? X105 e*/e (e*/e extreme 





0.88 
0.90 
0.90 
0.88 


0.883 0.464 
1.60 
2.08 


3.12 


0.87 


0.86 
0.84 
0.82 
0.83 


0.87 
0.84 


0.84 
0.82 


0.88 
0.84 
0.83 
0.85 





(3) The assumption as to the position of the center of 
exchange charge. 
(4) The proportional motion of the exchange charge. 


Because of the compounded uncertainty of these 
assertions it would not be surprising if D as listed in 
Table IV were incorrect by more than a factor of two. 


V. POLARIZATION OF CRYSTAL MODELS 


We are now ready to incorporate the model ions 
which we have discussed in Sec. III into a model crystal. 
We consider a NaCl-type lattice with positive and 
negative ions at the lattice sites of interlocking face- 
centered-cubic lattices omitting phonons. It will be the 
procedure here to find the Lagrangian of this system 
polarized in an applied electric field on the assumption 
of long polarization waves in the lattice. The solution 
of Lagrange’s equations of motion will then allow us to 
calculate the dielectric constants of the model. 

It will suffice to consider the electric field applied in 
the direction of a crystal axis since the dielectric 
properties of a cubic crystal are isotropic. 

Consider a state of polarization of such a crystal made 
of spring model ions in the presence of an applied field. 
The field and the polarization are assumed to be constant 
over a region including very many lattice sites. As 
shown in Fig. 5, in the state of polarization the ion 
cores are displaced distances x, and x_ from the lattice 
sites in the direction of the applied field (the X axis). 
The shells are displaced distances d, and d_ from the 
cores. These x’s and d’s will be the generalized coordi- 
nates in the Lagrangian formulation of the problem. We 
seek the kinetic energy JT and the potential energy V 
of this system. The potential energy has three parts: 
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V., the electrostatic energy; V,,, the short-range 
interaction energy; and V,,, the self-energy of the 
polarized ions, i.e., the restoring spring energies of the 
ions. Thus the Lagrangian can be written: 


L=T—(VetVertVee)- (V.1) 


Electrostatic Energy V, 


In calculating the electrostatic energy of the polarized 
crystal model, the charge distribution is expanded in 
multipoles about the lattice sites. Since we will be 
interested in the potential energy only to second order 
in the applied field and since x«,, «_, and d,, d_ will be 
of first order in the applied field, multipoles of higher 
order than quadrupoles need not be considered. About 
a positive-ion site the multipoles due to the positive-ion 
core and shell include a monopole +e, a dipole directed 
along the positive x axis of magnitude ex,—n,ed,, and 
a quadrupole which is of second order in the applied 
field and has only an xx component. Here nm, is the 
number of electrons on the shell of the positive ion. The 
uniformly charged spheres of the spring model are very 
convenient for the calculation of these multipoles since 
they can be replaced by point charges. About a negative 
ion site there are a monopole —e, an x axis directed 
dipole of magnitude —ex_—n_ed_, and a quadrupole 
which is of second order in the applied field. 

In order to write down the electrostatic energy of 
these multipoles, we must know the electrostatic 
potential at and near to the lattice sites. For charges 
distributed axially, as in this case, the energy of inter- 
action of the distribution with the local field is 

IV ioc FV toe 

+ 

Ox* 


Ox 


P Ving t+ * 


where P', P*, and P* are the monopole, dipole, and 
quadrupole moments, respectively. The local field is 
the sum of the applied field plus that field due to the 
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Fic. 5. The generalized coordinates used in expressing the 
Lagrangian of the model crystal. 


multipoles other than those at the lattice site in ques- 
tion. The latter field for the case of a transverse polari- 
zation wave, of wavelength long compared to the lattice 
constant and short compared with the size of the 
dielectric sample, is, in the Lorentz approximation, 
composed of the Lorentz field 4%P/3 and the de- 
polarizing field. In this case the macroscopic field 
appearing in Maxwell’s equations is the sum of the 
applied field and the depolarizing field. 

Consider first the energy of the multipoles in the 
macroscopic field. The monopole contribution is zero 
when summed over the crystal because of the electrical 
neutrality of every plane of lattice points perpendicular 
to the macroscopic field on which the potential due to 
the macroscopic field is constant. Considering the 
macroscopic field as being uniform, the field has no 
gradient and the quadrupole energy of interaction with 
the macroscopic field is also zero. This leaves only the 
dipoles with nonvanishing energy of interaction with the 
macroscopic field. 

Of the interaction of the multipoles with one another 
we need retain only those contributions of, at most, 
second order in the displacements. Thus only the 
monopole-monopole, monopole-dipole, monopole-quad- 
rupole, and dipole-dipole interactions need be considered. 

The monopole-monopole interaction energy is in- 
dependent of the displacements or the applied field 
since piezoelectric effects are absent in crystals with 
center-of-inversion symmetry (such as alkali halides). 
Thus the monopole-monopole contribution to the 
potential energy in the Lagrangian is merely an additive 
constant, the Madelung energy. The monopole-dipole 
term is zero since the field at a lattice site due to the 
monopoles in a cubic array is zero. 

The monopole-quadrupole term is given by 
3p'(0°V /dx*), where V in this expression is the potential 
due to positive and negative monopole charges dis- 
tributed on a NaCl lattice. Since in a cubic crystal 
°V /dx*=0 at a lattice site, the quadrupole-monopole 
interaction also vanishes. 

Thus the electrostatic potential energy of the 
polarized crystal reduces to just that due to the inter- 
action of the point dipoles with the macroscopic field 
and with one another. The dipole moment per ion pair 
due to displacements x, and d, is 


e(x,—x_)—n_ed_—n,ed,. 


This does not include the exchange charge polarization 
per ion pair, which is given by 


D(x,+d,—x_—d_), 


* This is true even when one considers the increased electronic 
charge on the ions which comes to them from the exchange charge 
region. This alteration of the ionic charge from unity is given by 
Aq= — $¢:—4¢2—¢s= —2qo=constant. (The notation is that of 
Sec. IV.) Since Ag is a constant, the correction for it in the Made- 
lung energy is independent of the ionic displacements, and the 
Madelung energy thus corrected is stil] merely an additive con- 
stant in the electrostatic energy of the crystal. 
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where D is defined in Eq. (IV.9) and x,+d,—x_—d_ is, 
in terms of the generalized coordinates, the displace- 
ment of the positive-ion shell relative to the negative- 
ion shell. 

The exchange charge dipoles are not well represented 
as point dipoles but arise from extended distributions 
of charge. The interaction of these exchange charge 
dipoles with the macroscopic field, with the “point 
dipoles” of the polarization of the ions and the dis- 
placement polarizations, and with one another is a 
complicated problem. Here it will be assumed that the 
exchange charge polarization is to be incorporated 
exactly as the usual dipoles are; that is, it is assumed 
that they contribute to and experience the same local 
field as they would if they were point dipoles at the 
lattice sites. The expression (V.31) for e*/e that results 
from the present analysis can be shown to be quite 
insensitive to considerable variation of the local field. 
Thus we write the total dipole per ion pair, p, as 


)—n_ed_— neds. 
+D(x,+d,—x_—d_). 


p=e(x4.—x- 
(V.2) 


= Np is the dipole moment per unit volume, where V 
is the number of ion pairs per unit volume. The poten- 
tial energy of the dipole (V.2) in the macroscopic field is 
— pE mse. The local field due to the other dipoles is the 
Lorentz field (4%/3)N p (we are considering long trans- 
verse polarization waves in the lattice). The dipole- 
dipole interaction energy per ion pair is then 


—3(4eN p?/3)=—3Cp*. (V.3) 


The 4 is included to avoid counting each dipole-dipole 
interaction twice. It has here been convenient to 
introduce the notation 


C=44N/3. (V.4) 


We have, finally, an expression for V,: 


V.=—pEme—3CP* (V.5) 


per ion pair. 


Short-Range Interaction Energy 


The short-range interaction is the origin of another 
contribution to the potential energy of the polarized 
crystal. The relative displacement of the positive and 
negative ion shells is given by «= (x,+d,—a_—d_) so 
that, per ion pair, the short-range interaction energy is 
given to the lowest order in x by 


V.-=}Ax*+constant (V.6) 


where 
A=2B exp(— Ro/p)(Ro—2p)/Rop’. (V.7) 


Notice that this term involves a cross term between the 
x,’s and d,’s and thus couples the ion displacement 
polarization with the electron cloud polarization of the 
ions. The short-range interaction polarization is there- 
fore built into the Lagrangian that we are constructing. 
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Also, note that A is related to the compressibility 
according to the Born-Mayer theory and given by 
6Ro/K. 


Self-Energies of the Ions 


According to the spring model, the self-energy of per 
ion pair is 


Vse= dhydy?+pk_d’, (V.8) 


where k, and k_ are those spring constants given in 
Table IV. 


Kinetic Energy 


We neglect the kinetic energy of the electrons, that 
is to say, the kinetic energy of the shells. This assump- 
tion is valid so long as we only consider applied fields 
with frequencies well below the ultraviolet dispersion 
region of the crystal. In that frequency region the 
phenomena are such that the spring model would be 
inadequate in any case. Thus we write the kinetic 
energy per ion pair 


T= $M 444?+}3M_i’, (V.9) 


where M, and M_ are the ion masses. 
The Lagrangian (V.1) per ion pair, using (V.5), 
(V.8), and (V.9), is 


L =} M24? +4 $M _i_?+- pEmct4 Cr 
21 1 Ax? — tk,d,? —tk_d_’. 


(V.6), 


(V.10) 


Written explicitly in terms of the generalized coordi- 
nates, (V.10) becomes 
L=3M44°+3M_4? 
+[e’ (x,—x_)—B_d_—B,d, ]Emac 
+43C[e' (x4.— «_)—B_d_—B,d,F 
—}4A(x,+d,—x_—d_)* 

— tkid,?— $k_d_*, (V.11) 
where terms containing Emse and C have been simplified 
using the definitions: 

(e+D)=e’, 
n_e+D=B_, 
n,e—D=8,. 


We now consider Lagrange’s “my of motion, 


(V.12) 


at -(=)-> 0g: A 


Multiply the x_ and x, equations, respectively, by M,’ ' 
and M_ and subtract. This yields the equation 


M@X /dé=e' Emso+Ce?X —Ce' (B_d_+B,d,) 
—AX—A(d,—d_), (V.13) 


where 


M=M,M_(M,+M_)", (V.14) 
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and 


X=%,—-2x_. (V.15) 


This is merely a conversion to coordinates expressing 
the relative motion of the positive and negative ions. 
The motion of the center of mass is not of interest here. 
Assuming that Eimsc(t)=Emace'*', X(t)=Xe'*', and 
d,(t)=d,e**', then Eq. (V.13) becomes Eq. (V.16). 
This equation with the d, and d_ Lagrange equations of 
motion give the three equations 
(—Mu?—Ce'?+A)X+ (Ce/B_—A)d_ 
+ (Ce'B, +A)ds=e' Emae, 
— (Ce'B_— A)X+ (CB?—k_— A) d_ 
+ (CB_Bs.+ A )dy. =B_Emac, 
— (Ce'B,+A)X+ (CB_B,+A)d_ 
+ (Cp,2— ky —A )d, = Bs, E mse; 
which must be solved for x, d,., and d_. 

It is useful to define the following quantities: 
A=1/ky+1/k_, 
u=B,/ky—B_/k_, 
v= B,?/k,+B_*/k_. 

Then we have, by a straightforward calculation, 
AX/kyR-Emue= Ae’A+e'+ Ap, 
Ad_/Emsc=Mu*{k,B_+A (8,+8-)] 
+Ak,(e’—B_), 
Ad,/Emsc= Mu? k_B,+A (8.+6-)] 
— Ak_(e'+8,), 
_ where A, the determinant of the coefficients of (V.16), 

(V.17), and (V.18), is given by 

A/kyk_=((A —Ce”) — AC (A? + 2e'u +r) J 
—Mo*[(1+Ar)(1—Cv) + ACr*). 


(V.19) 


(V.20) 
(V.21) 


(V.22) 


(V.23) 


The polarization per unit volume, P=N (e’X —B_d_ 
—8,d,), can be written in terms of these quantities. 
Further, we can write an expression for the dielectric 
susceptibility which is defined by the equation P= xE msc. 
Comparing the resulting expression for x with the infra- 
red dispersion relation 


X= [Xo—X_ (w/w)? |[1— (w/wo)* F, 

we can identify the following expressions: 

3 e”-+- A (e+ 2ue’+v) 
a—C re 

4en (A—Ce)—AC(de?+ 2ye’+r) 

3 v+A(Av—p?) 
Xe =—C ’ 
4r (1+AA)(1—Cv)+ACy? 
(A—Ce’?)— AC (de?+ 2ye’ +A) 

(14+-Ad)(1—Cr)+ ACH 


(V.24) 





Me (V.25) 


(V.26) 








Mw?= (V.27) 
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With these we can construct generalizations of the two 
Szigeti relations and the Clausius-Mossotti, Lorenz- 
Lorentz equations. 

The generalized first Szigeti relation is 


Moog? (€0+2)/ (€e+2)=A(1+Ad)=6Ro/K*.  (V.28) 


The generalized second Szigeti relation is 


(=) 4nN [|| 
oo; Fe, ——— é’ iia emma a saan 
1+Ad 


= 4 N (e*)?(€.+2)*/9Ma?. ’.29) 


3 Ma? | 


According to (V.28) and (V.29), we have 
K*/K=1+Ah, (V.30) 
e*/e= (e’/e)[1+(Au/e’)(1+AA)].  (V.31) 


A is defined in Eq. (V.7), \ and yw are given by Eqs. 
(V.19), and e’ is defined in (V.12). 

All of the parameters that occur in the expressions 
(V.30) and (V.31) have been estimated so that estimates 
of e* and K* can be made on the basis of the present 
model. 

The generalized Clausius-Mossotti 
Lorentz relations are 


(€o— 1) (€o-+ 2) = $4 N (e'2/A +2e2-+ Que’ +7), 


and _ Lorenz- 


(V.32) 
and 


(€n—1) (€2+2)1=4aN[y—Ap?/(14+AX)].  (V.33) 


In Table IV are given values of e*/e calculated using 
both D/e and (D/e)extreme. For the assumptions which 
yield the values of D/e given in the first column of Table 
IV, the short-range interaction polarization mechanism 
contributes somewhat more to the deviation of e*/e 
from unity than the exchange charge polarization 
mechanism. The slight difference in the relative 
importance of the mechanisms is reversed for the case in 
which (D/e) xtreme iS used. 

The predicted values of e*/e are seen to be too high 
for the most part, though they follow in general, with 
less extreme changes, the trends of the observed values 
of e*/e. The values omitted from the observed e*/e 
column are missing because the reststrahlung fre- 
quencies for these salts are apparently unknown. It is 
regrettable that wo is not known for RbF since for this salt 
the model predicts e*/e>1. The crudeness of the many 
approximations makes the rather poor numerical agree- 
ment of the calculated and observed e*/e not surprising. 
However, it seems very convincing that the mechanisms 
discussed in Sec. IV, the short-range interaction 
polarization and the exchange charge polarization, are 
responsible for at least part of the deviation of e*/e from 
unity. 

An idea of how much iraprovement in the value of 
e*/e could be expected from assuming gexen to be nearer 
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the positive ion than supposed in the present calculation 
is furnished by (e*/e)extreme. These values for e*/e are 
calculated on the assumption that the exchange charge is 
at the positive-ion core, certainly an upper bound on the 
displacement of the position of the exchange charge 
toward the positive ion. It is seen that these extreme 
values are rather close to the observed values except in 
the cases of very low e*/e: NaCl, NaBr, NaI, KBr, KI. 
Of course, this is not the only manner in which D 
might be altered ; for instance, the values used for y may 
be in error. 

The calculations of e*/e and K*/K have been carried 
out with an entirely different ion model than the 
spring model described above. In this alternative model, 
the ion is again regarded as a shell and core though in 
this case the shell is fixed with respect to the core. The 
electron density on the shell in the presence of a time- 
varying electric field is taken to be proportional to 
(1+¢ cos) when the field is applied in the @=0 direc- 
tion. ¢ is calculated to first order in the electric field. 
The restoring force in this case is the Coulomb inter- 
action of the charges on the shell. In this “tidal model” 
the undetermined parameters are the radius of the shell 
and the number of electrons on it. These are determined 
from the experimental data for the rare gas atoms and 
the Pauling polarizabilities in the same manner that 
k and m were determined for the spring model. All of the 
features and mechanisms that have been described for 
the spring model can be given an interpretation in 
terms of this tidal model, and on this basis values for 
e*/e and K*/K can be deduced. The results for the two 
ion models are in close agreement, the spring model 
giving slightly smaller values for e*/e than the tidal 
model. It is interesting that the two models which 
differ considerably in their details should give such 
similar values for e*/e, and the fact that they do 
suggests that the underlying physical arguments have 
some validity. 

With regard to the additivity property, we note from 
Table IV that Ap?/[v(1+AX)]~10~ in cgs units. 
Hence the Lorenz-Lorentz equation can be written to a 
good approximation as 


(€o—1) (€o+2)=§aNv=§aN[ (B2/k_)+ (B,7/k,) J. 


Thus, although the generalized Lorenz-Lorentz equa- 
tion (V.33) does not strictly admit the assumption of 
the additivity property for ¢,., it does so approximately. 
B?/k_ and 8,*/k, are crystal polarizabilities which 
differ from the vacuum polarizabilities in the same way 
as the TKS polarizabilities differ from the Pauling 
or free-ion polarizabilities. For one has 


B_?/k_= (n_e+D)?/k_< (n_e)*/k_ 
= Pauling polarizability of — ion; 


B4?/ky = (nye_D)?/ky> (nse)*/ky. 
= Pauling polarizability of + ion. 


Ame a TW . 
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Quantitatively D is too small to account for the differ- 
ence between the TKS and the Pauling polarizabilities. 

Now consider the predictions of K* given by the 
model. Equation (V.30) predicts K*/K values slightly 
greater than one, whereas the experimental values of 
Table I differ from unity by as much as 34% and show 
both positive and negative deviations. It is interesting 
to notice that this difficulty is more or less unrelated to 
the disagreement between experiment and the present 
theory with regard to e*/e. For instance, if the exchange 
charge polarization parameter D, the magnitude of 
which is rather doubtful, where greater in magnitude it 
would tend to improve the theoretical prediction of 
e*/e, and it is likely that improvement in the theoretical + 
e*/e lies in this direction as we have seen in the calcula- 
tion of (e*/e)extreme K*/K, however, does not depend on 
D at all. 

Since the first Szigeti relation is quite insensitive to 
the polarization mechanisms introduced in our model, 
as evidenced by the small deviations from unity 
predicted by (V.30), it seems likely that an explanation 
of the deviations of K* from K is more to be sought in 
the theory relating A with the elastic constants than in 
the dielectric theory. 

A is related to the parameters of the Born-Mayer 
potential, and these parameters have been determined 
on the assumption that only the nearest neighbor 
repulsive interactions and the Coulomb interactions of 
point monopoles are present in the crystal. The failure 
of the Cauchy relations even for alkali halides indicates 
that this assumption is in error. It is clear that the 
Born-Mayer potential derived in the absence of other 
interactions than these will not necessarily be an 
accurate representation of the nearest neighbor inter- 
actions. The Born-Mayer parameters will then give an 
erroneous value for A which is related only to the 
nearest neighbor interactions. Among the neglected 
interactions are clearly the next nearest neighbor 
interactions. Also, using the picture furnished by the 
model of the crystal containing exchange charges we. 
see that in this model the interactions of these small: 
charges should be included. When the crystal is strained 
these exchange charges move and change in magnitude. 
The interaction of ions A and B, say, and their associ- 
ated exchange charges will depend on the magnitude 
and positions of these associated exchange charges. These 
magnitudes and positions are determined by the positions 
of the neighbors nearest to A and B. Thus theinteraction 
of A and B depends on the configuration of ions other 
than A and B and hence the presence of the exchange 
charges gives a “many-body” character to the interaction 
of the ions in the crystal. This probably corresponds to 
Léwdin’s “S-energy” contributions in the theory of the 
cohesive energy and elastic constants of the alkali halides. 
The “S-energy” or “many-body” contribution to ¢;2: and 
Cus is as great as 30% of the electrostatic contribution 
according to Léwdin. The many-body effects are there- 
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fore not negligible, and the values of A used here are 
somewhat in error. 

Instead of using the static lattice bulk moduli and 
lattice constants to evaluate the Born-Mayer potential 
parameters, as would be correct, the room temperature 
values of K and Ro were used. It is estimated that the 
static lattice compressibility is about 10% lower than 
the observed room temperature compressibility and 
that the lattice constant of the static lattice is a few 
percent lower than the observed room temperature 
value.' This correction will be neglected here, such a 


SUMMARY 


The results of this study may be briefly summarized 
as follows: The mechanisms of polarization described 
in Sec. IV must be responsible for at least part of the 
deviations of e*/e from unity. These mechanisms also 
give a qualitative explanation of the deviations of the 
so-called crystal polarizabilities from the free-ion 
polarizabilities. The explanation of the deviations of 
K*/K from unity is to be sought in a more sophisticated 
theory of the elastic constants than that used here. 
The model of the short-range repulsive interaction in 


terms of the exchange charge introduces many-body 


refinement being unwarranted by other approximations 
forces into a Born-Mayer type model of the crystal. 


in the theory. 
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Studies are presented here on reactor-irradiated alpha aluminum-oxide single crystals. These are a con- 
tinuation of the use of long-wavelength neutron transmission for determining the concentration and types 
of defects produced in solids by high-energy particle irradiation. The material exhibited crystallographic 
stability to fast-neutron irradiation at temperatures <40°C, and the results indicate a total number of 
defects approximately 40 times less than that predicted by current theories. Correlation with macroscopic 
density changes is good. Examination of the wavelength dependence of the neutron scattering indicated 
that the damage may be partly Al-O vacancy pairs at room temperature. Annealing of the material pro- 
duced no decrease in the concentration of defects from room temperature to 400°C, a steady decrease from 
400°C to 1250°C, and nonuniform changes in neutron scattering and visually observable optical coloring 
beyond 1250°C. Annealing at a temperature of 1800°C did not remove the coloring, although the density 


returned to its pre-irradiation value. 


I. INTRODUCTION 


OME earlier experiments concerning the use of 
neutron spectroscopy for the determination of 
point defects in irradiated graphite! gave promising 
results. The experiments to be described here are pri- 
marily a continuation of this work. The technique is 
simply a measurement of the scattering of long-wave- 
length neutrons by crystallographic defects in a solid. 
It is unique in its ability to give a direct measure of 
the number of defects in a material without an undue 
number of assumptions. As a result of the low neutron 
intensity which is presently available for wavelengths 
greater than 4 or 5 angstroms, only concentrations of 
defects of 0.1% or greater are readily detectable. For 
the same reason the experiment must be restricted to 
materials which have a low capture cross section and a 
high bound-atom coherent scattering cross section, and 
which will retain large numbers of defects at tempera- 


t Work performed under the auspices of the U. S. Atomic 


Energy Commission. 
1 Antal, Weiss, and Dienes, Phys. Rev. 99, 1081 (1955). 


tures where irradiation and examination are possible. 
It was expected that the strong, mostly ionic bonding 
in a-aluminum oxide (corundum) would lead to reten- 
tion of defects at the temperatures available for this 
irradiation (always less than 40°C). Also, the low 
capture cross sections of the constituent nuclei made this 
a favorable material. As explained in the next section, 
complicating features of this material are its complex 
crystal structure and its diatomic nature. 


II. BASIC CONSIDERATIONS 


A. Neutron Transmission 


(1) Monatomic material.—If one considers the scat- 
tering of slow neutrons by isolated, randomly arranged 
point defects in a crystal lattice, for wavelengths 
sufficiently long that Bragg scattering is not possible, 
the atomic fraction of such defects is simply! given by 


f=ca/oy. 


Here, oa is the cross section per atom for scattering by 
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the defects alone, and ¢, is the scattering cross section 
per defect, equal in this instance to the bound-atom 
coherent scattering cross section, which is determined 
from other experiments and has been tabulated.? The 
cross section og is determined by measuring the trans- 
mission of the material containing the defect scatterers. 
It should be mentioned at this time that more informa- 
tion on the nature of the defects would be forthcoming 
if the differential cross section, i.e., the angular dis- 
tribution of the scattered intensity, could be measured. 
Because of the relatively high radiation backgrounds 
near a nuclear reactor, it is only practicable to measure 
the total amount of scattered intensity and even so the 
quantities are measured with difficulty. 

In order to increase the sensitivity and accuracy of 
the experiment, the intensity transmitted by an irradi- 
ated specimen relative to that transmitted by an 
unirradiated but otherwise identical specimen is meas- 
ured. This procedure eliminates the need for employing 
inaccurately known values for other neutron inter- 
action processes which, although kept purposely small, 
occur in addition to the defect scattering. Lattice in- 
elastic scattering, spin and isotope incoherent scatter- 
ing, and capture are such sources of attenuation. In 
the case of monatomic materials, the concentration of 
defect scatterers is given directly by 

f=[-In(,/T.) INXe,}, (1) 
where, J; and J, are the intensities transmitted through 
the irradiated and unirradiated specimens, respectively, 
N is the number of atoms per unit volume in the ma- 
terial, and X is the length of the specimen traversed by 
the neutron beam. 

(2) Diatomic material.—The expression in Eq. (1) 
is to be contrasted with the following development for 
the case of a diatomic substance. The relations given 
below have been generalized to include the possibility 
that there may be clusters of defects such as pairs 
present in addition to point scatterers. The intensity 
transmitted through such a material before irradiation 
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is given by 

T.=Io expl—Xu(N uo +NutoPb+Nu"ou") }, (2) 
where the superscripts a and b designate the two kinds 
of atoms present, , is the number of atoms per unit 
volume, ¢, is the capture cross section, and o, is any 
additional scattering cross section (lattice inelastic, 
etc.) attributable only to the whole molecule, m. Under 
the assumption that clusters in the form of pairs are 
created the expression for the transmitted intensity 
after the specimen has been irradiated is 
[= I expl —X,(N%o.°+Neo,* 

+N i0,"+Na%0.2+NaorP+>d jN icy’) ]. (3) 

Here, the subscript i pertains to the irradiated speci- 
men, and \V, is the number of isolated point defects per 
unit volume (both interstitials and vacancies). The 
subscript p refers to those point defects which are 
associated with one another as pairs and N,! is the 
number of isolated pairs of type 7 per unit volume. The 
sum over j takes into account the fact that there may 
be different types of pairs such as vacancy-vacancy 
(V-V) pairs, interstitial-interstitial (I-I) pairs and 
interstitial-vacancy (I-V) pairs. Moreover, the indi- 
vidual defects comprising a pair may be different kinds 
of atoms. Each of these various pairs has a scattering 
cross section oy’ which is different from the sum of the 
two appropriate coherent scattering cross sections. This 
difference will be discussed in more detail shortly. For 
a fixed experimental geometry, X; will include any 
physical expansion of the specimen caused by the pro- 
duction of defects. We define the fraction of isolated 
point defects of kind a as 


f= N.*/ (g°+q°)N™, 
and the fraction of isolated pairs of type j as 
foi=N,4/(q*+q°)N*, (4a) 
where g* is the number of atoms of kind a per molecule 
and similarly for g’. Division of (2) by (3) with the 
substitution of (4) gives the combined result 


(4) 


(5) 





pe(=)erz wi( 


Os 


The coherent scattering cross section is used for ¢, 
just as before. The first term on the right-hand side of 
(5) is determined by making a relative transmission 
measurement of an irradiated and an unirradiated 
specimen. The next two terms express any differences 
in length or in other scattering cross sections as a result 
of irradiation. To the accuracy expected in the present 
work, it can be assumed that differences in other scatter- 
ing cross sections are unimportant.’ The first two terms 

2 Neutron Cross Sections, compiled by D. J. Hughes and J. A. 
Harvey, Brookhaven National Laboratory Report BNL-325 


(Superintendent of Documents, U. S. Government Printing 


Office, Washington, D. C., 1955), pp. 3 ff. } 
3G. J. Dienes and G. H. Vineyard, Radiation Effects in Solids 
(Interscience Publishers, Inc., New York, 1957), p. 72. 


“*) In (1./T)+ (q%0.*+q"e,") (X NY" XiNP")+ (X,N."0,"— XN io?") 


NX; (q*+ q’)o,* 





on the left are self explanatory ; the third term will now 
be explained in more detail. 

(3) Clusters of defects ——There is experimental evi- 
dence that clusters of defects are produced in neutron- 
irradiated material. These clusters may be a direct 
result of the nature of the damaging process.‘ In addi- 
tion, we may suppose that migration produces randomly 
distributed groups of defects such as pairs or larger 
clusters. Any such association of defects brings inter- 
ference effects into the scattering. Consider the simplest 
association,"a pair of point defects, 1 and 2. We may 
describe pair scattering as molecular scattering to a 


4 Truell, Teutonico, and Levy, Phys. Rev. 105, 1723 (1957). 
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sufficient degree of approximation by adaptation of the 
treatment originally developed by Debye.’ The scat- 
tered wave is given by 


Y= ta, exp(—is-1)-a2 exp(—is- re). 


Here, r; is the vector distance from an arbitrary origin 
to the defect in question, a; and a are the respective 
scattering amplitudes of the atoms, 1 and 2, and |s| 
=4n siné/d (0 is half the scattering angle, and d is the 
neutron wavelength). If we define the separation be- 
tween defects as R=r,—1r, then the differential cross 
section is 


o(6)=|¥|? 
=a;’+a?+aa2[ exp(—is- R)+exp(+is- R)] 
=artar+ajae cos(s: R). 


Averaging over all orientations of the pair, we obtain 


sin(4xR sin@/d) 


Opair (0) =ay?+ay?+ Zara — 
4rR sind/r 


Finally, the total cross section is obtained from (6) as 


sin?(2eR/2) 
Opair= (04): + (04) 2+ 8xa1az,———.. (7) 
(2xR/d)? 


It is this expression which is to be substituted for o,’ 
in (5). Pairs of similar types of defects (V-V or I-I) 
require the use of the positive sign with the last term 
in (7); dissimilar types (I-V), the negative sign. The 
appropriate cross sections and scattering amplitudes to 
be used are determined by the kinds of atoms comprising 
the pair. 

At this point a discussion of the significance of (7) in 
the interpretation of the experimental data is in- 
structive. The first point worth noting is that, in general, 
the cross section determined in a transmission experi- 
ment will consist of contributions from single and 
clustered defects. The clusters may be of various sorts, 
and in general, it will be impossible to separate or deter- 
mine uniquely the types of clusters which are actually 
present. The way to proceed in the analysis of the 
data is to plot the right-hand side of (5) as a function 
of wavelength and initially to ignore the contribution 
due to pairs or larger clusters on the left-hand side of 
(5) in determining the fraction of defects. This is 
equivalent to ignoring the interference term in the 
scattering cross section of the pairs. Examination of (7) 
reveals that such action will lead to an overestimate of 
the number of defects if the pairs have like constituents 
(I-I or V-V) and to an underestimate if they have unlike 
constituents (I-V). The pair cross section, however, 
does manifest itself in the data because it is the only 

5 See general discussions in L. O. Brockway, Revs. Modern 
Phys. 8, 231 (1936); N. S. Gingrich, Revs. Modern Phys. 15, 90 
(1943); and M. H. Pirenne, The Diffraction of X-Rays and Elec- 
trons by Free Molecules (Cambridge University Press, New York, 
1946), Chap. VI, pp. S6ff. 


a—-Al;0; 105 
term on the left-hand side of (5) which contains a de- 
pendence upon wavelength. Therefore, the appearance 
of a wavelength dependence in the data will indicate 
the presence of clusters, perhaps pairs. 

One other consequence of the presence of clusters 
must be mentioned. It is well known from small-angle 
scattering theory that as the size of a cluster increases, 
it scatters progressively more in the forward direction. 
There is thus some limitation to the size of a cluster 
which can be detected by this transmission experiment ; 
if the cluster is too large the scattered intensity enters 
the counter as a constituent of the direct beam. The 
size of the largest cluster which will be detected is 
determined by the geometry of the experiment and may 
be estimated roughly with small-angle scattering theory.® 
For the sensitivity of this particular experiment clusters 
of average radius of gyration greater than approxi- 
mately 500 A will not be detected; if large clusters are 
present the number of defects is underestimated. It 
will be helpful to bear these facts in mind when reading 
the discussion which follows on the application of this 
technique to irradiated Al,Os. 


B. Displacements Produced by Fast Neutrons 


The theoretical value for the number of atoms dis- 
placed may be calculated from the work of Kinchin 
and Pease.’ Their expression for the number of atoms 
displaced on the average for each neutron collision is, 
for these relatively light elements O and Al where all 
excess energy is lost to ionization, 


N p= (2—L¢/Enmax) Le/4Ea. (8) 


Here £z is the energy required for displacement of an 
atom from its lattice site, taken here to be uniformly 
25 ev, and Emax is the maximum energy transferred to 
an atom by an impinging neutron, a quantity which 
depends upon the energy of the bombarding neutron 
and the masses of the neutron and the atom. L, is the 
threshold energy for ionization and is given approxi- 
mately by (M/m)I,/8, where M is the mass of the 
moving atom, m is the electron mass, and /; is the 
energy corresponding to the edge of the first main 
optical absorption band. The number of fast-neutron 
collisions per unit volume is given by 


V.=No,®, (9) 


where o, is the average fast-neutron cross section per 
atom in the material and @ is the total neutron flux 
(nvt). The theoretical fraction of defects is given by 
twice the product of Eqs. (8) and (9) divided by the 
total number of atoms per unit volume VV. Thus, 


f=20,8N p. (9a) 


®R. J. Weiss, Phys. Rev. 83, 379 (1951). 
7G. H. Kinchin and R. S. Pease, in Reports on Progress in 
Physics (The Physical Society, London, 1955), Vol. X VIL, p. 1. 
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Fic. 1. Photograph of synthetic sapphire crystals used in these 
studies. The crystal at the left is unirradiated and that at the 
right has been irradiated to a total fast-neutron flux of 1.2 10 not. 
The sample orientation is changed with the screws shown and the 
orientation is thereafter retained by the tray which accom- 
modates the holders and interchanges their position in the beam. 
= one are approximately j inch in diameter and 5 inches in 
ength. 


Ill. EXPERIMENTAL DETAILS 
A. Specimens 


The specimens employed were two single crystals of 
Al,O3; obtained from Linde as synthetic sapphire. 
They were approximately 5 inches long and 3 inch in 
diameter. A photograph of the mounted specimens is 
Fig. 1. 


B. Irradiations 


One of the crystals just described was irradiated to a 
total fast-neutron flux of 1.19 10"mzt in an air-cooled 
hole of the Brookhaven reactor. It was irradiated in 
three stages and the effects of the irradiation were 
investigated after each stage. The temperature of 
irradiation was always less than 40°C. 
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C. Transmission Measurements 


The source of slow neutrons for the scattering experi- 
ment was the Brookhaven graphite-moderated reactor. 
A primary filter of coarse-grained bismuth is per- 
manently positioned in the beam to reduce the gamma 
flux density and to attenuate a portion of the high- 
energy end of the thermal-neutron spectrum. The re- 
sultant neutron beam is primarily made up of neutrons 
of wavelengths greater than 3A. These neutrons are 
collimated and passed through a secondary filter to 
remove the remaining short-wavelength neutrons which 
are unwanted and might otherwise appear as second- 
order scattering from the monochromator. A crystal 
spectrometer is used to analyze the neutron beam as is 
indicated schematically in Fig. 2.4 The sample positions 
are exchanged in the beam in order to obtain a trans- 
mission reading, and the crystal monochromator is 
rotated a small amount in order to eliminate Bragg 
reflection for a background reading. The spectrometer is 
programmed to make all measurements automatically 
in order to utilize all available counting time. The 
various transmission and background readings are 
interleaved so as to eliminate any errors due to long- 
term variations in neutron-beam intensities. 

The primary difficulty in the experiment is the low 
neutron intensity. If we wish to examine aluminum 
oxide in a wavelength region where Bragg scattering is 
absent, it is necessary with a powder sample to go to a 
wavelength A> 2dinax, Where dmax is the largest lattice 
spacing in the crystal. In Al,O; this wavelength is 6.958 A. 
The intensities available beyond this wavelength are 
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Fic. 2. Horizontal cross section of cold-neutron spectrometer. Neutrons from the reactor at the left pass through the primary and 
secondary filters, through the specimen, and are analyzed by the crystal monochromator. When beryllium is used as a secondary filter 
it is cooled with liquid nitrogen to reduce lattice inelastic scattering. The specimens were not cooled, nor was the vacuum beam path to 
the monochromator and counters employed in the studies described in the text. 


8A detailed description of the spectrometer is found in J. J. Antal, Materials Research Laboratory Keport No. 31, Ordnance 


Materials Research Office, August, 1957 (unpublished). 
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Fic. 3. Relative transmission of unirradiated and irradiated aluminum oxide specimens in the region of the Bragg cutoff. The period 
of irradiation was 240 days. The peaks are the result of Bragg scattering which is totally absent beyond 6.5 A. The specimens are not 
oriented identically and therefore peaks appear both above and below the average line. The accuracy of the points presented here is 
much less than that employed in a determination of the defect concentration. 


extremely low. It is possible to employ shorter wave- 
lengths by using single-crystal samples, for which the 
Bragg scattering is confined to well-defined regions in 
space and can be eliminated by proper orientation of 
the crystal with respect to the neutron beam. Actually, 
it was not possible to obtain crystals of large enough 
diameter to allow this arrangement, but beyond 4.5 A 
only one crystalline reflection was found to be present 
in each specimen, and since the material was quite 
perfect this peak was narrow. 

If the crystal orientations of two specimens are not 
identical, then a relative transmission measurement 
should show both a positive and a negative peak in the 
vicinity of each wavelength for which the Bragg scatter- 
ing conditions are fulfilled. This arises from the fact 
that both crystals will not be scattering waves of equal 
intensity at exactly the same wavelength. Such a meas- 
urement for the two Al,Os single crystals used in the 
present work is shown in Fig. 3. Only the last cutoff is 
shown and the accuracy of the points in the figure is 
much less than that employed in a determination of the 
defect concentration. Since the irradiated specimen had 
to be removed and replaced in the holder to obtain the 
various levels of irradiation and annealing, a careful 
rerun of these peak positions was made each time as a 


check on the alignment of the crystal positions in the 
spectrometer. 

Figure 4 shows the experimental data obtained with 
the crystal spectrometer. After the first irradiation, so 
few scatterers were present that the scattering was not 
detectable. A truly detectable difference in transmission 
was noted after about 3.5 times the first dose (second 
curve). Because of the length of time necessary to take 
the data, points were obtained approximately 0.5 A 
apart, and the resolution of these two curves is not 
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Fic. 4. The quantity f4!+2.81f9 determined by neutron 
scattering as a function of wavelength. Multiplying the value of 
the ordinate by 0.479, one obtains f, the concentration of defect 
scatterers. It is assumed that for each displaced atom there exists 
a vacancy, and that an aluminum or oxygen atom is displaced 
with equal probability. 
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great. It was clear at this point that much improvement 
in the sensitivity of the apparatus would be necessary 
before an accurate determination on this material could 
be made. Accordingly, the spectrometer was revised® 
and then employed in the study of the transmission after 
the maximum dose (top curve of Fig. 4). Note that the 
statistical error on this curve is smaller, and is more 
uniform over the wavelength range examined than for 
the previous irradiations. Note also that a wavelength 
dependence of the scattering is present. 


D. Density Measurements 


It became clear after the first irradiation of the Al.O; 
that very little damage was being retained by the ma- 
terial after bombardment at room temperatures. No 
reasonable explanation for this could be found, and it 
was decided that it would be necessary to obtain some 
correlation with another physical property. An attempt 
was made to measure the optical density of thin samples 
irradiated along with the large neutron-transmission 
specimen, but all became too dense after the first 
period of irradiation. Hydrostatic density measurements 
were tried and found to be the most easily obtainable 
measurements of sufficient accuracy. The large mass of 
the samples (approximately 115 g) allowed accurate 
measurements with a large analytical balance accurate 
to +0.0002 g. The method of hydrostatic weighing 
was employed using standard techniques.’:"° The same 
batch of distilled water was used as the buoyant 
liquid for each determination, and the standard, un- 
irradiated specimen was weighed immediately after the 
irradiated specimen. The specimens were hung from 
the balance arm by a 0.001-inch diameter stainless steel 
wire with a single loop around the specimen; the total 
weight of wire was approximately 0.009 g. Air bubbles 
were removed from around the sample by boiling under 
vacuum, and corrections were made for the weight of 
the support wire and the effect of air buoyancy, hu- 
midity, and temperature. Since changes in density of 
the order 0.1% were found, the above precautions 
proved quite adequate to obtain the necessary accuracy. 

E. Annealing Studies 

After the determination presented in Fig. 4, the 
specimen was annealed for one hour at a series of tem- 
peratures up to 1800°C. The temperature of the speci- 
men was increased at approximately 3°C per minute to 
the desired value, maintained at that value for one hour, 
and then decreased slowly, generally at 3°C per minute 
until it reached 50% of its maximum value. At this 
point the furnace was shut off and kept closed. The 
annealing was carried out in air up to 1000°C and in 
high vacuum at all higher temperatures. After each 
annealing process a determination of the neutron trans- 

*N. Bauer, in Physical Methods of Organic Chemistry, edited b: 
A. Weissberger (Interscience Publishers, Inc., New York, 1949), 


Chap. VI. 
A. Smakula and V. Sils, Phys. Rev. 99, 1744 (1955). 
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mission of the specimen relative to the standard was 
made, and the natural logarithm of this number, which 
is proportional to the fraction of defects, is plotted in 
Fig. 5. The neutrons used in these determinations were 
from a filtered beam of high intensity. The neutron 
counter is set to intercept the direct beam at @ equal to 
0°, and a secondary filter is inserted in the beam. The 
filter is made up of 4 inches of beryllium and 10 inches 
of graphite and transmits a beam of neutrons whose 
distribution rises sharply from zero at 6.5 A to a peak 
intensity near 7.0 A and falls off with increasing wave- 
length somewhat as \~*. Thus a fairly sharply peaked 
intensity distribution is obtained having a large inte- 
grated intensity. The effective wavelength of this dis- 
tribution was obtained as 7.89A by measuring the 
transmission of polycrystalline aluminum with this 
spectrum and comparing the cross section measured 
with the published cross section vs. \ data.? The cross 
section of aluminum is closely proportional to 1/A in 
this wavelength region. The effective wavelength so 
determined was verified when the value of the trans- 
mission for the fully irradiated specimen was inserted 
in Eq. (5) and the value of f fell correctly upon the 
curve of Fig. 4. 


IV. DISCUSSION 
A. Neutron Transmission and Density Changes 


If, as suggested earlier, the presence of clusters is 
initially ignored, then reference to Eq. (5) shows that 
the experimental data furnish the quantity /4! 
+ (¢,°/o,"") f°. Since o,9=4.24 barns and o,4!=1.51 
barns, this quantity becomes f4'+2.81/° and is equal 
to the ordinate in Fig. 4. If one assumes an equal 
probability for displacement of Al and O atoms, it is 
easy to show that the total fraction of defects is 


f=f"+fo=(5/3)f°, 
frt= (2/3) f°. 
From (10) and (11) it follows directly that 
f=0.479(f4!+2.81/°). 


(10) 


and that 
(11) 


(12) 
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Fic. 5. The measured change in the scattering by defects in the 
irradiated specimen as annealing proceeded. The dashed portion 
of the curve is not representative of the removal of defects by 
annealing, but rather of a change in their character and is not 
readily analyzed from this presentation. 
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By means of Eqs. (8) and (9) it is possible to make a 
theoretical estimate of the number of defects created 
by neutron irradiation of Al,O3, according to the theory 
of Kinchin and Pease. If the average neutron energy is 
1 Mev, and the atomic weight of the bombarded atoms 
is taken to be the weighted average mass of an aluminum 
and an oxygen atom, then Emax is of the order of 0.18 
Mev. The energy corresponding to the edge of the 
first main optical absorption band in Al,O; is 9 ev. This 
leads to an approximate value for L, of 4.210‘ ev. 
Substituting these numbers into Eq. (9a),°we can 
arrive at the values of f shown in Table I for the three 
integrated neutron fluxes to which the AlsO3 was sub- 
jected. Experimental values of f taken from Fig. 4 at 
5 A are included for comparison. Thus, the theoretical 
values resulting from the theory of Kinchin and Pease 
are at least 40 times greater than the experimental 
values. 

A careful survey was made for any experimental 
problems which might have given rise to the small 
value of f, but none could be found. One suspected 
source of difficulty was the possibility of annealing 
caused by abnormal heating of the specimen during 
irradiation. A separate check was made on the tem- 
peratures involved in this procedure with a dummy 
sample inserted in the irradiation facility in exactly the 
same manner, with temperatures monitored on the 
sample container and at the center of the specimen 
during irradiation. Cooling of the specimen was found 
to be sufficient to keep the interior of the specimen 
within 20°C of the cooling-air temperature, even during 
rapid temperature excursions. The temperature of the 
cooling air was always below 40°C. 

Since little else is known of the displacement of 
atoms in corundum, it is thought that annealing at the 
temperature of irradiation is responsible for the small 
number of defects determined. This low value for 
defect concentration is also in agreement with reported 
optical transmission data for lower doses" if one as- 
sumes that the number of defects is proportional to the 
number of color centers produced upon irradiation. 

As mentioned previously, a study of the wavelength 
dependence of the neutron transmission will give 
further information about the character of the scat- 
terers involved. The variation with wavelength ex- 
hibited by the data is not large, but the scattering from 


TABLE I. Comparison of the fraction of defects in Al:O3 as 
calculated according to the theory of Kinchin and Pease with the 
experimentally determined fraction for the three integrated 
neutron fluxes employed. 








S(K -P) 
0.74% 
2.6% 


5.5% 


(net) f(exp) 
1.6 10"* 
5.7X 108 
9.2 10" 











uP. W. Levy, as quoted in reference 3, pp. 81-82; P. W. Levy, 
Bull. Am. Phys. Soc. Ser. II, 3, 116 (1958). 
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Fic. 6. Theoretical values for the wavelength-dependent por- 
tion of the cross section for pairs of defects. The I-V curves shown 
are for interstitial aluminum and vacancy oxygen sites. Although 
values for interstitial-interstitial (I-I) pairs are not shown, they 
would have positive values of F(A) similar to (V-V) pairs. 


simple multiple defects is not expected to be large 
either. Were there no dependence upon wavelength, 
the ordinate of the experimental data in Fig. 4 would 
give the fraction of defects f correctly when inserted 
in parentheses in Eq. (12), and it could be assumed 
that the defects were simply vacancies and/or inter- 
stitials. The appearance of a wavelength dependence 
necessitates the replacement of o, and makes the factor 
2.81 in the ordinate incorrect. It is possible to calculate 
the expected cross section for groups of point defects to 
a fair degree of accuracy, however, from Eq. (7). A 
plot of the cross sections for expected pairs of defects in 
Al,O; is given in Fig. 6. For clarity, only the wavelength- 
dependent last term of Eq. (7) designated as F(A) is 
plotted, the absolute cross sections being unimportant 
because of the indeterminacy of f. The curves were 
calculated for several expected positions of vacancy 
sites in the Al,O; structure and for aluminum inter- 
stitial sites which are probable. The structure of 
corundum is best visualized as an array of almost close- 
packed oxygen atoms with aluminum atoms in some of 
the octahedral holes.* The aluminum atoms are 
approximately } the radius of the oxygen atoms, and 
reside comfortably in the octahedral holes, displaced 
toward one apex. It seems proper to assume that upon 
annealing some of the displaced aluminum atoms will 
move into the octahedral holes normally vacant in the 
corundum structure. It is these interstitial positions for 
which the interstitial-vacancy (I-V) calculations were 
made. The positions and separations of interstitial 
oxygen atoms are not easily determined and were not 
included in the calculations. The curves of Fig. 6 may be 
compared directly to those of Fig. 4 in regard to their 
shape. When this is done, it is seen that none of the 
curves for the simple pairs is precisely similar to the 
experimentally determined curves. Perhaps if any of 
the simple pair models presented is to be chosen as 


_#R. W. G. Wycoff, Crystal Structures (Interscience Pub- 
lishers, Inc., New York, 1951), Vol. I. 
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Fic. 7. The experimentally determined fraction of defects f in 

percent and the absolute value of the percent change in the hydro- 
static density d as a function of bombarding flux. The density 
decreased with increasing neutron dose. The values of f have 
been determined from the curves of Fig. 4 at 5 A. Also shown is the 
fraction of defects predicted by the theory of Kinchin and Pease 
(K-P). The value of the density after the fully irradiated crystal 
was annealed at 1800°C is seen to be closely that of the original, 
unirradiated state of the crystal. 


represented in the experimental data, nearest neighbor 
aluminum-vacancy-oxygen-vacancy pairs are the most 
probable as determined from the slope of the curves 


near 5 A. One must be careful to remember that the 
models presented do not give unique curvatures to 
F(A); it is possible to devise other configurations of 
defects which will give the same curvature. Note that 
if both like pairs (I-I or V-V) and unlike pairs (I-V) are 
present in equal numbers and have equal scattering 
cross sections and interatomic separations, they have a 
cancelling effect since F(A) has a different sign in each 
case. If this were the case the correct value of f would 
be given directly by the experiment. However, it is 
thought that such a situation would be fortuitous and 
it is not considered as a likely possibility. 

A general picture of the history of the specimen can 
be seen in Fig. 7, where f and the absolute value of the 
percent change in hydrostatic density d are presented 
as a function of neutron bombarding flux. The density 
was found to decrease with increasing exposure to 
reactor radiation. The values of f have been obtained 
at 5A from Fig. 4 since Fig. 6 shows that the wave- 
length dependence of the pair scattering cross section 
is negligible in this region. Note that the density change 
follows the change in f, and that the theoretically calcu- 
lated fraction of defects is much larger per unit fast- 
neutron flux than the measured fraction. An interesting 
feature of these curves is that the fractional change in 
density is always greater than the fraction of defects 
present in the crystal. This fact can be explained by 
taking into account the ionic nature of the binding in 
Al,O3. A likely consequence of such binding is that the 
lattice relaxation is outward around a vacancy as well 
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as around an interstitial. This would lead to the effect 
shown in Fig. 7 even if the concentrations of vacancies 
and interstitials were unequal. However, in the absence 
of a refined theoretical treatment of such an effect, it 
is felt that further comments should be reserved for 
the future. 

B. Annealing 


No change in the neutron scattering was noted up to 
400°C, after which the scattering decreased up to a 
temperature of 1250°C. A change in the character of 
the annealing (to be described later) was noted at the 
1250°C temperature and at the two points beyond, 
and a corresponding irregularity in the neutron scatter- 
ing was noted. Because the wavelength dependence of 
the scattering was changing markedly, it is felt that the 
points beyond 1250°C are not representative of the 
number of defect scatterers, but rather of their char- 
acter. This was further verified when a wavelength 
dependence run similar to those of Fig. 4 was made 
after the 1800°C anneal. An extremely irregular curve 
was found which would be very difficult to analyze and 
therefore is not reproduced here. 

The annealing of the specimen proceeded as a uniform 
bleaching of the very dark brown color of the fully- 
irradiated specimen to a light amber at 1000°C. At 
1250°C the color was an even lighter amber, but a 
darker core was visible along the long axis of the 
crystal. At 1500°C the over-all color was an extremely 
pale blue with a dark blue core, and at 1800°C the 
over-all color was clear (representative of the un- 
irradiated state of the crystal), but the dark core 
remained, now returning to a dark brown. Clearly, 
large changes in the character of the crystal were taking 
place in the annealing range above 1250°C and these 
correlated with the neutron results. As Fig. 7 indicates, 
the density of the specimen after the 1800°C anneal 
was practically equal to its original, pre-irradiation 
value. 

Further study is being made on the coloration of the 
crystal, but it is felt that the following is true. The 
light blue coloration of the specimen after annealing at 
1500°C was a Tyndall effect produced by particles or 
bubbles of colloidal dimension. Although a similar core 
type of coloration was noted by Cutler, Bates, and 
Gibbs" and in fact could be produced by them at will 
by prolonged heating (>12 hr) of the crystals at high 
temperatures in oxygen atmospheres, the fact that our 
crystal was annealed in a vacuum for temperatures 
1250°C and above for only one hour would appear to 
preclude any similarity in the production. The produc- 
tion of the effect may depend upon the purity of the 
crystal, and upon the thermal stresses set up in the 
crystal during heat treatment." Experiments have 
shown, for instance, that no such coloring can be pro- 

13 Cutler, Bates, and Gibbs, Bull. Am. Phys. Soc. Ser. II, 2, 


300 (1957). 
4 The authors are indebted to P. W. Levy for a valuable dis- 
cussion concerning the heat treatment of aluminum oxide crystals. 
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duced in ultrapure Al,O;. On the other hand, when 
Al,O3 containing trace impurities is subjected to the 
proper heat treatment the impurities precipitate along 
certain crystallographic axes. This is the manner in 
which synthetic star sapphires are manufactured, and 
a great deal of effort has been put into developing the 
correct conditions of heating. Evidently in the experi- 
ments described in this paper the same phenomenon 
resulted without regard for the type of heat treatment 
employed. It may be that the irradiation produced 
enough residual stress in the crystal to make the stress 
resulting from the heat treatment much less important 
than it is in an unirradiated crystal. With regard to the 
impurities, it is not known at present whether they 
precipitate on dislocations.or on clusters of defects or 
whether some other mechanism is responsible for their 
agglomeration. It is not difficult to imagine that various 
defects are introduced during crystal growth, and that 
these migrate to the center of the crystal during the 
heating process forming complex centers upon which 
the impurities precipitate. 
V. CONCLUSIONS 


In conclusion, this work on aluminum oxide is con- 
sidered to represent only a beginning on the study of 
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radiation effects in this material. A much more detailed 
study is necessary to determine the exact behavior of 
simple defects in this crystal structure, particularly as 
a function of temperature, before neutron transmission 
studies will be more fruitful. The outstanding factor 
which remains to be determined is the reason for the 
low fraction of defects retained at room temperature 
after irradiation. This, of course, speaks well for 
corundum as a stable structural material under the 
stress of high bombardment fluxes. A future experiment 
with the material irradiated and examined at low tem- 
peratures would be a profitable study and is contem- 
plated as the equipment becomes available. 
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Thermal Conductivity of Selenium at Low Temperatures 
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Measurements are reported of the thermal conductivity of glassy selenium and polycrystalline metallic 
(hexagonal) selenium at temperatures from 2° to above 100°K. At the higher temperatures, the heat con- 
ductivity, 4, for the glassy solid is about 1 mw/cm deg. If we write \~ 3/Cv, then /, the mean free path, 
is of the order of the interatomic distance. On the other hand, for the high-purity metallic samples, A5/T 
w/cm deg. At low temperatures in metallic selenium, \ varies approximately as 7?, while in the glassy 
modification \ behaves in a similar fashion to that expected from earlier observations on soft glass and 


Pyrex. 


INTRODUCTION 


HE hexagonal form of selenium consists, like 
tellurium, of long spiral chains of atoms arranged 
in such a way that for each atom, in addition to the two 
nearest neighbors lying 2.316 A away in the same chain, 
four next-nearest neighbors lie in adjacent chains 
3.467 A distant. This form has a density of 4.80 g cm~* 
compared with about 4.30 g cm~* for amorphous or 
glassy selenium. Some years ago one of us (GKW), 
at the suggestion of Dr. P. G. Klemens, measured? the 
heat conductivity below 100°K of a rod of glassy 
* National Research Council Postdoctorate Fellow. 
1 Performed at the Commonwealth Scientific and Industrial 
Research Organization, Division of Physics, National Standards 
Laboratory, Sydney, Australia. 


selenium (called Se 1) in order to see whether the de- 
pendence of its conductivity on temperature showed the 
same characteristic form found by Berman? for quartz 
glass, Phoenix glass, and Perspex and discussed in 
detail by Klemens.* This dependence is determined by 
the fact that at high temperatures, the disorder in the 
glass results in a phonon mean free path which is 
independent of the phonon frequency (and therefore of 
temperature), so that in the Debye expression for heat 
conductivity, A~~3Cvl, where C is the specific heat per 
unit volume, v is the phonon velocity, and /, the mean 
free path for phonons, is of the order of the lattice 


?R. Berman, Proc. Roy. Soc. (London) A208, 90 (1951). 
3 P. G. Klemens, Proc. Roy. Soc. (London) A208, 108 (1951). 
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Fic. 1. Thermal conductivity of selenium. Data for “soft” 
glass are from G. K. White and S. B. Woods (unpublished) and 
for “hard” glass are from Berman* and Stephens.” A Se 1, 
0 Se 2, @ Se 3, Se 4, o Se 5. A. and A.: see reference 11; Joffe: 
see reference 10; K. and M.: see reference 9; Sayce: see reference 8; 
g-Se: glassy, m-Se: metallic. 


constant. With decreasing temperature, \ first dimin- 
ishes to some extent as C falls but at low temperatures, 
when the wavelength of the phonons becomes long in 
comparison with the interatomic distance, the mean free 
path for the longitudinal lattice waves then increases 
with decreasing temperature. As discussed by Klemens,* 
this can lead to a region of temperature where A is 
fairly constant, but below which it is ultimately ex- 
pected to fall linearly with temperature. In Fig. 1 some 
earlier results on soft glass and Pyrex are shown to 
illustrate the behavior. 

More recently we have made a series of measurements 
on metallic or hexagonal selenium. As we are aware of 
no previous experimental studies of heat conduction on 
selenium below room temperature, it seems of interest 
to present these results and discuss briefly their sig- 
nificance. Although hexagonal selenium does conduct 
electricity weakly, it seems fairly certain that heat 
transport is almost solely by lattice waves and thermal 
resistance is produced by anharmonic interaction be- 
tween lattice waves themselves or by scattering due to 
physical and chemical impurities. We discussed this 
latter behavior in relation to tellurium‘ in an earlier 
paper and detailed discussions of heat conductivity in 
insulating crystals have been given in reviews by 
Berman’ and Klemens.*® 


~ 4 Fischer, White, and Woods, Phys. Rev. 106, 480 (1957) 


® R. Berman, Suppl. Phil. Mag. 2, 103 (1953). 
*P. G. Klemens, Handbuch der Physik (Springer-Verlag, 
Berlin, 1956), Vol. 14, p. 198. 
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EXPERIMENTAL DETAILS 


The heat conductivity of the rod-shaped specimens 
listed below was measured in a cryostat described 
previously,’ at temperatures from 2° to about 100°K. 

Se 1 was a rod about 3 cm long and 1 cm diameter, 
prepared by melting selenium powder (of probable 
purity >99.9%) in a split brass mold at about 250°C 
and quenching it rapidly in ice water to produce a 
glassy specimen. Copper potential and current leads 
were inserted into the mold before melting so that they 
were cast integrally with the rod. 

Se 2 was of similar dimensions and was prepared in a 
similar fashion, being intended as a glassy rod, but 
because of unwitting variations in heat treatment it 
was found to be finely polycrystalline. 

Se 3 was a rod of crystalline selenium (6 cm long 
1 cm diam) supplied by the Fairmount Chemical 
Company, Newark (New Jersey). Copper leads were 
attached by coating narrow regions of the rod with 
silver-conducting paste and fixing the leads with Wood’s 
alloy solder to this coated area. 

Se 4 and Se 5 were both produced by melting 99.999% 
pure selenium powder from Canadian Copper Refiners 
Ltd., under vacuum in a glass tube, chilling the melt 
rapidly to produce solid rods of glassy selenium, and 
later annealing the rods in vacuo at about 210°C for 
50 or 60 hours to give polycrystalline specimens. Copper 
leads were attached to the rods with cold-setting 
Araldite cement. Se 4 was about 4 cm long and 4 mm 
diameter. Se 5 was of similar length but greater diam- 
eter; because of shrinkage on annealing, its cross section 
became irregular and so was reduced to a regular 
triangular section (area ~0.26 cm*) by grinding with 
emery paper. 

For specimens Se 4 and Se 5 the average grain dimen- 
sions were about 20y. 


RESULTS 


The results of measurements are shown in Fig. 1 
together with various room temperature values found 
by previous workers." Data of Berman? on Phoenix 
glass are inserted for comparison purposes and are 
extrapolated from 100° to 300°K using earlier data of 
Stephens? on Pyrex glass. Although Kurtener and 
Malyshev’ do not specify the form of selenium on which 
they obtained measurements at 28°C and 48°C, it 
appears probable that it was glassy or at least prin- 
cipally glassy. On the other hand, the value of con- 
ductivity quoted by Abdullaev and Aliev’' for glassy 
selenium at about 26°C seems rather high, suggesting 

7G. K. White and S. B. Woods, Can. J. Phys. 33, 58 (1955). 

8 E. D. Sayce, J. Roy. Soc. N. S. Wales 51, 356 (1917). 

9 A. V. Kurtener and E. K. Malyshev, J. Tech. Phys. (U.S.S.R.) 
13, 641 (1943). 

.; io A.B. Joffe and A. F. Joffe, J. Tech. Phys. (U.S.S.R.) 22, 2005 
1952). 

1G. B. Abdullaev and M. I. Aliev, Doklady Akad. Nauk. 
S.S.S.R. 114, 995 (1957). 

2 R. W. B. Stephens, Phil. Mag. 14, 897 (1932). 





THERMAL CONDUCTIVITY OF Se 


that the specimen was partly polycrystalline or possibly 
that an error of an order of magnitude occurs in the 
ordinate scale of their figure; in the latter case their 
value would agree well with that of Sayce. 

The uncertainty in the absolute conductivity values 
obtained by us may be as much as 5% due to uncertain 
geometry but errors in relative values should be much 
smaller, except in the case of Se 1 (glassy Se) which was 
an extremely poor conductor, so that equilibrium times 
were very long, the influence of small temperature 
drifts was correspondingly greater, and errors in the 
radiation corrections applied may have been serious 
above 50 or 60°K. 


DISCUSSION 
Glassy Selenium 


In view of the ‘detailed discussion by Klemens*:* and 
Berman? of the heat conductivity of glassy solids, we 
believe it will be sufficient to point out the apparent 
resemblance in the behavior of Se 1 to that of the other 
two glasses shown in Fig. 1 and to compare A with that 
given by the relation A=4$Cv/. A crude estimate of 
velocity v, obtained from the compressibility and den- 
sity, is about 1.5 10° cm/sec and specific heat values 
are given by Anderson.'* If then we equate / to an 
average interatomic distance of 3X 10~* cm, we obtain 
A™~1.4 mw/cm deg at about 100°K and 2.1 mw/cm deg 
at 300°K. The agreement with Fig. 1 makes it appear 
that the mean free path is, indeed, similar in magnitude 
to the interatomic distance. 


Crystalline Selenium 


For Se 4 and Se 5 we observe that A~~5/T watts per 
cm deg for 7250°K and \«7?? for T<6°K. If we 
regard these specimens as being truly representative of 
high-purity hexagonal selenium crystals, we may com- 
pare the magnitude of in the higher temperature 
range with that obtained for Te and that given by 
simplified theoretical models of Dugdale and Mac- 
Donald" or Leibfried and Schlémann,"* since at higher 
temperatures phonon-phonon interaction is the domi- 


3 C. T. Anderson, J. Am. Chem. Soc. 59, 1036 (1937). 
( 4 J. S. Dugdale and D. K. C. MacDonald, Phys. Rev. 98, 1751 
1955). 

18 G. Leibfried and E. Schlémann, Nachr. Akad. Wiss. Gottingen 
Ila, 71 (1954). 


AT LOW TEMPERATURES 113 
nant cause of thermal resistance and J is here rather 
insensitive to physical or chemical defects (if in suffi- 
ciently low concentration). For tellurium we observed 
\™~10/T watts per cm deg and for both Se and Te we 
calculate that X\~40/T watts per cm deg assuming for 
Se that 6p~250°K and that y (the Griineisen param- 
eter)~2. In view of the very simplified theoretical 
models adopted, it is hardly surprising that the ob- 
served value is rather different from the theoretical; 
although a doubt is raised in our minds whether large 
crystals of selenium might not be found tc show a 
conductivity as high as that of tellurium. 

It is difficult to compare our data below 10°K with 
a theoretical model, e.g., with Casimir’s!® theory of 
boundary scattering, as there appears to be no specific 
heat data extending below 12° or 15°K. We do, how- 
ever, find that if we assume 0p~200°K (i.e., that a T* 
region in the specific heat exists at sufficiently low 
temperatures for which 6p~200°K), then Casimir’s 
formula leads to Ags~DT* where D is the effective 
diameter of the crystals. At 2°K this ” would give a 
value of \ about 3 times higher (using D~20y) than 
that observed, but in any case \ decreases rather less 
rapidly with T than would be expected if boundary 
scattering predominates. 

We tried to produce larger crystals but grain growth 
in the rods appeared to stop after one or two days 
annealing, and did not seem to be increased by any 
alteration in temperatures. We did consider the method 
used by Henkels;!* and also the possibility of condensa- 
tion from the vapor phase but felt that the crystals 
produced would not be large enough individually to 
use and that no compact mass of large crystals could 
be obtained from which rods or bar could be cut. 
However, this problem may be solved in the future and 
measurements on large selenium crystals would cer- 
tainly be of great interest. 
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By means of absorption and photoconductivity measurements, the following band gaps were found: 


Na;Sb—1.1 ev; K;Sb—1.1 ev; Rb;Sb—1.0 ev; Cs;Sb 


1.6 ev; and (NaK);Sb—1.0 ev. A model has been 


derived for the photoemission from these materials which fits the three last materials listed above in addition 
to the (NaK);Sb with surface layers of Cs or Rb added. The electron affinities found from the photoemissive 


data using this model were as follows: Rb;Sb— 


1.2 ev; CssSb—0.45 ev; (NaK);Sb 


1.0 ev;[Rb ](NaK);Sb— 


0.70 ev; and [Cs ](NaK);Sb—0.55 ev. The electron affinity of K;Sb was estimated to be between 1.1 and 
1.8 ev and that of Na;Sb to be between 2.0 and 2.4 ev. By means of the temperature dependence of the 
photoemission, Rb;Sb, Cs;Sb, and the multi-alkali materials were found to have p-type conductivity; 
whereas K;Sb and Na;Sb were found to have n-type conductivity. 


I. INTRODUCTION 


LKALI metals react with antimony to form 

semiconducting compounds of the general formula 
M°Sb, where M represents one or more alkali metals.'* 
These alkali antimonides are of particular interest 
because, they include_the most efficient photoemitters 
known, e.g., CssSb. and [Cs ](NaK),Sb. In order to 
obtain an understanding of this photoemissive process, 
absorption, photoconductive, and photoemissive studies 
have been made on these materials and values obtained 
for their band gaps and electron affinities. In addition, 
a theoretical model has been derived for the photo- 
emission from these materials. The materials studied 
were: Na;Sb, K;Sb, Rb;Sb, Cs;Sb, and the multi- 
alkali# compounds (NaK);Sb, [Cs ](NaK)3;Sb, and 
[Rb ](NaK);Sb. Here [Cs] or [Rb] placed before 
(NaK)3Sb indicates a surface layer of Cs or Rb. 

Although there is little literature concerning the 
electrical and optical properties of the other materials 
studied here, Cs;Sb has been investigated quite 
extinsively. Burton,‘ Morgulis ef a/.,> and Wallis,® as 
well as others, have measured the absorption of such 
films. Their results are shown in curves (1) and (2) 
of Fig. 1. 

Burton‘ has also established that the high photo- 
emissive yield in Cs;Sb is due to intrinsic photoemission, 
i.e., excitation of electrons from the valence band, and 
has reported that the photoelectrons come from a 
mean depth of about 250 A in the material. There is a 
large variation in the spectral distribution of the 
photoemissive yield curves of Cs;Sb as reported by 
different workers. For example, the curves of Apker 
and Taft’ rise much more gradually and tend to reach a 


1A. H. Sommer, Proc. Phys. Soc. (London) 55, 145 (1943). 
2G. Brauer and E. Zintl, Z. physik Chem. 37B, 323 (1937). 
3A. H. Sommer, Rev. Sci. Instr. 26, 725 (1955). 

‘J. A. Burton, Phys. Rev. 72, 531(A) (1947). Burton’s data are 
given by V. K. Zworykin and E. G. Ramberg, in Photoelectricity 
(John Wiley and Sons, Inc., New York, 1949), p. 59. 

5 Morgulis, Borzyak, and Dyatlovitskaya, Izvest. Akad. Nauk 
S.S.S.R. 12, 126 (1948). 

6 G. Wallis, Ann. Physik 17, 401 (1956). 

7L. Apker and E. Taft, J. Opt. Soc. Am. 43, 78 (1953). 


plateau at a higher energy than those of Burton‘ or 
Harper and Choyke.** Since the formation of the gross 
3:1 compound is relatively straightforward, it is 
probable that these differences are related to differences 
in the electronic escape probabilities and not to dif- 
ferences in the optical absorption in these materials. 

Borzyak® and Sakata’ have reported that Cs Sb 
shows p-type conduction. Borzyak has also found that 
by forcing an excess of Cs into the layer, the conduc- 
tivity may be changed from p to m type. Thus excess 
alkali acts like a donor. Sommer" has extended the 
measurements of Borzyak and found that the conduc- 
tivity of »CssSb is increased by Sb addition; thus 
indicating that excess Sb produces acceptors. Sommer 
has also done similar experiments on the other materials 
studied here. He found that addition of the alkali 
constituent decreased the conductivity of the multi- 
alkalis; whereas it increased the conductivity of K3Sb 
and Na;Sb. Thus, it appears that the multi-alkalis are 
p type and Na;Sb and K;Sb are m type. Rb;Sb usually 
exhibited n-type behavior (i.e., an increase in resistivity 
on Sb addition) ; however, since the maximum increase 
in resistance obtainable was less than for Na;Sb or 
K;Sb and, since on a few occasions the resistance 
decreased on Sb addition, the results were not as 
clear-cut as for the other materials. 


II. EXPERIMENTAL METHODS 
A. General Techniques 


The experimental equipment was built around a 
model 12B Perkin-Elmer monochromator as described 


8W. J. Harper and W. J. Choyke, Rev. Sci. Instr. 27, 966 
(1956). 

* Note added in proof.—Dr. Apker, Dr. Taft, and Dr. Philipp 
have made additional studies of Css;Sb and report, in a private 
communication, reasonable agreement with the curves of Burton, 
Harper, and Choyke, and those of this work. Therefore, this type 
of spectral response curve can be considered to be normal for 
Cs;Sb. It should be mentioned that the velocity distributions 
reported by Apker and Taft’ have also been found by these workers 
in Cs3Sb layers with the normal spectral response curves. 

°P. G. Borzyak, Zhur. Tekh. Fiz. U.S.S.R. 20, 923 (1950); 
[see Chem. Abstr. 45, 437 (1951)]. 

 T. Sakata, J. Phys. Soc. Japan 8, 125 (1953); 9, 1030 (1954). 

4 A. H. Sommer, J. Appl. Phys. (to be published). 
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STUDIES OF 


by DeVore.” Either a tungsten or a A-H-6 mercury 
lamp was used as a light source. When necessary, 
optical filters were used to eliminate scattered light. 
For the photoemission measurements, a monochromator 
slit width of 0.25 mm was used giving a band width at 
half maximum intensity of 0.025 ev or less. A slit width 
of between 0.25 and 0.5 mm was used for the photo- 
conductivity and absorption measurements. 

Films of the antimonides were produced by evaporat- 
ing Sb onto the walls of the vacuum tube and reacting 
it to completion with the alkali metal vapor(s)." The 
vacuum tubes were designed to allow for the measure- 
ment of photoconduction, photoemission, and optical 
absorption on the same surface. As the object of this 
work was to survey a number of materials without 
demanding extreme accuracy in the measurements, the 
design of the tube was kept as simple as possible. The 
tubes were usually cylindrical with two evaporated Al 
electrodes, 2 cm long, separated by a 2-mm gap, serving 
as cathode contacts. The antimony evaporator faced 
the slit and was used as an anode for the photoemission 
measurements. The tubes were of either Pyrex or quartz. 

All the results presented, whether for absorption, 
photoconduction, or photoemission, are representative 
of those made on two or more tubes. The results were 
reproducible from tube to tube unless otherwise noted. 


B. Optical Absorption 


In making the absorption measurements, the experi- 
mental tube was positioned so that the intensity of 
the reflected light, 7z, and the intensity of the trans- 
mitted light, 7, could be measured by moving the 
pickup cell without disturbing the tube or light beam. 
An Eastman Kodak “‘Ektron” PbS photoconductor was 
used as the pickup cell for the infrared and visible 
region and an RCA-1P28 photomultiplier was used for 
near ultraviolet. 

Although some measure of the sample thickness 
could be obtained by measuring the transmission of the 
antimony film from which it was formed," it was felt 
that the thickness was not well enough known to 
justify the complicated analysis necessary for exact 
determination of the absorption coefficient and index 
of refraction. However, the reflection was measured, 
and, as a first approximation, the absorption data will 


be plotted as 
7 ) 


where J is the intensity of the incident light and R is 
Ip/Io. In this approximation, no correction is made for 


2H. B. DeVore, RCA Rev. 13, 453 (1952); H. B. DeVore and 
J. W. Dewdney, Phys. Rev. 83, 805 (1951). 

3 For details of the activation process see A. H. Sommer and 
W. E. Spicer, in Methods of Experimental Physics, edited by 
A. Lark-Horovitz [Academic Press, Inc., New York (to be 
published), Vol. 6, Part B]. 
4M. Rome, J. Appl. Phys. 26, 166 (1955). 
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Fic. 1. CssSb absorption coefficients obtained by various 
workers. A coefficient of 10°/cm at 3.0 ev was assumed in the 
present work. 





the absorption which occurs in multiple reflections of 
the light, and thus absorption coefficients obtained from 
these data will tend to be high. Since other workers*~® 
have measured the absorption coefficient of Cs3Sb, 
a measure of the accuracy of the method may be 
obtained by a comparison of the results of this work to 
their results. This is done in Fig. 1. Since the thicknesses 
of our surfaces were not well known, these were obtained 
by taking a value of 5X10°/cm for the absorption 
coefficient at 3.0 ev. Data obtained from two of our 
surfaces are shown. In general, there is fairly good 
agreement with the published data; however, as is to 
be expected, our data tend to show higher absorption 
near the threshold. 

Because of the extreme thinness of the samples, 
significant absorption measurements may be obtained 
for absorption coefficients between about 10! and 
10°/cm but not for smaller coefficients.» Thus the 
fundamental absorption edge is not well defined by the 
absorption measurements. Fortunately, the funda- 
mental edge is usually defined sufficiently well by the 
photoconductivity data. 


C. Photoconductivity Measurements 


For the photoconductivity measurements, between 
1 and 22 volts were applied across the gap between 
the two electrodes. In these measurements, it was found 
that the photocurrent usually decreased to an asymp- 
totic value after the voltage was applied. By reversing 
the voltage or removing it for 10 or 20 minutes, the 
original photoconductive value could be obtained. 
These effects are probably associated with electrolytic 
and diffusion transport near the electrode interface,!*!7 

6 For other curves of absorption in the fundamental region 
see, for example, W. C. Dash and R. Newman, Phys. Rev. 99, 
1151 (1955); A. F. Gibson, Proc. Phys. Soc. (London) B63, 
756 (1950). 

16H. Miyazawa and S. Fukuhara, J. Phys. Soc. Japan 1, 645 


(1952). 
17 W, Widmaier and R. W. Engstrom, RCA Rev. 16, 109 (1955). 
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Fic. 2. Absorption and photoconductivity of (NaK);Sb and 
[Cs](NaK),Sb. A band gap of 1.0 ev is obtained from these data. 


but did not induce any measurable change in the 
photoemissive or absorption characteristics of the 
material. In making photoconductive measurements, 
the voltage was either left on long enough to approach 
the asymptotic photoconductive value or was reversed 
after each measurement and left on for a given amount 
of time before the next measurement. In order to 
remove any systematic errors which might have 
occurred despite these precautions, the data (photo- 
conductivity versus photon energy) were taken in a 
random order of photon energy. 

If external photoelectrons are created, these are 
attracted to the positive electrode and form a current 
which masks the internal photocurrent. This makes it 
impossible to extend the photoconductive measurements 
much beyond the photoemissive threshold. 


III. ABSORPTION AND PHOTOCONDUCTIVITY 
RESULTS 


The absorption and photoconductivity results are 
presented in Figs. 2 through 6 where the absorption 
and the logarithm of photoconductivity are plotted 
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SPICER 


versus photon energy. In order to indicate that the 
photoconductivity parallels the absorption fairly well 
for values of hy above the photoconductive threshold, 
an insert is added giving linear plots of photoconduc- 
tivity and absorption normalized at one point. 

As can be seen in Figs. 2 through 5, the photoconduc- 
tivity data were usually characterized by the sharp 
rise to be expected at the edge of fundamental absorp- 
tion. The band gap will be taken as the value of photon 
energy at which the photoconductivity stops rising 
exponentially. As can be seen from the figures, the 
values so obtained agree with those which might be 
estimated from the absorption data. The resulting 
values of band gap are given in Table I of Sec. V. 

Only for CssSb (Fig. 6) did the photoconductivity 
fail to show a sharp break on a semilog plot. This would 
seem to indicate that either impurity photoconductivity 
ale 
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Fic. 4. Absorption and photoconductivity of K;Sb. A band gap 
of 1.1 ev is obtained from these data. The absorption minimum 
at 3.1 ev was quite reproducible. 


or an indirect optical absorption'® process is obscuring 
the absorption edge. In any case, the value of the band 
gap must be estimated from the absorption data. 
Here it is hard to arrive at a precise value since the 
thinness of the samples makes it difficult to obtain 
absorption coefficients of less than 10*/cm. However, 
Wallis* and Eckart™ have fitted an equation of the 
form a=C(hv—Eg)!, where a is the absorption coef- 
ficient and C is a constant, to the experimental values 
of the absorption coefficients. Wallis obtains from his 
fit a value of 1.6 ev for the band gap energy Eg and 
Eckart a value of 1.7 ev. These values probably indicate 
an upper limit of the band gap energy. 


18 The fact that the square root of the photoconductive response 
is linear in Av would support the indirect optical absorption 

rocess (see insert Fig. 6) with a band gap of about 1.0 ev; 
teeny this evidence is too isolated to take seriously unless it 
is confirmed by other evidence. 

9 F, Eckart, Ann. Physik 19, 133 (1956). 





STUDIES OF ALKALI-ANTIMONY COMPOUNDS 


It was found that both the absorption and the 
photoconductivity curves of (NaK),Sb and [Cs ]- 
((NaK)3Sb were identical within experimental error 
(Fig. 2). This reaffirms Sommer’s previous conclusion® 
that the Cs added to (NaK);Sb only reduces the 
electron affinity and does not affect the bulk properties 
of the material. 

The forms of the absorption curves are of general 
interest. In particular, the rate at which the absorption 
increases with hy and the value of photon energy at 
which the absorption becomes relatively constant 
should be noted. The Cs;Sb absorption (Fig. 6) had 
the largest rate of increase and began to level off at 
the smallest value of photon energy (about 2.4 ev) of 
any of the materials. RbsSb began to level off at about 
2.6 ev (Fig. 3) and Na;Sb at about 2.8 ev (Fig. 5). 
K;Sb showed strong structure in its absorption above 
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Fic. 5. Absorption and photoconductivity of NasSb. A band gap 
of 1.1 ev is obtained from these data. 


2.4 ev with peaks at 2.6 and possibly 3.8 ev and a 
minimum at about 3.1 ev (Fig. 4). This structure very 
definitely seems to be real and not associated with 
any interference effects. The multi-alkali material had 
the slowest rate of rise of any of the materials, reaching 
its peak value only at about 3.2 ev (Fig. 2). By taking 
absorption curves of samples of different thicknesses, 
it was ascertained that these features were character- 
istic of the materials and not due to the thickness of 
the particular samples. 


IV. PHOTOEMISSION 


A. A Model for Photoemission 
from Semiconductors 


Photoemission can be thought of as a three-step. 


process consisting of (1) photoexcitation of the electrons, 
(2) the motion of the electrons through the crystal, and 
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Fic. 6. Absorption and photoconductivity of CssSb. A plot of the 
square root of photoconductivity vs hy is given in the insert. 


(3) the escape of the electrons over the surface barrier 
(electron affinity) into the vacuum. Here the photo- 
emission due to fundamental absorption, i.e., transitions 
from valence to conduction band, will be considered. 
The absorption process will be discussed with the help 
of a diagram of energy versus the virtual crystal 
momentum k (Fig. 7). The bands have been assumed 
to be parabolic with extrema at the same k value; 
however, this part of the discussion would not be changed 
by any more generalized band structure. Eg is the band 
gap energy and £, is the electron affinity, i.e., the energy 
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Fic. 7. A plot of energy vs k. Eg is the band gap energy and Ea 
is the value of the electron affinity. For convenience, the valence 
band energy will be measured as increasing downward from the 
top of the band. For the arbitrary value of photon energy, hv, 
given in the figure, transitions from valence band states lyin 
between the top of the band and an energy level of [Ay — (Ec+Ea) 
will result in electrons excited above the vacuum level (corre- 
sponding to an absorption coefficient a,). Absorption is also 
possible from valence band states lying between [hv—(Ee+Ea) ] 
and (hvy— Eq). However, this will result in excitation to conduction 
band states below the vacuum level (corresponding to the absorp- 
tion coefficient a.) and cannot give rise to photoemission. 
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difference between the bottom of the conduction band 
and the vacuum level. It is convenient to subdivide 
the absorption into two types and to define absorption 
coefficients for each. a, will represent the absorption 
coefficient for all the transitions in which the final state 
lies below the vacuum level; whereas a, will represent 
the transitions to levels above the vacuum level. 
Thus, only the absorption associated with a, can 
possibly give rise to photoelectric emission. The total 
absorption coefficient, a7, will be the sum of a, and a. 

The remaining two parts of the photoelectric process 
can be lumped together and considered as the probabil- 
ity of escape, P(x,hv), a function of both the distance, 
x, from the surface at which the electron is produced 
and the photon energy, hv. The latter dependence is 
due to the fact that kinetic energies with which the 
electrons are excited will be a function of Av. Thus the 
general expression for the photoemission current will 
be 


i¢hs)a(in) = f ay(hv)I(x,hv)P(x,hv)dx d(hv). (1) 


Here, i(hv) is the photoemission current due to the 
light of photon energy Av, d(hy) is the band pass of the 
monochromator used, J(x,hv) is the intensity of the 
light at a depth x from the surface, and the integration 
is over x. The sample thickness has been assumed to be 
sufficiently large so that the upper limit of the integral 
can be taken as infinity. (x,hv) is given by 


I(x,hv)=Io(hv)e*??, (2) 
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Fic. 8. Photoemission from Cs;Sb. The points are experimental 
and the solid curve is theoretical. As with the other materials 
which showed p-type behavior, cooling decreases the photo- 
emission in the threshold region. The room temperature and 
liquid Ne temperature points have been fitted vertically. An 
Ect+Ea value of 2.05 ev is obtained. 


SPICER 


where Jo(Av) is the incident photon flux. The photo- 
emission yield, Y (hv), will be i(hv)/Jo(hv). In order to 
integrate Eq. (1), a function of the form 


P(x,hv)=G(hv)e** (3) 


has been assumed, where G(hv) is an, as yet, undefined 
function of hy and 8 is a constant. This form seems to 
be the simplest which will fit the experimental data. 
The exponential dependence is such as might be 
expected for diffusion with absorption and has been 
found to be applicable in secondary emission.” Under 
these assumptions, we may integrate Eq. (1) to obtain 
the photoemission yield : 


a, (hv) 
Y (hv) = (= avin. 
ar(hv)+8 


(4) 
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Fic. 9. Photoemission from Rb,Sb. The points are experimental 
and the solid curve is theoretical. Room temperature and liquid 
Nz temperature points have been fitted vertically. An Eg+Ea 
value of 2.05 ev is obtained. 


It should be noted that if the escape probability 
were unity, the yield would be determined by a,/ar. 
In any case, where ar(hv) is of the same order or 
larger than 8, the ratio a,(hv)/ar(hyv) will be important 
in determining Y (hv); that is, if the light is absorbed 
within a distance from the surface comparable to 1/8, 
the reduction in yield due to the electrons excited into 
states below the vacuum level will be very important. 
From Burton’s work,‘ it appears that ar and f are 
comparable in Cs;Sb. Thus these considerations are of 
importance for CssSb and probably for the other 
materials studied here. A rather rough measure of the 
value of a,.(hv)/ar(hv) in the spectral region several 


A. J. Dekker, Solid State Physics (Prentice-Hall, Inc., 
Englewood Cliffs, New Jersey, 1957), Chap. 17. 
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electron volts removed from the threshold where the 
yield becomes relatively constant may be obtained from 
the ratio of the absorption coefficient at the threshold of 
photoemission to the maximum value of the absorption 
coefficient in the blue or ultraviolet. 


B. Application of the Model to the 
Alkali-Antimonide Compounds 


In order to make a specific calculation, it is necessary 
to consider the absorption coefficients a,(hv) and 
a-(hv). Recognizing the fact that near the threshold of 
emission a,(hv) will be varying with hy much faster 
than ar(hv), it can be seen from Eq. (4) that the 
photon energy dependence of Y (hy) will be determined 
by that of a,(hv)G(hv). As will be shown later, it was 
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Fic. 10. Photoemission from (NaK);Sb and [Rb](NaK),Sb. 
The points are experimental and the solid curve is theoretical. 
Room temperature and liquid Nz temperatures points have been 
fitted vertically. Eg+Ea values of 2.0 and 1.7 ev are obtained 
for (NaK)3Sb and [Rb ](NaK),Sb, respectively. 
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found that G(hv) could usually be treated as a constant. 
Thus the photoelectric yield near the threshold should 
be proportional to a,(hv). Experimentally, the yield was 
found to vary as [hv—(Eg—E,)]}! in this region, 
indicating such a dependence of a,(/v). With a parabolic 
valence band, this would indicate an unallowed direct 
transition®' or any type of transition which is just 
proportional to the total number of states in the 
valence band from which photoelectrons may be 
obtained.” Thus a, has the form 


. a,p=C[hvy— (E,+Ee)}}, (5) 


2! Bardeen, Blatt, and Hall, in Proceedings of the Conference on 
Photoconductivity, Atlantic City, 1954, edited by R. G. Brecken- 
ridge, et al. (John Wiley and Sons, Inc., New York, 1956), pp. 
148-150. 


2 Note that for Cs;Sb ar(hv) goes as (hv —Eq)!. See references 
6 and 19. 
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Fic. 11. Photoemission from [Cs](NaK);Sb. The points are 
experimental and the solid curve is theoretical. Room temperature 
and liquid Nz temperature points have been fitted vertically. 
An Eg+Ea value of 1.55 ev is obtained. 


where C is a constant. As will be seen later, the electron 
affinities found here are larger than a few tenths of an 
electron volt; thus, it can be shown that the final 
results are not significantly changed by taking a,(hv) 
to be a constant rather than proportional to (hy—Eg)}. 
Using this approximation and putting (5) into (4), 
we obtain 


[hy— (Egt+Ea) }'G(hr) 
~ Ehy— (Eot+Ea)}+y ” 
v= (a-+B)/C (7) 


is a parameter determined by fitting to the experimental 
data. 


Y (hv) (6) 





where 


C. Experimental Results 
1. Cs3Sb, Rb3Sb, and the Multi-Alkali Photoemitters 


It was found that Cs3;Sb, Rb;Sb, and three multi- 
alkali materials could be fitted by the model proposed 
above. In all cases, photoemissive curves were obtained 
from the thin samples used for the absorption and 
photoconductive studies and also from samples of a 
thickness greater than the optical absorption length 
of the material in order to justify the integration from 
zero to infinity in equating (1). It was found that most 
multi-alkali, CssSb, and Rb;Sb data could be fitted by 
this model with G(hv) taken as a constant, B, independ- 
ent of hy. Such data are given in Figs. 8 through 11. 
The values taken for B and ¥ to fit the data are indicated 
on each plot. 

The results for Cs;Sb are shown in Fig. 8. The 
theoretical curve could be fitted to the experimental 
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data in the region of hy greater than 2.0 ev. From this 
fit, a value of 2.05 ev is obtained for Eg+ 4. In the 
lower energy region, the experimental-data diverge 
from the theoretical curve as would be expected if the 
yield in this region were due to photoexcitation from 
impurity states. Since there is evidence that these 
materials are p type, this photoemission would seem 
to come from filled acceptors. Cooling the material to 
liquid N2 temperature should decrease such an impurity 
photoemission. Figure 8 shows that such an effect 
was, in fact, observed. Thus, the photoemission in 
the threshold region seems to come from acceptor-type 
impurity states. A sharpening of the slope of the yield 
curve on cooling is also evident here as in the case of the 
other materials. This effect will be discussed later. 

The data obtained from Rb;Sb are shown in Fig £9. 
The shape of the curve is similar to that for Cs;Sb, 
the principal difference being that in the threshold 
region, the change of slope of the yield curve on cooling 
was much less-than for Cs;Sb. A value for Eg+ Ea of 
2.2 ev is obtained from the fit. 

Figures 10 and 11 show the results obtained from the 
multi-alkali cathodes. Again, the theory may be fitted 
to the data in the range of high yields. The change of 
yield with temperature in the threshold region is as 
would be expected for acceptor states. The values of 
Egt+E,4 are 2.0 ev for (NaK);Sb, 1.55 ev for 
[Cs](NaK)3Sb, and 1.7 ev for [Rb ](NaK);Sb. The 
[Rb](NaK);Sb was not studied extensively and no 
low-temperature data were taken from this type of 
surface. As mentioned before, within experimental error, 
the absorption and photoconductivity of the layers 
were not affected by the addition of the third alkali 
metal; the effect of the addition of Cs or Rb was to 
reduce the electron affinity. This reduction is about 
0.45 ev for Cs and 0.3 ev for Rb. 

The curves shown here are representative of the 
majority taken for these surfaces. However, a minority, 
about 10% for the single alkalis and 30% for the 
multi-alkali materials, could not be easily fitted if the 
assumption of constant G(hv) was made. Instead, it 
seemed necessary to assume that G(hv) was a function 
which increased rather slowly with hy [e.g., G(hv) 
might increase by a factor of about 2 over a Av range of 
about 1.5 ev]. This variation of the escape probability 
between samples may be caused by such parameters 
as the number and types of defects present, the bending 
of the bands at the glass and vacuum interfaces of the 
samples, and/or crystallite size. That the multi-alkali 
surfaces vary from the simple theory much more often 
than the single alkali would seem to reflect their 
greater complexity and thus a stronger probability 
for variation in these parameters. 

It is also of interest to consider the impurity photo- 


% It was impossible to measure the absolute yield of the cooled 
photoemitters. Thus, the yield curves taken at liquid Nz tempera- 


ture have been fitted vertically to the room temperature curves 
in the region of fundamental photoemission. 
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Fic. 12. Photoemission from K;Sb. These data could not be 
fitted by theoretical curves. Impurity photoemission centered 
at about 2.1 ev and perhaps 2.8 ev is present. The value for 
Ee+Ea probably lies between 2.2 and 2.9 ev. 


emission. The acceptor states giving rise to this emission 
may be bulk states or may be associated with the 
surface. The lack of structure in the low-energy region 
of the photoemissive response curve indicates a lack 
of well-defined levels and, thus, a distribution of 
impurity states increasing in something like an expo- 
nential manner with energy above the top of the 
valence band. If such were the case, the slope of the 
yield curve should increase by about a factor of 4 on 
cooling from 300° to 77°K. Such an increase was found 
for [Cs ](NaK) Sb. The change in slope is less for the 
other materials. This would be expected if the low- 
temperature response were due to compensated rather 
than thermally filled acceptors. 

The deduction that the threshold photoemission is 
due to acceptors agrees, in general, with the findings 
of Borzyak,° Sakata,"° and Sommer." The only question 
arises in the case of Rb3;Sb in which Sommer did not 
find definite evidence for p-type conduction from 
resistance measurements. 

A density of impurity levels of 10" to 10?°/cm* would 
have to be assumed to agree with the magnitude of the 
impurity photoeffect. This is in agreement with the 
values estimated for Cs;Sb from conductivity and Hall 
measurements by Sakata.!** The difference measured 
here between the threshold for fundamental response 
and the threshold for impurity response (about 0.45 ev) 
for Cs;Sb lies in the range of activation energies 


% T. Sakata, J. Phys. Soc. Japan 8, 793 (1953). 
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0.2-0.7 ev obtained from conductivity vs temperature 
curves measured by a number of workers.”*-** The 
distribution of impurity states indicated by our data 
may help to explain the range of activation energies 
found by these workers. 


2. Photoemission from Na;Sb and K3Sb 


Typical spectral response curves obtained from Na;Sb 
and K;Sb are shown in Figs. 12 and 13. These could 
not be fitted to the theoretical model. The response in 
the threshold region was found to vary strongly from 
sample to sample. It is believed that this variation can 
be correlated with the presence of excess alkali metal 
in the lattice. Figure 12 indicates clearly the increase in 
threshold yield for two K;Sb layers with the addition 
of K. The relatively low peak efficiency of sample 
S-708 after K addition is due to the fact that it was 
irradiated from the glass substrate and most of the 
light was absorbed too deeply in the material to give 
rise to photoemission. It was impossible to follow the 
photoemission of S-708 to the spectral range in which 
higher yield occurs before K addition because of the 
difficulty of drawing saturation current from the 
highly resistive layer. From these data, there is evidence 
of an impurity photoemission band centered at about 
2.1 ev which is induced by K addition. S-659 also 
showed evidence of a second impurity band due to K 
addition at about 2.8 ev. 

As can be seen in Fig. 13, two general features appear 
in all Na;Sb curves; the break at about 3.4 ev which 
probably indicates the appearance of impurity photo- 
emission and the plateau region beginning at about 
4.4 ev. As shown in Fig. 13, it was found that the 
yield in the region below 3.4 ev can be increased by Na 
addition. The break between impurity and intrinsic 
photoemission also sharpened on cooling and the yield 
in the impurity region increased as would be expected 
if electrons were being condensed into the impurity 
levels. The same behavior on cooling was observed in 
K;Sb. Since it is impossible to fit the theoretical 
curves to these data, no criteria exists by which exact 
values of the electron affinities may be obtained. 
However, it is possible to set reasonable upper and 
lower limits of the electron affinity. Since photoemission 
at photon energies less than the electron affinity would 
not be expected, the upper limit is set by the minimum 
value of hy for which photoemission is detectable. 
The lower limit will be assumed to be given by 


E4>hvg—0.3 ev, (8) 


where hyvg is the photon energy at which the intrinsic 


2% W. J. Harper and W. J. Choyke, J. Appl. Phys. 27, 1358 
(1956). 

26N. Schaetti and W. Baumgartner, Le Vide 6, 1041 (1951); 
Helv. Phys. Acta 24, 614 (1951). 
( 27R, Suhrman and C. Kangro, Naturwissenschaften 40, 137 
1953). 

8 T. Sakata, J. Phys. Soc. Japan 8, 125, 723, 793 (1953). 

* T, Sakata and S. Munesue, J. Phys. Soc. Japan 9, 141 (1954). 
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Fic. 13. Photoemission from Na;Sb. These data could not be 
fitted by theoretical curves. The photoemission below about 
3.4 ev is probably due to impurities. The value for Eg+Ea 
probably lies between 3.2 and 3.5 ev. 


photoemission breaks away from the impurity photo- 
emission. This is 3.5 ev in the case of NasSb and 2.5 ev 
for K;Sb. By this means, the electron affinity of 
K;Sb is estimated to lie between 1.8 and 1.1 ev and 
that for NasSb between 2.4 and 2.0 ev. 

The inability to fit the theoretical equations to 
Na;Sb and K;Sb may be due to the fact that the 
fundamental photoemission is obscured by the impurity 
emission. The difficulty is also increased by the high 
photon energy threshold of these materials. This 
limits the range over which the fundamental photo- 
emission may be studied. However, the salient difference 
between these response curves and those that do fit 
the theoretical curves is the rather slow rate of 
rise of yield in the intrinsic region. For example, it 
takes a photon energy range over 1.0 ev for the K;Sb 
response to rise from 10-7 to 10 electron/photon; 
whereas, the materials which fit the model rise by this 
amount in less than 0.5 ev. This difference might be due 
to a strong hy dependence on escape probability or a 
turning up of the bands at the vacuum interface in 
the case of K;Sb and Na;Sb or to other causes. 


V. SUMMARY OF RESULTS 


The values for the band gap Eg and the electron 
affinity E, (obtained by subtracting Eg from Eg+E,4) 
are tabulated in Table I. The conductivity type as 
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TABLE I. Values for band gap (Eg) and electron affinity (E.). 
Conductivity type was determined from photoemission measure- 
ments. Peak quantum efficiency was obtained from measurements 
on a number of samples. 





Peak 
quantum 
efficiency 
measured 


0.02 
0.07 
0.10 
0.25 
0.30 


0.40 


Eg (ev) Ea (ev) 


Material 


Na;Sb 

K;Sb 

Rb;Sb 

Cs;Sb 

(NaK )3Sb 
Farag 





indicated by the photoemission data is also listed. 
Except for Rb;Sb, the conductivity type found here is 
identical with that found by Sommer." The peak 
quantum efficiency listed is the highest value obtained 
from measurements on a number of samples. No value is 
given for [Rb ](NaK),Sb since only a few tubes of this 
type were measured. 


VI. DISCUSSION 


The band gaps of the alkali antimonides do not 
appear to vary appreciably with the alkali constituent, 
except in the case of Cs;Sb. Since Cs3Sb has a “‘pseudo- 
body-centered cubic’™ structure whereas the other 
single alkali materials have a Na;As-type hexagonal 
structure,” this difference may be related to crystal 
structure. (The structure of the multi-alkali antimonides 
is not known at present.) The lack of variation of band 
gap with alkali constituent for the materials having 
the Nas;As structure is similar to the effect found in 
the alkali halides where the band gap is little affected 
by a change in the alkali constituent. In contrast to 
the small differences in the band gaps of Na;Sb, 
K;Sb, and Rb;Sb, the electron affinities of these 
materials decrease quite markedly with increasing 
atomic number of the alkali constituent. The values of 
the peak quantum efficiency vary in the same way. 

It is interesting to note the considerable difference 
between the electron affinities of NasSb and K;Sb and 
that of (NaK);Sb. This is in contrast to the small 


® A. L. Solomon (private communication). 
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difference in the band gap energies. Thus, the increase 
in photoelectric efficiency of the “multi-alkali” cathodes 
over that of K;Sb or NasSb seems to be mainly due to 
a reduction in electron affinity and may be caused by 
the formation of a favorable dipole layer at the surface, 
the change in the conductivity type of the material as 
discussed below, or a combination of these. The reduc- 
tion of the electron affinity of (NaK)3Sb by addition of 
Cs and Rb is also quite striking and would seem to be 
due solely to an increasingly favorable dipole layer at 
at the surface. 

Cs;Sb and (NaK),;Sb have comparable peak quantum 
efficiencies although their electron affinities are quite 
different. This is probably related to the fact that the 
ratios of the absorption coefficient at the threshold of 
photoemission to the maximum absorption coefficient 
are about equal for these two materials [see Sec. IV (A) 
and Figs. 2 and 6]. The increased peak yield of 
[Cs ](NaK);Sb over (NaK);Sb can probably be related 
to a decrease in this ratio (i.e., a decrease in the fraction 
of the excited electrons which go into states below the 
vacuum level). 

The data show that the most efficient emitters are 
those with p-type electrical properties. If one considers 
the effect of surface states, it is easy to see that for 
the n-type materials the bands will have a tendency to 
turn upward at the surface; whereas, for p-type 
materials, the bands will tend to turn downward. Such 
behavior will be reflected in an effective raising or 
lowering of the electron affinity. In particular, the 
fact that the electron affinity of (NaK),Sb is less than 
that of NasSb or K;Sb may be partially due to the 
fact that the former is p type and the latter type. 
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Internal Photoeffect and Exciton Diffusion in Cadmium and Zinc Sulfides* 
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The spectral response of photoconductivity of ZnS and CdS for both single-crystal and sintered-powder 
samples was measured for several distances between the area of illumination and the electrode region. 
The energy transport process for indirect illumination was studied by measuring the photocurrent pulses 
produced by high-intensity light flashes and by experiments with light transmission and electric fields. 
These studies demonstrate energy transport by electrically neutral entities other than photons, which we 
interpret as diffusion of excitons or mobile electron-hole pairs. 

This indirect or transfer photocurrent occurs predominantly at frequencies below the absorption edge of 
the crystal, with the detailed response being sensitive to the impurity content of the samples. The diffusion 
parameters in this region generally lie in the following range: lifetime r= 10™ to 10~ sec, diffusion constant 
D=108 to 104 cm?*/sec, and diffusion length L=0.1 to 1 cm. 

The transfer photocurrent for steady illumination shows,a nearly linear dependence on the incident 
light intensity. The slow decay of the photocurrent indicates that trapping processes are important in 
the photocurrent mechanism. Measurement of photocurrent pulses for flash illumination shows a greater than 
linear dependence on intensity, indicating a second-order or bimolecular process. A proposed mechanism 
for the transfer photoeffect involves initial absorption of the light with creation of an exciton, which diffuses 
to a trap in the lattice. A second exciton reaching the trap then dissociates, using energy transferred from 
the trap. 


INTRODUCTION lattice before returning to the ground state. The latter 


-2¢ca ‘ _ | ‘ . r wrt st-¢ > ry Brankea!l 1 
PTICAL absorption measurements on nonmetallic case has been designated an exciton state by Frenkel. 


crystals are of primary importance in elucidating 
their electronic energy-band structures. Photoconduc- 
tivity studies yield additional information on the 
nature of the excited states. In the present work, the 
absorption spectra of CdS and ZnS and the photo- 
conductivity produced by illumination at a distance 
from the electrodes were studied to determine the 
mechanisms of photon-electron interaction and energy 
transport in these materials. 

The one-electron approximation in the quantum 
theory of solids leads to the familiar energy-band 
representation of the electronic states of a crystal. 
Normal, nonconducting crystals, having a filled valence 
band and an empty conduction band, are transparent 
at frequencies up to the absorption edge which corre- 


Previous Experimental Evidence for the 
Existence of Excitons 


The fundamental absorption bands for a number of 
crystals have recently been shown to possess a fine 
structure. Thus a complex spectrum has been observed? 
at low temperature for CdS. Gross and co-workers 
suggested that these transitions, or some of them, are 
characteristic of the pure crystal and may be interpreted 
as exciton production. 

In their study of the relation between absorption 
spectra and the spectral distribution of the internal 
photoelectric effect, they show* that the photocurrent 
spectrum of CdS depends upon the orientation of the 
crystallographic axis with respect to the direction of 


sponds to a transition from the highest occupied band 
to the lowest empty band. However, a weak, low- 
frequency tail below the characteristic absorption 
region may arise from lattice disturbances which allow 
violation of selection rules and also add their own 
impurity spectrum. 

The description that an electron is transferred into a 
conduction band implies that the electron and hole are 
definitely separated, i.e., ionized, and can move 
independently of each other. However, the electron 
and hole carry opposite charges and will therefore 
attract each other in nonconductors even at considerable 
distances. Thus non-ionized, excited states can occur 
which may either be localized or diffuse through the 
* Sponsored by the U. S. Office of Naval Research, the Army 
Signal Corps and the Air Force. 

+ Present address: Laboratorie de Physique, Ecole Normale 
Supérieure, Paris, France. 


propagation and polarization of the incident light. 
Comparison of photoconductivity spectra with absorp- 
tion spectra shows that the frequencies of the narrow 
photocurrent maxima coincide very closely with those 
of the absorption bands. If the origin of these absorption 
bands is exciton production, it follows that the photo- 
current in CdS crystals involves optical generation of 
excitons as a primary step. 

An earlier investigation’ of the kinetics of photo- 
conductivity in CdS crystals led to the conclusion that 
excitons are important in internal photoeffects. They 


1 J. Frenkel, Phys. Rev. 37, 17 (1931); Physik Z. Sowjetunion 
8, 185 (1935); 9, 158 (1936). 

? E. F. Gross and N. A. Karryev, Doklady Akad. Nauk S.S.S.R. 
84, 471 (1952); E. F. Gross and M. A. Yakobson, Zhur. Tekh. 
Fiz. 25, 364 (1955); Doklady Akad. Nauk S.S.S.R. 102, 485 (1955). 

’ Gross, Kaplyanski, and Novikov, Zhur. Tekh. Fiz. 26, 913 
(1956). 

‘*V. E. Lashkarev and G. A. Fedorus, Izvest. Akad. Nauk 
S.S.S.R., Ser. Fiz. 16, 81 (1952). 
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Fic. 1. Experimental arrangement for measuring the internal 
photocurrent by indirect illumination. 


assumed that high exciton concentrations are produced 
by light absorption. Some excitons, on migrating 
through the crystal and being destroyed at sites of 
imperfections, give rise to trapped electrons sub- 
sequently liberated by means of energy transfer from 
other excitons. This mechanism is analogous to that 
proposed first by Apker and Taft® for the photoelectric 
effect in the alkali halides: production of F centers by 
excitons and migration of additional excitons to the F 
centers causing ionization by dissociation of these into 
vacancies and free electrons. In a recent study by 
Shuba,*® the photoelectric emission from CdS can best 
be explained assuming the same mechanism. 

The study by Gross and Yakobson’ of the ‘“‘azure”’ 
luminescence of CdS shows that by excitation with 
A\=3663 A at T=77.3°K one obtains an emission 
spectrum, attributable to excitons, with nine lines in 
complete coincidence with the absorption lines pre- 
viously obtained by the same authors. They conclude 
that the blue luminescence of CdS may be due to a 
spectrum of excitons annihilated in the CdS lattice. 

Grillot® also describes the fluorescence of CdS at 
77°K in terms of fine lines whose frequencies correspond 
to the formula v,= 20 700— (6500/n*) [cm]. Because 
of the evidence that lattice imperfections are responsible 
for this fluorescence, he concludes that the process 
involves annihilation of excitons at defect sites in the 
CdS lattice. Lambe, Klick, and Dexter’ and also 
Diemer, Van Gurp, and Meyer” have attributed 
similar fluorescence spectra to vibrational fine structure 
of the emission band. 

To investigate energy-transfer processes in which 
diffusion can occur, Balkanski and Broser"™ utilized a 
special method of excitation. The crystal was illu- 
minated only through a narrow slit at some distance 


5L. A. Apker and E. Taft, Phys. Rev. 79, 964 (1950); 81, 698 
(1951); 82, 814 (1951). See also a general discussion in Imperfec- 
tions in Nearly Perfect Crystals, edited by W. Shockley (John 
Wiley and Sons, Inc., New York, 1952). 

®Yu A. Shuba, Zhur. Tekh. Fiz. 26, 1129 (1956). 

7E. F. Gross and M. A. Yakobson, Zhur. Tekh. Fiz. 26, 1369 
(1956). 

8 E. Grillot, a paper presented at the Jnternational Congress on 
Semiconductors and Phosphors, Garmisch-Partenkirchen, 1956 
(Friedrick Vieweg und Sohn, Braunschweig, Germany) (to be 
published). 

® Lambe, Klick, and Dexter, Phys. Rev. 103, 1715 (1956). 

1 Diemer, Van Gurp, and Meyer, Physica 23, 987 (1957). 

1M. Balkanski and I. Broser, Z. Elektrochem. 61, 715 (1957). 
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from the electrodes, while the rest of the crystal 
remained covered. They measured the photoconduc- 
tivity spectrum resulting from energy diffusion through 
the crystal. It was demonstrated by experiments with 
a variable electric driving field that this diffusion 
process involves neutral entities. The mechanism of 
photocurrent production can be explained by the 
generation of excitons which diffuse toward the elec- 
trodes and dissociate at imperfections giving trapped 
electrons, followed by their ejection into the conduction 
band upon interaction with other excitons. 

Diemer and Hoogenstraaten” have performed similar 
experiments with masked crystals and also studied the 
photoelectromagnetic effect in CdS. The diffusion 
lengths of photoexcitation by the two methods are 
incompatible, leading the authors to conclude that 
both ambipolar and exciton diffusion are important 
mechanisms in the photoconductivity. 

At liquid nitrogen temperature, the photocurrent 
spectra for indirect illumination of certain CdS crystals 
show a series of maxima at 5700, 5450, 5160, 4880, 4730, 
and 4640 A, which fit roughly into a hydrogen-like 
formula 


B 
E,=hv,=A——[ev], (1) 
n? 


where £,, is the energy difference between the funda- 
mental state and the mth excited state, m an integer 
(n=2, 3, ---), and », the absorption or emission 
frequency. 

This behavior led Broser and Warminsky™ to list 
the energy levels of CdS and ZnS obtained by emission, 
absorption, and excitation to see if there is any regular- 
ity in their distribution. Many of the impurity levels 
can be put in a series corresponding to Eq. (1). For both 
substances (CdS and ZnS) these authors found two 
series, each with different values for B: for CdS, 
A=2.82 ev; B=6.4 and 5.0 ev; for ZnS, A=4.1 ev; 
B=6.8 and 5.4 ev. For both substances the transition 
n=2 corresponds to one of the bands generally 
attributed to the Cu-impurity level. The authors 
conclude that the experimental data indicate the 
existence of discrete impurity-center levels rather than 
exciton levels. 

The presence or absence of a hydrogen-like spectrum 
spectrum neither proves nor disproves the existence of 
excitons since impurity atoms may also give rise to a 
similar spectrum, and excitons themselves may have 
hydrogenlike energy levels only in certain crystals 
with cubic symmetry. The experimental determination 
of characteristic parameters of the energy migration 


2G, Diemer and W. Hoogenstraaten, J. Phys. Chem. Solids 2, 
119 (1957). 

J. Broser and R. Broser-Warminsky, Z. Elektrochem. 61, 
209 (1957). 

47. M. Dykman and §. I. Pekar, Works Phys. Inst. Acad. Sci. 
Ukrain. (S.S.S.R.) No. 3, 92 (1952); A. I. Ansel’m and L, I. 
Korovin, Zhur. Tekh. Fiz. 25, 2044 (1955). 
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Fic. 2. Absorption spectra of CdS single crystals (C; to C,) 


(diffusion length and lifetime) is of fundamental 
importance for the establishment of the mechanism 
of the energy transport and has been accomplished in 
the work reported in the present paper. 


EXPERIMENTAL TECHNIQUE 


The initial process of light absorption, the photo- 
electric response, and the energy diffusion in CdS were 
studied in the present work. Information as to the 
initial excitation process is derived from measurements 
of the absorption spectra between 11000 and 50000 
cm (2000 to 9000 A). The measurements were made 
with the Cary Model 12 spectrophotometer, a quartz- 
prism double monochromator, with samples orientated 
to permit polarization measurements perpendicular or 
parallel to the optic axes of the crystal. Transmission 
of thin films and reflectivity measurements were also 
made. 

Photocurrent measurements of the particular kind of 
excitation spectra first described by Balkanski and 
Broser“" were performed (Fig. 1). A Beckman IR-3 
spectrophotometer, with a tungsten lamp and CaF, 
or SiO, prisms, was used and the photocurrents were 
recorded for constant incident radiant energy by 
variation of the slit width with wavelength. The 
monochromator output was focused on a thermocouple 
and the signal amplified and fed to a servocircuit 
which opened or closed the slit to maintain a constant 
signal level. The positions of the slits were recorded on a 
tape and upon playback the slit was automatically 


A 
10000 UF 18 OOO 


20 000 


(cm~') 


(a) unpolarized light; (b) polarized light, | and || to z axis. 


returned to its respective opening for constant energy 
at each wavelength, while the photospectra were 
recorded. 

The photoresponse to modulated radiation was 
measured by chopping the incident light at a frequency 
of 10 cps and biasing the sample with 165-v dc. The 
10-cycle component of the photocurrent was amplified 
using the Beckman IR-3 amplifier. Photospectra 
recorded in this manner are dependent on the scanning 
rate and illumination prehistory, but are reproducible 
under fixed conditions. Even for infinitely slow scanning 
rates they differ from steady illumination photospectra, 
since relaxation effects which are slow compared to 
the chopping time are not recorded. With the same 
monochromator the excitation spectra for unmodulated 
radiation were also traced and the equilibrium photo- 
current under dc bias was measured with a micro- 
ammeter or a current amplifier. 

The diffusion constant and lifetime of the excitation 
energy were calculated from measurements of the rise 
time /,, and the maximum height / of the photocurrent 
pulse at the electrodes following a light flash through 
a slit at a distance from the site of the electrodes. 
The photocurrent at the electrodes, as a function of 
elapsed time, was measured by a sensitive Tektronix 
No. 513D oscilloscope. A single-stage pentode amplifier 
of rapid-response characteristic was used to provide 
additional amplification when the photocurrent pulses 
were weak. The light flash was produced by discharging 
0.1 uf at 16000 v through a 1-atmos xenon lamp of 
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Fic. 3. Absorption spectra of ZnS single crystals (Z; and Zz): (a) unpolarized light; (b) polarized light, 1 and || to z axis. 


4-mm diam, with an electrode gap of 1.2 cm in series For monochromatic-light pulse experiments the elec- 
with an air gap. The time constants of both the flash tronic flash lamp was inserted directly in the IR-3 
lamp and the photocurrent circuit were less than 1 sec. source compartment. The slit width was set to give 
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Fic, 4. Reflection (a) and absorption (b) spectra of CdS (C3). 
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Fic. 5. Excitation spectra of CdS (C2) for chopped illumination 
(a) over the electrodes; (b) 0.3 cm from the electrodes. 


constant incident energy at each of several wavelengths 
by oscilloscopic examination of the amplified pulses 
from a thermocouple. Measurements for different slit 
openings at a fixed wavelength were also made. 

For measurements at low temperatures a metallic 
Dewar cell with insulated electrical leads and a quartz 
window was used. 

Most of the experiments were made with CdS single 
crystals obtained from several laboratories; measure- 
ments were also performed on ZnS single crystals from 
two sources and on sintered CdS powders with known 
impurity centers. 

MEASUREMENTS 


1. Absorption and Reflection Spectra 
The transmission 7 of radiant energy J through a 
sample of single surface reflectivity R and thickness d 
is given by T=1/Jo= (1—R)*? 10- for random phase 


DIFFUSION 


(arbitrory units) 


Photocurrent 








Fic. 6. Excitation spectra of pure CdS (C;) for chopped illumina- 
tion (a;) over the electrodes at constant incident energy; (az) over 
the electrodes at constant slit opening (low intensity); (b) at a 
distance from the electrodes. 


differences, where k= (1/d)[—logy7+2 logio(1—R) ] 
is the absorption coefficient. The transmission curves of 
CdS were corrected for reflection losses using the 
measured reflectivity; for ZnS a constant reflectivity 
computed from the refractive index (D line) was used. 

Figure 2 shows the absorption spectra of four CdS 
crystals and, in addition, the polarization spectra of 
two of the samples, while Fig. 3 shows corresponding 
data for ZnS. The absorption coefficient for all samples 
increases monotonically with increasing frequency in 
the range measured with a sharp break in slope corre- 
sponding to the absorption edge. The position of the 
absorption edge in CdS is shifted from 100 to 150 cm™ 
to higher frequency for E||z than for E14. (E designates 
the direction of the electric vector of the radiation 
and z the optic axis of the crystal). The position of the 
edge is essentially independent of impurity concentra- 
tion, but below 19000 cm~ for CdS and 28 000 cm= 
for ZnS the absorption coefficient in the tail of the band 
increases with increasing impurity content. For example, 
the value of & for the Cu-doped crystal (C,) at 18 000 
cm is 15 times greater than for C;, the purest sample 
measured. A small shoulder occurs for sample C2 near 
18 000 cm. No discrete band structure other than this 
is observed in the low-frequency side of the absorption 
edge at room temperature. 

The absorption coefficient below the sharp break in 
slope near 18 000 cm™, while modified by impurities, 
increases much more slowly than the impurity con- 
centration. This band is probably caused by alteration 
of the dipole-moment transition probability of the 
pure crystal by perturbation from impurity atoms. 
Exciton absorption in this region must correspond to 
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Fic. 7. Excitation spectra of copper-doped CdS 
(C,) for chopped illumination (a) over the elec- 
trodes; (b) at a distance from the electrodes. 








14.000 
Frequency (cm~') 


16000 


forbidden transitions since k is several orders of magni- 
tude below that for allowed absorption bands. 

Structure in the high absorption region of CdS is 
indicated from the spectra of evaporated films (Fig. 4). 
The upper shoulder of the absorption coefficient occurs 
at about 22 000 cm, with additional peaks at about 
43 000 and >50 000 cm~, in good agreement with the 
reflection spectrum of C;, which has maxima at 20 000, 
38 500, 44 500, and >50 000 cm™. 

Previous studies’-'* have established the temperature 
dependence of the absorption edge below room tempera- 
ture. The edge shifts about 1150 cm™ toward higher 
frequency when cooled from room temperature to 77°K. 

The attenuation of energy through the sintered 
CdS samples was also measured using an experimental 
arrangement in which more than 10% of the total 
hemispherical radiation emerging from the highly 
scattering sample was detected. The transmission of a 
sample (C;, 50 u thick) is below 10~ at all frequencies 
between 12000 and 25000 cm™; hence the total 
energy transmission of such a sample is certainly less 


18 The absorption coefficient even for allowed transitions may 
be quite low for very loosely bound states close to the absorption 
edge, since the absorption coefficient should decrease with binding 
oo for example, G. Dresselhaus, Phys. Rev. 106, 76 

1956) ]. 
16 C. C. Klick, Phys. Rev. 89, 274 (1953). 


than that 10~* in this range. The opacity of such 
samples is sufficiently high that radiation can be 
neglected as an energy transfer process over slit- 
electrode distances of the order of a centimeter. 


2. Photocurrent Spectra 


The spectral dependence of photocurrent differs 
according to the nature of the individual samples. All 
CdS samples, when illuminated directly over the 
electrodes, show a primary peak of photocurrent near 
5100 A (2.43 ev) which is rapidly attenuated as 
one moves the region of illumination away from 
the electrodes. This primary photocurrent is intrinsic 
and believed due to direct liberation of free charge- 
carriers with a diffusion length of the order of 
microns. For indirect illumination at a distance from 
the electrodes, the principal photoresponse occurs at 
lower frequencies than the primary peak and undergoes 
only gradual attenuation with increased slit-electrode 
distance. We shall call this diffusible photoeffect a 
transfer photocurrent whose efficiency and spectral 
response differ according to the nature of the samples. 
We may qualitatively classify our samples as (1) 
low-sensitivity CdS in which the efficiency of the 
transfer photocurrent is low, the frequency of maximum 
photocurrent is only slightly lower than for the primary 
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peak, and the absorption coefficient below 18 000 cm 
is small; and (2) high-sensitivity CdS in which the 
transfer-photocurrent efficiency is high, the photo- 
current peak occurs at much lower frequencies (<2.1 
ev), and the absorption coefficient in the low-frequency 
tail of the band is high. Our purest crystals C, and Cs, 
and silver-doped samples C, and. C2, belong to the 
low sensitivity class, while the copper-doped samples 
C3, C4, and C, are representative of the high-sensitivity 
group. 

Figures 5 to 10 show the typical photoresponse for 
CdS samples. It should be noted that transfer photo- 
current occurs even for direct illumination, while 
some remainder of the primary peak occurs for indirect 
illumination as the result of scattered light reaching the 
electrode region. A residual response can also occur if 
a certain fraction of the charge carriers recombine, 
converting their recombination energy to form excitons 
of lower energy. 

To establish the nature of the transfer photoeffect 
and to distinguish clearly between diffusion of excitons 
and internal reflection and scattering of light as the 
dominant energy transport process, we have performed 
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Fic. 8. Excitation spectra of CdS (C3) for continuous illumina- 
tion at 0.8 cm from each pair (1 and 2) of electrodes at the ex- 
tremities of the crystal &) before and (b) after cleaving the 
crystal. 
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Fic. 9. Excitation spectra of copper-doped, sintered CdS (C,) 
for illumination (a) over the electrodes (chopped); (b) at a 
distance from the electrodes (chopped); (c) at a distance from 
the electrodes (continuous). 
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Fic. 10. Excitation spectra of silver-doped, sintered CdS (C,) 
for illumination (a) over the electrodes (chopped); (b) at a 
distance from the electrodes (chopped); (c) at a distance from 
the electrodes (continuous). 


the following experiments on a highly sensitive CdS 
crystal C; (2X0.5X0.07 cm). Two parallel sets of 
electrodes were mounted at the two extremities of the 
crystals; each pair could be connected alternately to 
the current-measuring circuit. The crystal was illu- 
minated at the center through a narrow slit and the 
photoresponse from each side recorded separately. The 
two curves obtained [Fig. 8(a)] are quite similar and 
characterized by a peak in the transfer photocurrent at 
A= 6140 A (E=2.02 ev). The much less intense primary 
peak is observed at A=5102 A (E=2.43 ev). 

The crystal was afterwards cleaved nearer to the 
right side and the boundary immersed in diiodomethane 
having a refractive index of mp=1.76 (CdS, mp=2.52). 
This immersion increases the cone of light not subject 
to total internal reflection from 0.51 to 1.79 steradians 
and decreases the normal reflectivity from 18.6 to 3.1% 
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Fic. 11. Excitation spectra of ZnS (Z,) for continuous illumination (a) over the electrodes; (b) at a distance from the electrodes. 


compared with an air-CdS boundary; thus the percent 
transmission of hemispherically uniform light through 
two plane-parallel interface is increased from 5.1 to 
26.7%. The photocurrent spectra of both sides of the 
crystal were taken again, maintaining the slit at the 
center. The photoresponse on the left side is the same 
as that previously established, but on the right side it is 
drastically changed compared with the first diagram. 
No trace of the transfer-photocurrent peak is left, 
while a slight indication of the primary peak can still 
be discerned (Fig. 8). One may conclude on the basis 
of this experiment than when a gross discontinuity is 
established in the crystal, the energy transport giving 
rise to the transfer photocurrent is interrupted across 
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Fic. 12. Rise of photocurrent following illumination of a dark 
crystal with (a) modulated or (b) unmodulated radiation. 


the boundary. This eliminates the possibility of 
interpreting the transfer photocurrent by any process 
based on light transmission. The presence of transfer 
photoresponse in the virtually opaque, sintered CdS 
samples (Figs. 9 and 10) lends added confirmation to 
this view. 

The photocurrent spectra obtained with ZnS single 
crystals (Fig. 11) are analogous to those observed for 
CdS. The primary peak of photoresponse for direct 
illumination occurs at \= 3380 A (3.68 ev) with a very 
low peak occurring at A=3745A (3.3 ev). Indirect 
illumination produces a maximum of the transfer 
photocurrent at A= 3920 A (3.18 ev), and only a slight 
remainder of the primary peak. 

The spectral behavior of the transfer photoresponse 
was studied for both modulated and unmodulated 
radiation. Since the spectra taken by the two procedures 
are not identical, we shall analyze the methods in 
greater detail. 

If one applied a dc bias to a dark crystal and at time 
‘=0 illuminates it with chopped or steady light of a 
fixed wavelength, the corresponding photocurrent at 
time / will be represented as shown in Fig. 12. The 
modulated photoresponse is measured by the pulse 
height i, which depends on the time constants for 
both rise and decay of the photocurrent, while the 
steady photocurrent is measured by the limiting value 
i,.. The maxima for the two methods will not, in general, 
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coincide since the photoresponse is not linear, and a 
finite scanning speed is used for the modulated measure- 
ments. However, the chopped method gives the 
approximate location of the equilibrium-photocurrent 
peaks and is much more convenient for accumulating 
data. 

The difference in response for modulated or steady 
radiation for sample C; can be seen from Figs. 8 and 13. 
The main transfer-photocurrent maximum is practically 
unaffected, shifting by only 0.01 to 0.02 ev, while the 
intensity of an additional shoulder at about 1.6 ev is 
somewhat changed. For the sintered samples (Figs. 9 
and 10) the transfer-photocurrent maxima shift from 
1.81 to 1.93 and from 2.27 to 2.31 ev, respectively. 

The positions of the transfer-photocurrent maxima 
seem quite variable even for samples doped with the 
same impurity (copper). Thus for modulated radiation, 
C, has a peak response at 1.3 to 1.5 ev while C, has a 
peak at 1.93 ev. Since the magnitude of transfer 
photocurrent depends on the product of efficiencies 
for the successive steps in the mechanism (initial 
absorption, diffusion, active trapping or decay, and 
eventual conversion to free charge carriers), it is not 
surprising that the detailed shape of the photoresponse 
may differ from one sample to another; only if all 
impurities, deffects, strains, etc., were identical would 
one expect identical photoresponse. 

The spectral response of the transfer photocurrent of 
the sintered samples shows the effect of impurity 
doping most clearly. These samples were prepared by 
stirring an aqueous slurry of one part soluble copper or 
silver salt with 1000 parts CdS with added CdCh, 
followed by drying and heating in an oven to allow 
ionic diffusion. The material was then finely ground in a 
nonaqueous suspension, painted on a glass substrate, 
and baked to sinter the particles. 

At room temperature, the copper-doped samples 
(Ca, Fig. 9) show a maximum in the transfer photo- 
response at \= 6870 A (1.81 ev) for steady illumination, 
while for silver-doped samples (C,, Fig. 10), the 
corresponding peak occurs at A= 5465 A (2.27 ev). 

Most of the previous studies concerning the absorp- 
tion spectrum and photoresponse*® ascribed to excitons 
were made at low temperature. To allow a comparison 
between our results and those of others, the photocurrent 


TABLE I. Maxima in the transfer-photocurrent spectra at 
78°K for indirect illumination. 


Wave number 
of the Energy 
excitation levels 
em™ ev 


Intervals 
107% ev 





Photoresponse for 
direct illumination 

Maxima of the 
photoresponse for 
indirect illumina 
tion at 78°K 


2.58 
2.50 
2.36 
2.08 
1.78 
1.30 


20775 
20 020 
19 000 
16 600 
15 490 
10 500 
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Fic. 13. Excitation spectra of CdS (C3) for chopped illumination 


with different radiant power (a) over the electrodes (0.15 erg/sec) ; 
(b) at 0.8 cm from the electrodes (7.9, 1.25, and 0.15 erg/sec). 


for indirect illumination of sample C; was measured at 
liquid nitrogen temperature (Fig. 14), and revealed a 
series of peaks whose separations increase toward 
lower frequencies. The energy levels (Table I) corre- 
sponding to these maxima in the photoresponse can be 
fitted roughly to a hydrogen-like formula (Eq. 1) with 
different constants than reported by Broser and 
Warminsky,” but the variability of spectral response 
from sample to sample prevents an unequivocal 
interpretation. 
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Fic. 14. Excitation spectrum of CdS (C3) at T=78°K for 
continuous illumination at a distance from the electrodes. 
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The efficiency of production of transfer photocurrent 
increases and of primary photocurrent decreases at 
low temperatures. The mobility of excitons seems to be 
greater and therefore the diffusion process becomes 
more efficient at low temperature. 

The photocurrent impulses for flashes of given 
input-radiant power for frequencies below the absorp- 
tion edge also increase as the temperature is lowered. 
The peak height of the transfer photocurrent at 
\= 6056 A is greater at 78°K than at 300°K (Table II), 
even though the photocurrent maximum has shifted 
some distance from this wavelength at low temperature 
(Fig. 14). Low-temperature measurements with chopped 
radiation and reasonable scanning times proved 
unreliable because of the slower decay processes 
encountered at 78°K. 

A series of curves (Fig. 13) shows the photoresponse 
for different incident intensities of chopped indirect 
illumination, all other conditions being identical. The 
position of the transfer-photocurrent peak (2.02 ev) is 
not apprecialy affected by the intensity of the incident 
light when the radiant power varies between 0.15 and 
7.9 ergs/sec. The intensity of the photocurrent, in 
contrast, is closely correlated with the intensity of the 
radiation: the photoresponse for illumination with 
7.9 ergs/sec at a distance of 0.3 cm from the electrodes 
is even higher than the one for direct illumination with 
an incident intensity of 0.15 ergs/sec. 

The dependence of the photocurrent 7 on the absorbed 
radiant power p for continuous illumination at a 
distance from the electrodes (Fig. 15) may be approxi- 
mated by the equation i=kp’-*, indicating a nearly 
linear relationship. The curve giving the photocurrent 
as a function of the incident light intensity at 78°K is 
above that at 300°K. The quantum efficiencies at the 
lowest intensities measured were 0.031 at room tempera- 
ture and 0.044 at liquid nitrogen temperature. 

The intensity dependence of the height / of the 
photocurrent peak produced by flash illumination at a 
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Fic. 15. Dependence of the transfer photocurrent on the 
absorbed radiant power of CdS (C3) at \=6056 A. 
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distance from the electrodes is shown in Fig. 16. The 
photocurrent can be represented by the equation 
i=k,p", where n=0.35 or 1.1 in the low- or high- 
intensity regions, respectively. Here also the photo- 
response on flash illumination at liquid nitrogen 
temperature is higher than the one at room temperature. 
The greater-than-linear dependence of the photocurrent 
on flash intensity at high levels indicates a contribution 
to the photocurrent which is quadratic in exciton 
density, characteristic of a bimolecular process. At low 
intensities the current is nearly independent of power 
level which may indicate an impurity-limited process. 
This is to be contrasted with the intensity dependence 
of photocurrent for steady illumination, where the 
response is nearly linear (Fig. 15). 

The kinetics of the energy transport process were 
investigated to elucidate the mechanisms involved in 
the diffusion of energy in the transfer photoeffect. 

Let us consider a crystal of uniform cross section, 
infinite in the x direction, illuminated uniformly by a 
light pulse in a thin section of the yz plane. At the 
instant of illumination (t=0), the excitation-energy 


TABLE II. Dependence of the maxima of indirect photocurrent 
impulse on the incident flash intensity. 


o* h (arbitrary units)> 
ergs/sec 


13.8 8.4 

76.8 41 
189 59-70 
391 195 





® The total luminous flux through the slit situated at a distance from 
the electrodes. 

> The maximum of the photocurrent impulse generated by the flash 
illumination. 


density p= p(x,y,2,t) in the crystal is given by 

p(x,y,2,0) = x(¥,2)8(x), (2) 
where 6(x) is the Dirac delta operator, defined as 
S "5 (x)dx=1, where 5(x)=0 for +¥0. 

In the region of linear response, the function p(x,y,2,¢) 
satisfies the partial differential equation 
0p dp ~*) 
ax? ay ag’ 


Op p 


ot Tr 


(3) 


where 7 is the lifetime and D is the diffusion constant. 
The solution in one dimension is 


1 l “) (4) 
n(e=——e0( > 4D) 


For a cylindrical crystal illuminated uniformly in the 
yz plane at x=0, t=0, the general solution is 


1 ‘t # 
p3(x,y,2,t) = 80 oi exp( eS (5) 


Dt)! r 4Dt]’ 
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where g(y,z,t) is determined by 0g/dt=D(0’g/dy’ 
+0°g/dz*), and g(y,z,0)=x(y,z); and D(dg/dn)=sg, 
where 7 is the normal to the cylindrical surface and s is 
a surface-annihilation factor. The determination of 
g(y,2,t) is not necessary for the computation of diffusion 
parameters in the x direction. Equation (4) gives the 
distribution of excitation energy in the crystal at any 
time after illumination. It is possible to compute this 
distribution function, introducing experimental values 
for r and D for a fixed slit-electrode distance as a 
function of time, or for a fixed time interval as function 
of slit-electrode distance. 

According to Eq. (4) the maximum energy density for 
a given slit distance x occurs after time 


T 4x? 4 ; 
4 Dr 


The following approximations are justifiable in two 
limiting cases: 

9 9 

x 4° 


lu=—, for <1, 


Dr 


xf7rr} 43° 
w=-(=) ; for —>>1. 
2\D Dr 


In the latter case, Eq. (4) reduces to 
Pinax(X,tu) = €~*/4/(2exL)!, (7) 


where L is the diffusion length [L=(Dr)*]. The 
transit time /y (the time interval between the flash 
illumination and occurrence of maximum photocurrent) 
as well as the ratio of the photocurrent maxima //h» 
for two values x;> 2 of the slit-electrode distance x, 
can be experimentally determined. If we assume that 
the rate of free charge-carrier production by the 
annihilation of the excitation is proportional to p/r, 
the ratio p:/p2 in first approximation will be equal to 
the ratio of photocurrent peaks /,/h2. The mean life + 
will then be given by 
Qin (1— x2/x1) 


r=— ————- -, (8) 
Inf (A2/h1) (x2/21)*] 


(6a) 


(6b) 


the diffusion constant by 
x1°(1— x2/x1) 

D=—__-____—_., 

2tarr In (he/hy) (x2/21)*] 


and diffusion length by 


L= ———, (10) 
In[ (A2/h1) (x2/21)*) 


The agreement with experiment is satisfactory except 
at very high intensities, where bimolecular terms become 
important. 
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Fic. 16. Dependence of the transfer-photocurrent pulse height 
on the radiant power of the light flash for CdS (C3) at \=6056 A: 
(a) 0.3 cm slit-electrode distance at 300° and 78°K; (b) 0.25 cm 
slit-electrode distance at 300°K. 


In this treatment only the problem of a pure random 
diffusion has been considered. We have implicitly 
assumed that the diffused particles were not charged. 
For the experimental proof of such an assumption, we 
should establish that an external electric field is without 
action on the diffusion process. 

Let us consider an electric field E applied in the 
direction of the x axis. The differential equation of the 
diffusion [Eq. (2) ] can now be rewritten 


Op p Op Op dp Op 
—+ =p(—+ n+—) tub 


- (11) 
Ot fT 2 ay 02" Ox 


where the mobility « of the dominant free charge- 


‘ carrier is given by the Einstein” relationship, u.= eD/kT. 


Its solution in the one-dimensional case is 


pEx “) 


p=p(x,t) po exp ee 


2D 4D 


This may be expressed in the following form 


eL x,t ]e 0=[p(x’,t) ]z—o, 


where «’=x+yEt. 

The diffusion process for charged particles is thus 
dependent on the electric field, but in the present case 
no effect was observed for fields as high as 10® v/cm, 
although even a field of 10 v/cm should have given a 
measurable displacement of the photocurrent maximum. 
This insures that we are measuring energy transport 
by neutral entities and need not consider this field 
effect. 

The lifetime of the diffusion excitons was calculated 
by inserting the measured values of fi, 41, and Ae in 
Eq. (8). For sample C3; (1.4X0.5X0.07, cm) the 

17 A. Einstein, Ann. Physik 17, 549 (1905); Miiller-Poullet, 
Lehrbuch der Physik (Friedrich Vieweg und Sohn, Braunschweig, 
1933), Chap. 4, p. 316. 


(13) 
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TABLE III. Dependence of the characteristic diffusion parameters 
of excitons in CdS (C3) on the incident energy of excitation. 








Mean life Diffusion Diffusion 
(r) constant (D) length (L) 
sec cm?/sec cm 


3.2K 10-3 0.405 X 10° 1.1 
8X 10-° 5.0X 10° 0.2 
1.410% 6.2X 108 0.30 
2.2X 10-5 6.2X 108 ; 
9.3X 10~* 6.4X 10° A 
1.7X 10-5 7.5X 108 

6.9X 10-5 7.5X 108 





computed mean life + of an excitation produced by 
monochromatic light at A=5730A (E=2.17 ev) is 
t=1.4X10- sec. For the same crystal, applying 
Eqs. (9) and (10), we obtain the diffusion constant 
D= 6200 cm?/sec and the diffusion length L=0.30 cm. 
The estimated probable error in the determination of 
the diffusion parameters was +25%. 

With the same crystal we made a series of measure- 
ments using monochromatic light of various wave- 
lengths. Table III shows that for all excitation energies 
below the absorption edge in CdS, values of 7 of the 
same order of magnitude (710-5 sec) were obtained ; 
the diffusion constant D has a mean value of about 
6.5X10*. For excitation energies above the absorption 
edge, 7~3X10-* sec, D~400 cm?/sec, and L~1 cm. 
There are reasons for believing that the values of 7 
and D for these energy levels are not characteristic of 
a diffusion process of excitons, since the initial illumina- 
tion generates free-charge carriers predominantly; nor 
do they correspond to pure electron or hole diffusion. 
Recently reported!* measurements on the photoelectro- 
magnetic effect give L=0.1yu. The efficiency of the 
exciton process for energies above the absorption edge 
is very low compared with that for excitation with 
lower energy. The efficiency of the energy-transport 
process for indirect illumination is lower for A= 5000 A 
(E=2.48 ev) than for \=6900 A (E=1.8 ev), even 
though the efficiency of production of free charge- 
carries for direct illumination is more than 150 times 
greater for the higher frequency. Since diffusion lengths 
are comparable, the efficiency of exciton generation is 
at least 100 times lower for frequencies of the order of 
the absorption edge than for lower frequencies. This 
indicates that nearly all of the free charge-carriers are 
trapped near the site of their generation and the 
mechanism of this energy diffusion is probably a 
migration of excitons produced gradually by secondary 
processes with a slow period. The diffusion parameters 
of excitons are actually measured only for excitation 
by energies below the absorption edge. These measure- 
ments were made in a dark room with complete protec- 
tion from stray illumination to eliminate any back- 
ground stimulation. 

Measurements were also made with the room light 
turned on. The results presented in Table IV show small 
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differences in the values of the diffusion parameters 
but the order of magnitude is not affected. If the 
differences are not due to statistical deviations, although 
they are within the limits of the experimental precision, 
the shortened lifetime of excitons with background 
illumination would be expected for a bimolecular 
process. Thus, if the annihilation rate of excitons is 
proportional to the product of the concentration of 
excitons and excited traps, one should shorten the 
excitons’ lifetime by the external stimulation of traps. 

Measurement of the transit time as a function of 
radiant intensity at a fixed wavelength shows that é1 
also decreases with an increase of the total luminous 
flux over the crystal (Table V). The higher the con- 
centration of excitons initially created, the greater the 
probability of bimolecular interaction ending the 
diffusion process. This explains the dependence of the 
diffusion parameters on exciton density. 

A Cu-doped sample, Cy, showed r-~10~° sec, some- 
what lower than that of samples with lower impurity 
concentrations. A sintered CdS sample C;, copper- 
doped, gave 7=1.7X10~® sec, D=1X10' cm’/sec, 
L=0.126 cm. A ZnS single crystal Z. showed: r=7 
X10-® sec, D=4X10' cm*/sec, L=0.52 cm. A silver- 
doped sintered sample C, prepared by the same method 
gave r=7.6X10~* sec, D=8X 10° cm?/sec, L=0.85 cm. 

The values of D are only slightly affected by decreas- 
ing the concentration of impurities by a factor greater 
than 100 or even by changing the chemical identity 
of the doping agent. Such behavior eliminates the 
possible interpretation of energy transport in the 
transfer photoeffect by a nonradiative mechanism 
involving only the impurity atoms, since the transit 
time for such a process should increase exponentially 
with increasing interatomic distance between impurity 
atoms and vary with the chemical nature of the 
impurity. 

The computed diffusion constants at room tempera- 
ture are much larger than one would obtain if free- 
charge carriers provided the energy transport. If 
electrons or holes are responsible for this transport 
process, the Einstein equation," yw=eD/kT, gives 
immediately the values of D corresponding to measured 
mobilities. For electrons the values of 4 obtained from 


TABLE IV. Dependence of the diffusion parameters of excitons 
in CdS (C3) on the incident energy of excitation with a background 
stimulation. 








Photon Diffusion Diffusion 
energy constant (D) length (L) 
ev cm?/sec cm 


2.48 0.049 X 10° 0.20 
2.38 0.087 X 10° 0.16 
2.28 1.4X 10° 0.11 
2.17 4.1X 10° 0.18 
2.06 4.3X10° 0.20 
1.80 

1 


Mean life 





d 5.6X 108 0.28 
52 ‘ 9.3X 10° 0.45 
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Hall-effect measurements fall in a range about 200 
cm?/v sec, which would give a value about 0.5 for D; 
for holes the mobility is supposed to be still lower than 
that of electrons. This shows that the value for D 
computed from photocurrent measurements (Table IV) 
cannot be the electron or hole diffusion coefficient. 
Before concluding definitely as to the nature of the 
diffusion process, we shall examine another possibility, 
i.e., the transport of energy from a secondary lumines- 
cent process. Although our experiments obliged us to 
exclude the possibility of appreciable energy transport 
by light diffusion or luminescence, there exists some 
parallelism between luminescence and transfer photo- 
current that deserves more careful examination. 
Broser'® has performed a series of experiments from 
which he concludes that the energy transport at 
considerable distances is propagated predominantly 
by a light process (internal reflection or scattering of the 
light, or luminescence following the time of direct illumi- 
nation) and transmitted through the crystal. The corre- 
sponding transfer photocurrent would then be caused by 
absorption of the scattered radiation. This mechanism 
seems to make a negligible contribution to the transfer 
photocurrent in the impurity concentration range of 
our samples in view of the following considerations: 
(1) cracking the crystal eliminates the transfer photo- 
current, (2) light-flash, photocurrent pulse experiments 
indicate a dependence of transit time on the slit- 


187. Broser (private communication). 
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TaBLE V. Dependence of transit time ty and maximum photo- 
current / on incident radiant intensity (A= 6056 A). 





Room temperature 
Slit-electrode distance, 0.25 cm 


105 (sec) h (410%) 


g* 
erg/sec 
0.41 
2.51 
13.8 
76.8 
189 “a 
391 1 
551 0.8 





® The total luminous flux through the slit over the crystal. 


electrode distance ; (3) the transfer photocurrent spectra 
show fine structure at low temperatures; (4) the spectral 
response of transfer photocurrent is different from 
luminescence excitation efficiency and is independent 
of slit-electrode distance ; and (5) the quantum efficiency 
is too high for a process involving reabsorption of light. 
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The linear coefficient of thermal expansion of silicon, germanium, and indium antimonide has been 
measured in the range 4.2°K-300°K using an interferometric method. In the cases of silicon and germanium, 
these values are used to calculate the variation in Griineisen’s factor y with temperature and the result is 
compared with the predictions of T. H. K. Barron. Silicon and indium antimonide have negative values 
for y at low temperatures and some of the requirements for a structure to behave in this manner are 
suggested, namely, fourfold coordination in the lattice, covalent bonding, and openness of structure. 


INTRODUCTION 


INCE semiconductors are important for solid state 
devices their physical properties are of great 
interest. In addition, silicon was reported! to have a 
negative value for the coefficient of thermal expansion 
below approximately 100°K. It is one of the few solids 
known to have this unusual property. It was decided, 
therefore, to investigate the coefficient of thermal 
expansion of three semiconductors, namely, silicon, 
germanium, and the III-V compound indium anti- 
monide in order to see if this anomaly was present in 
other solids with the diamond cubic structure. 


EXPERIMENTAL TECHNIQUE 


The interferometric technique used in this study is 
based on that described by Nix and MacNair.? The 
interferometer consists of two optical flats separated by 
three specimens, in a triangular array, of the material 
to be investigated. The specimens are in the form of 
cones ~6 mm high and 2-3 mm in diameter at base. 
The apparatus was designed’ to cover the range 
4.2-300°K by placing the interferometer in a chamber at 
the base of a thin-walled stainless steel tube which 
could be lowered into a helium Dewar. The temperature 
of the interferometer could be controlled to within 
+0.05°K by a constantan wire heater surrounding the 
interferometer. Above 20°K the temperature was 
measured with a copper-constantan thermocouple and 
below 20°K with a calibrated carbon resistor thermom- 
eter. In order to maintain stable thermal equilibrium, 
it was necessary to allow helium gas at a pressure 
~1 mm Hg in the interferometer chamber. A helium 
discharge tube was used as a source of monochromatic 
light, the He 5878A line being isolated by a Baird 
interference filter. In all cases, the specimen heights 
were adjusted to give 2 to 3 fringes across the upper 
optical flat which was 1 cm in diameter. The interferom- 
eter was kept at constant temperature for 20 minutes 
in order to attain thermal equilibrium before the fringe 
system was photographed on 35-mm Kodak Tri X Pan. 


1H. E. V. a Ann. Physik 41, 467 (1942). 


2F. C. Nix an MacNair, Rev. Sci. Instr. 12, 66 (1941). 
* The author is indebted to M. E. Fine, who was responsible 
for the initia] design of the apparatus. 


It was found possible to measure the position of the 
fringes with respect to a fiducial mark engraved upon 
the upper optical flat to within 1/20 of a fringe spacing, 
which corresponds to a change in length of approxi- 
mately 150 A. 


MATERIALS 


In addition to the semiconductors, it was decided to 
measure the expansion of an annealed single-crystal 
specimen of aluminum to check the apparatus and 
compare with previous measurements on the coefficient 
of expansion of aluminum. The aluminum was 99.99% 
pure and the axis of the cones was a (111) direction. 

Silicon.—Because it was suspected that the growing 
technique affected thermal behavior, single crystals 
prepared by three different techniques were measured. 

(1) A crystal was grown by the crystal-pulling 
technique and the crystal was rotated during growth. 
This crystal contained electrically active impurities 
with a concentration of ~10"/cc and an oxygen 
concentration of 9X10" atoms/cc. Two crystals were 
prepared, one with a (100) growth direction and 
the other, a (111) growth direction. The axis of each 
set of cones was the growth direction. 

(2) A crystal was grown by the crystal-pulling 
technique without rotation of the crystal during growth. 
This crystal contained electrically active impurities 
with a concentration of ~10'/cc and an oxygen 
concentration of 3X10" atoms/cc. The axis of the 
cones was a (100) direction. 

(3) A crystal was grown by the floating-zone tech- 
nique. This crystal contained electrically active im- 
purities with a concentration of ~2X10"/cc and an 
oxygen concentration of <10"* atoms/cc. The cone axis 
was a (100) direction. 

Germanium.—The crystal was grown by the crystal- 
pulling technique in vacuo and contained electrically 
active impurities corresponding to a concentration of 
10"/cc. The cone axis was a (100) direction. 

Indium Antimonide.—Two crystals were obtained 
by the crystal pulling technique. The crystals contained 
electrically active impurities of 10" and 10'*/cc, 
respectively. In each case the cone axis was a (100) 
direction. 
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EXPERIMENTAL RESULTS 


In all cases the reported coefficient of linear thermal 
expansion was obtained graphically from a plot of the 
expansivity [Al/lo72.2 ] with temperature. The probable 
error in expansivity is <0.5% and in the expansion 
coefficient is greater but <1.5%. 

Aluminum.—Table I gives the value of expansivity 
B=[Al/loz3.2] and coefficient of thermal expansion, 
a=[ (1/ls73,2)(dl/dT)p | at 10°K intervals from 20°K 
300°K. The values in the table are the averages of 
three separate runs, all of which agreed within the 
small experimental error. The value of 8 at 80°K is 
within 0.3% of that reported by Nix and MacNair.'‘ 
The results of Bijl and Pullan® do not agree so well and 


TABLE I. Aluminum. 


Al 1/dl 
— a=4( gp), x10" 


—3.659 0.06 
— 3.657 0.68 
—3.645 1.87 
—3.619 3.21 
—3,581 4.83 
—3.524 6.82 
— 3.444 9.00 
—3.344 10.99 
— 3,231 12.65 
—3,107 14.05 
— 2.968 15.11 
—2.817 16.00 
— 2.653 16.84 
— 2.484 17.61 
— 2.314 18.25 
—2.127 18.82 
— 1,933 19.43 
— 1.740 19.86 
— 1,539 20.34 
— 1.340 20.70 
— 1,130 21.04 
—0.918 21.36 
—0.704 21.63 
— 0.486 21.90 
—0.282 22.10 
— 0.069 22.25 
+0.146 22.39 
+0.369 22.49 
+0,597 22.59 


are about 2% greater than those reported here in the 
range 20-200°K. 

Silicon.—Experimentally no difference in expansivity 
was observed among any of the specimens tested. 
Table II gives the value of 8 and a between 40°K and 
300°K and is the average of six runs. At 300°K the 
reported value of a is ~1.5% higher than that given by 
Fine. The temperature at which a becomes zero is 
119.5°K, which is 11°K higher than that reported by 
Fine. However, the agreement is quite good when one 
considers the very low expansivity of silicon. 

Germanium.—Table III gives the values of 8 and a 
at 10°K intervals from 40°K-300°K and is the average 

4F. C. Nix and D. MacNair, Phys. Rev. 60, 597 (1941). 


5D. Bijl and H. Pullan, Physica 21, 253 (1955). 
°M. E. Fine, J. Chem. Phys. 21, 1427 (1953). 


EXPANSION OF SOME 


CRYSTALS 
TABLE IT. Silicon. 


1/ dl 

T°K 273.2 a=(z ® 
40 —0. —0.05 
50 : —0).20 
60 ; —0.41 
70 q —0.59 
80 ; —0:77 
90 : —0.51 
100 .195 —0.31 
110 : —0.15 
120 . +0.01 
130 197 +-0.16 
140 .195 +0.31 
150 ; +0.47 
160 ; +0.65 
170 E +0.84 
180 . +1.05 
190 157 +1.28 
200 2 +1.49 
210 127 +1.67 
220 ; +1.83 
230 . +1.97 
240 . +2.07 
250 05 +2.16 
260 . +2.22 
270 ; +2.27 
280 1s +2.30 
290 +2.31 
300 . +2.33 


of three separate runs. The values for 8 reported are 
on the average 10% less than those of Fine’ in the range 
he covered, namely, 80°K-300°K. D. MacNair (private 
communication) covered the range 150°K-300°K and 
his values are approximately 2% larger than those 
reported in this paper. 


TABLE IIT. Germanium. 


8 aM x108 
lazs.2 
—0.811 
—0.810 
—0.808 
— 0.803 
—0.794 
—0.782 
—0.763 
—0.739 
—0.708 
—0.675 
—0.638 
— 0.609 
—0.559 
—0.516 
—0.472 
—0.425 
—0.376 
—0.328 
—0,279 
—0.229 
—0.178 
—0.126 
—0.072 
—0,018 
+0.037 
+0.094 
+0.151 


™M. E. Fine, J. Appl. Phys. 24, 338 (1953). 
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TABLE IV. Indium antimonide. 








8 alt «108 


leza.2 





—0.739 

—0.746 

—0.764 

—0.777 

—0.782 

—0.784 

—0.778 

—0.766 

—0.748 

—0.724 

—0.694 
+2.48 
+3.67 
+3.83 
+3.96 
+4.08 
+4.17 
+4.27 
+4.35 
+4.43 
+4.51 
+4.58 
+4.64 
+4.71 
+4.78 
+4.83 
+4.89 
+4.95 
+5.00 
+5.04 

Indium antimonide.—No difference was observed in 
the results from the two samples and Table IV gives the 
values of 8 and a at 10°K intervals from 10°K-300°K. 
This table is the average of four separate runs. The only 
data available on indium antimonide are reported by 
Potter,® who lists average values for a between 
83-213°K, 212-253°K, and 253-293°K as being 
3.9X 10-6, 4.4K 10-*, and 4.7 10~*, respectively. 

If we calculate an equivalent set of average values 
from the values of 8 in Table IV, we obtain 3.8 10~*, 
4.5X10-® and 4.9X10-*. Further comment is not 
warranted because of the limitation imposed by the 
averaging process. 


DISCUSSION 


Figure 1 shows the variation of expansivity B=[ Al, 
ler3.2] with temperature for silicon, germanium, and 
indium antimonide. Silicon and indium antimonide 
have a minimum in the expansivity at 119.5°K and 
56°K, respectively; below this temperature the coeffi- 
cient of linear expansion is negative. A discussion 
of this unusual behavior is best approached by a 
consideration of the Griineisen factor. 

From statistical mechanics? a factor y; can be derived 
for each vibrational frequency v;, where 


7j=—9 Inv;/d InV. (1) 


®R. F. Potter, Phys. Rev. 103, 47 (1956). . 
J. C. Slater, Introduction to Chemical Physics (McGraw-Hill 
Book Company, Inc., New York, 1939). 


If one assumes that the frequency spectrum is deter- 
mined entirely by the limiting frequency ymax, char- 
acterized by the Debye @, then the y,’s are the same 
and equal to 


Y= —9 Invmax/d InV. (2) 


By using thermodynamic relationships, it can be shown 
that 
y=aV/xC,, (3) 


where a is the volume coefficient of thermal expansion, 
V the volume per gram atom, x the compressibility, 
and C, the specific heat at constant volume. The + 
defined in Eq. (3) may be identified with a y¢ which was 
originally obtained by Griineisen from an empirical 
equation of state and shown to be a constant. However, 
it has been realized for many years that yg need not be 
a constant and the assumptions which were made have 
been discussed recently by Barron.’ From Eq. (2) it 
can be seen that y is a measure of the variation of 
vibrational frequency with volume. The validity of the 
assumptions can be tested by observing if y is independ- 
ent of temperature according to Eq. (3). 

Contrary to Griineisen’s original thesis, Bijl and 
Pullan® were the first to show from experimental 
measurements that the Griineisen factor is not a 
constant for aluminum and copper in the temperature 
range 20°K-300°K. The assumption that the 7,’s can 
be represented by an average value is therefore incorrect 
and y(T) obtained from Eq. (3) really represents the 
variation of y, the integral of the y,’s over all modes 
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Fic. 1. Variation of expansivity with temperature for silicon, 
germanium, and indium antimonide. 


” T. H. K. Barron, Phil. Mag. 46, 720 (1955). 
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and all directions, with temperature. Barron!" has 
recently explained the variation of y with temperature 
by a detailed analysis of the frequency spectrum of 
cubic lattices, in a manner similar to that used by 
Blackman” for the Debye characteristic temperature 6. 
By assuming various force laws between atoms, Barron 
has been able to show (a) that one can expect high- 
and low-temperature limits for y, namely, y. and yo; 
(b) that the main variation in y should be expected in 
the region 7'/0,.~0.3 where 0. is the high-temperature 
limit of the Debye 6; and (c) that it is possible to have 
a negative value of y associated with certain transverse 
modes. Thus, since the experimentally determined y 
is the weighted average of }-y;, if the transverse modes 
dominate, y may be negative for particular cases.” 
A physical interpretation of a negative y can be seen 
from Eq. (1), namely, that the frequency of vibration 
increases with increasing volume. Barron!" has suggested 
a mechanical analog for such behavior. 

In the case of silicon and germanium it is possible 
to evaluate y, as defined by Eq. (3), from existing 
experimental data without involving any empirical 
relationships. It is believed that this is the first case 
where this has been possible in the critical temperature 
range, i.e., below 7'/6,,.=0.3. For silicon, y was calec- 
ulated using the following data: C, from the values for 
C, of Pearlman and Keesom™ and Anderson” using 
the thermodynamic relation C,—C,=9Va?/x, x from 
the results of the author,'® and a value of Vo5° of 
12.08 cm*/gram atom. For germanium y was calculated 
using the following data: C, from the values for C, of 
Esterman and Wertman" and Hill and Parkinson,!® x 
from values of Fine!? and McSkimin,” and a value for 
Vase of 13.63 cm*/gram atom. The variation of y 
with the reduced temperature 7'/6,, is shown in Fig. 2. 

In the case of germanium it can be seen that + varies 
rapidly in the region 7/6,c~0.3 and is beginning to 
approach a limiting value below 7/6,c~0.1. These 
results provide an excellent confirmation of Barron’s 
general arguments. Silicon again shows a rapid variation 
of y in the region 7/6,,~0.3 ; however, the low-tempera- 
ture region is obscured by the minimum at 7/6@,<~0.13 
which is a consequence of the point of inflection in the 
expansivity near 80°K. Unfortunately, it is not possible 
to evaluate y below 7'/6,,c~0.08 as the interferometric 
technique for measuring a is not sufficiently sensitive, 
even though values for C, are available. In order 
experimentally to determine the low-temperature limit 


4 T. H. K. Barron, Ann. Physik 1, 77 (1957). 
12M. Blackman, Proc. Roy. Soc. (London) A148, 365 (1934). 
13M. Blackman (private communication) has recently deter- 
mined theoretically a negative yo for the zinc blende structure. 
44. N. Pearlman and P. H. Keesom, Phys. Rev. 88, 398 (1952). 
18 C, T. Anderson, J. Am. Chem. Soc. 52, 2301 (1930). 
‘6D. F. Gibbons (to be published). 
( 177, Esterman and J. R. Wertman, J. Chem. Phys. 20, 972 
1952). 
18 R. W. Hill and D. H. Parkinson, Phil. Mag. 43, 309 (1952). 
1M. E. Fine, J. Appl. Phys. 26, 862 (1955). 
”H. J. McSkimin, J. Appl. Phys. 24, 988 (1953). 
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Fic. 2. Variation of Griineisen factor y with reduced tempera- 
ture 7/6. for germanium (6..=400°K), silicon (6.=674°K), 
vitreous silica (@..=495°K), and indium antimonide (@..= 214°K). 
[The specific heat data used for indium antimonide was obtained 
from P. H. Keesom and N. Pearlman (private communication) ; 
the compressibility from R. F. Potter.” ] 


vo, a technique which is at least an order of magnitude 
more sensitive than the interferometric method will 
have to be found, 

Although reliable measured values are not available 
below 120°K, it is interesting to note the similarity in 
the variation of y with temperature in vitreous silica 
and those of germanium and silicon. The y for vitreous 
silica is plotted in Fig. 2 using the following data: 
C, from Westrum”; x from Fine,” McSkimin,”? and 
Spinner’; a from the data of Beattie ef al., and a 
value of V 25° of 0.454 cm*/gram atom. 

Griineisen’s factor y for silicon becomes negative 
below 120°K, which can be interpreted as }>y; for the 
transverse modes being negative and dominating the 
longitudinal contributions. The only other established 
cases for such behavior are vitreous silica,?> zinc 
blende,”* and indium antimonide reported in this paper. 
It is of interest to note that in each of these cases the 
atoms have a fourfold coordination, they are loosely 
packed structures, and the interatomic covalent bonding 
is strong. Because of the loose packing, the restoring 
force for transverse modes of the bonds may be weak, 
and this characteristic may be the factor responsible 
for the transverse modes, which have associated with 
them negative y,’s, dominating at temperatures small 
compared with @p. 


21. F. Westrum, Jr. (private communication). 

2M. E. Fine et al., J. Appl. Phys. 25, 402 (1954). 

%S. Spinner, J. Am. Ceram. Soc. 39, 113 (1956). 

* J. A. Beattie et al., Am. Acad. Arts Sci. 74, 387 (1940-1942). 

*°R. B. Sosman, Properties of Silica (Chemical Catalogue 
Company, New York, 1927), p. 384. 

26H. Adenstedt, Ann. Physik 26, 69 (1936). 
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Polycrystalline a-uranium has been reported?’ to 
exhibit a negative volume coefficient of thermal expan- 
sion near 50°K. The a-uranium structure is an “open” 
structure and consists of corrugated layers of atoms 
parallel to (010) planes in which the atoms have 
fourfold coordination. Furthermore, it has _ been 
suggested** that the bonding in these layers is at least 
partially covalent in nature. In view of the foregoing 
discussion, it is not surprising that the volume coefficient 
of thermal expansion could become negative at low 
temperatures. 

Using similar arguments, Anderson” has recently 
made an analysis of the conflicting values for @p from 
elastic and thermal measurements. He showed that for 
vitreous silica the low-temperature vibrational behavior 
was dominated by transverse vibrations. If these 
transverse modes have associated with them negative 
y;’s, it is not surprising that vitreous silica has a 
low-temperature negative expansivity. 


28 C. W. Tucker, Trans. Am. Soc. Metals 42, 762 (1950). 
*Q. L. Anderson (to be published). 
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27 A. F. Schuck and H. L. Laquer, Phys. Rev, 86, 803 (1952). 
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According to the arguments of Barron, therefore, 
the magnitude of the expansivity depends upon the 
competition between negative y,’s arising from some 
transverse modes and positive y,’s arising from all 
longitudinal modes and some transverse modes. To 
determine a priori whether the integrated y would be 
positive or negative at any particular temperature 
involves a very exact knowledge of the lattice spectrum, 
and in particular the details of the force constants. 
One can conceive the possibility that the weighted 
average >; would remain positive at all temperatures 
for germanium, while with slightly different force 
constants the weighted average >-y; would be negative 
at low temperatures for silicon. It is obvious that 
there is a need for determining the precise details of 
the force constants in diamond-like structures. 
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The general form of the solution ¢ of the Thomas-Fermi 
equation in the limit of large atom radius x, is determined as an 
asymptotic series valid for points x near the atom boundary, by a 
perturbation on the Sommerfeld inverse-cube form. This general- 
ization of the Coulson-March solution yields the complete form 
of that part of the asymptotic solution which depends on dis- 
posable constants of integration (two in number). The general 
terms of the series are determined explicitly, and coefficients of 
leading terms are given numerically as ratios in terms of the 
disposable constants. The two constants of integration are 
fixed simultaneously, in general, by the requirement of continuity 
in value and slope of ¢ with the result of a series solution for small 
x, and by the boundary condition. The general method of obtaining 
the two constants of integration for a compressed atom as power 
series in an inverse power x5? of x, is outlined, where \2= 4(73! 
—7); coefficients of leading terms are calculated by making use 
of numerical results of Kobayashi ef al. The products x»%», 


I. INTRODUCTION 


ONSIDERABLE attention has been focused in 
the past few years on the calculation of equations 
of state and thermodynamic functions for materials 
under pressure, and a practicable, if oversimplified, 
approach to this problem is provided by the Thomas- 
Fermi approximation, as first emphasized by Slater 


where ¢» is the boundary value of ¢, and 2x7(¢;’—@i,.'), where 
¢i’—¢i,0' is the difference of the initial slope of @ from its value 
for an isolated atom, are each represented as an asymptotic 
power series in x»? for x, large. The two leading coefficients in 
the former series and the leading coefficient in the latter are 
determined numerically to relatively high accuracy and compared 
with values obtained by Gilvarry from the approximate solution 
of Sauvenier. The results are used to construct a fitted function 
for ¢» in which only one of five terms appearing is evaluated 
empirically, and which reproduces accurate numerical values of 
¢» from solutions of the Thomas-Fermi equation within 0.1%, 
in general. This accuracy exceeds by a factor of about ten that 
obtained previously by March and by Gilvarry with fitted 
functions containing three and two theoretical terms, respectively. 
The connection between the general asymptotic solution and 
previous approximate results is discussed. 


and Krutter.' All the thermodynamic functions on this 
model for zero temperature can be obtained con- 
veniently from functions of the pertinent parameters, as 
proposed originally by Gilvarry,? which are based on a 
fit to the numerical data but are of a form which tends 


1 J. C. Slater and H. M. Krutter, Phys. Rev. 47, 559 (1935). 
2 J. J. Gilvarry, Phys. Rev. 96, 934 (1954). 
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to analytically determined values in the limits of very 
high and very low pressure. Modifications were proposed 
by March‘ on the basis of a more thorough investigation 
of the case of high pressure, and a general review of 
the position to date can be found in a survey article 
by March.‘ 

In the construction of accurate fitted functions for 
the boundary value and initial slope of the Thomas- 
Fermi function, one needs to know the leading terms 
in the expansions of these parameters in terms of the 
atom radius for its limiting values. In the Fermi-Dirac 
limit of small atom radius, the first terms of the 
expansions have been obtained exactly by Gilvarry,? 
and the second terms correspondingly by March.’ The 
first two terms in this limit were taken into account 
accurately in the fitted function constructed by March 
for the boundary value of the Thomas-Fermi function. 
In the opposite limit of large atom radius, which can be 
referred to as the Sommerfeld limit for convenience, 
exact calculations have hitherto not been available. 
Further, the problem of this limit is apparently not 
tractable to machine solution, for a reasonable expendi- 
ture of coding and computing time.® The leading coeff- 
cients for this case required for the fitted functions of 
both Gilvarry and March correspond to results of the 
former, obtained from an approximate solution of the 
Thomas-Fermi equation given by Sauvenier® (modified 
from results of Sommerfeld’ for the positive ion). The 


purpose of this paper is to derive the rigorous asymp- 
totic solution of the Thomas-Fermi equation in the 
Sommerfeld limit. This solution makes possible rela- 
tively accurate specification of the boundary and initial 
parameters needed to construct fitted functions of the 
atom radius for the boundary value and initial slope of 
the Thomas-Fermi function. 


II. ASYMPTOTIC SOLUTIONS 


In what follows, attention will be centered on the 
limiting situation where the atom radius becomes 
large. In general, the domain of validity of the solutions 
discussed will include only the boundary region of the 
atom. X 

The Thomas-Fermi equation for a_ spherically 
symmetric atom at zero absolute temperature is 

&o/dx?= $'/x', (1) 
where «x is a dimensionless variable connected with the 
radial distance r in the atom by r=ux, where » equals 
(9n?/128Z)* in atomic units. The Thomas-Fermi 
function ¢(x) satisfies the initial condition 


¢(0)=1, (2) 


3.N. H. March, Proc. Phys. Soc. (London) A68, 726 (1955). 
4N. H. March, in Advances in Physics (Phil. Mag. Supplement) 

edited by N. F. Mott (Taylor and Francis, Ltd., London, 1957) 
1 


5 The authors are indebted to W. O. Vebber and J. B. Cage of 
Allis-Chalmers Manufacturing Company for advice on this point. 

6H. Sauvenier, Bull. soc. roy. sci. Liége 8, 313 (1939). 

7, A Sommerfeld, Z. Physik 78, 283 (1932). 
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and a boundary condition at the radius «, of the atom. 
The requisite boundary conditions will be discussed in 
Sec. ITI. 

To obtain the general solution of Eq. (1) in the limit 
Xx, X70, the Sommerfeld solution 


go= 144/23, (3) 


for this limit will be taken as a point of departure.’ 
The solution will be expressed as a perturbation on ¢o 
by writing 

o=0(1+x), (4) 
where x is a perturbation function. The basic assump- 
tion is thus the same as made by Sommerfeld in his 
determination of the (approximate) asymptotic solu- 
tion’ corresponding to ¢ which meets the initial 
condition (2), and in his treatment of the positive ion.’ 
It is also the assumption made by Coulson and March!!! 
in obtaining the asymptotic solution 


d=ooL1+ Y (—1)"E£,a-™*] 
n=l 
of Eq. (1) which tends to zero at infinity. In this 
expression, Az is a constant which will be defined later, 
and the successive coefficients E,_ for 22 are fixed 
by the differential equation in terms of E,. The 
estimate of Coulson and March has been superseded by 
the very accurate numerical value 


E,_=13.270974, (6) 


given by Kobayashi e¢ al.” for the constant £,_ required 
to make the solution (5) meet the initial condition (2) 
when extended inwards, for the case of the isolated 
atom. 

For the purposes of Sec. ITI, it is convenient to make 
the substitution 
(7) 
which transforms the boundary of the atom into the 
point p=1. The perturbation function x then satisfies 
the differential equation 


P[p*(1+x) ]/dp?=18p-*(1+x)!. (8) 


Note that the slope of a solution, and in particular its 
initial slope, transforms according to 


dp/dp= xdo/dx, 


under the substitution (7). 

Since’ Eq. (8) is nonlinear, one does not necessarily 
expect”a”solution as a power series in the independent 
variable p, as is the case for a linear equation when its 


p=x/xX», 


(9) 


8’ P. Gombas, Die statistische Theorie des Atoms und ihre Anwen- 
dungen (Springer Verlag, Vienna, 1949), pp. 43-52. 

* A. Sommerfeld, Rend. reale accad. nazl. Lincei 15, 788 (1932). 

# C. A. Coulson and N. H. March, Proc. Phys. Soc. (London) 
A63, 367 (1950). 

1 N. H. March, Proc. Cambridge Phil. Soc. 48, 665 (1952). 

Kobayashi, Matsukuma, Nagai, and Umeda, J. Phys. Soc. 
Japan 10, 759 (1955). 
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singularities are suitably restricted. However, any part 
of the general solution which can be expressed as a 
power series in a variable p* can be isolated by writing 


x= ¥ F(nd)p, (10) 


n=l 


where \ and F(m,\) are subject to determination. One 
finds that solutions of this form exist, provided that 
the condition 


(°— 7A—6)F(1,A)=0 (11) 


holds, which is required to make the initial term in 
p* meet Eq. (8). For F(1,A) nonvanishing, this equation 
has two roots \, and \_ of opposite sign, given by 


4=A1, A=—Az, (12) 


where ), and 2 are the positive quantities 
M=$(73'+7), A2=}(73'—7), 


introduced by Sommerfeld.’ For either choice of 4, 
the corresponding coefficient F(1,\) is clearly arbitrary, 
so that two constants of integration appear. When the 
solution corresponding to the other value of A is ignored 
for the moment, the coefficients F(,\) for one value 
of \ can be computed recursively from the differential 
equation and obtained in terms of the corresponding 
F(1,A) and \ for n>2. The two sets of coefficients 
F(n,d) obtained in this manner will be designated as 
F,, and F,_ corresponding to \; and X_, respectively. 
For either choice of A,, a solution X, of Eq. (8) for the 
case x, x» can be written as 


(13) 


(14) 


« 
Xr= is Fasp™, 
n=l 


where the range of 7 is the set + and — of indices. 
For the former selection of r the series is in ascending 
and for the latter in descending powers of p, and two 
disposable coefficients Ff}, and F\_ appear. 

The result of the recursive solution for F,, can be 
written for 2 22 as 


12 » s3\fi 
BE (IL 
Ynr 2 \i/ Lue 


Yar= (n—1)[6(n+1)+7mr, ], 


(): (2h 


are respectively a binomial coefficient, and the coeffi- 
cient of p™ in the expansion of x‘ in powers of p’. 
The latter coefficient (square-bracket symbol) for 72 2 
cannot depend on F,, but involves all such coeffi- 
cients of lower order down to n=1; the general term 


(15) 
(16) 


(17) 


13 The choice of sign in dz is that made by Gombas (reference 8). 


AND N> . 


MARCH 
exclusive of coefficient is of form F,,’F,,*--- with the 
indices r all the same, and with 


iptkhqt+::-=n, (18) 


for j, k, --- 21. Thus, the right-hand side of Eq. (15) 
does not involve F,, since the summation appearing 
starts out at 7=2. Note that the square-bracket 
symbol represents a definite function which can be 
defined independently of the differential equation (8); 
aside from dependence on powers of F,,,, it is simply a 
multinomial coefficient. In Table I, values of the 
coefficients F,, computed from Eq. (15) are shown for 
n up to 4. 

Some general properties of the coefficients F,, can 
be shown easily. At any point in the recursive solution 
for F,, in terms of F\4. one must solve an algebraic 
equation involving A, and F,,, of all lower order (upper 
or lower signs go together in the ambiguous signs, here 
and in what follows). However, the coefficients of 
Ay and F,, in the equation in question are fixed by 
Eq. (8), and hence are independent of the particular 
choice A, or A_ of A. Thus, one concludes that 


Fy,=F(nrA4,Fi,), Fa-=F(n)_,F1_), (19) 


for n 22, where the dependence on the initial member 
F,, of the set of coefficients F(,A) of Eq. (10) has been 
introduced explicitly into the notation. The function 
F appearing in the two cases of Eqs. (19) must be the 
same function of its three arguments; in other words, 
F,4 goes into F,_ and vice versa under the reciprocal 
transformation 


Meta, Pie. (20) 
This rule is consistent with the results of Table I. 
Further, one notes from Table I that F2,, as directly 
computed, differs from F4* only by a constant of 
proportionality. With use of Eq. (18), this fact is 
sufficient to prove by induction that F,, differs from 
F\," only by a constant of proportionality. For each 
value of in Table I, the recursion relations for the 
coefficients of lower order have been used to reduce 
F,4 to a function of F1, (and A,) only. 

The descending power series X_ of Eq. (14) can be 
identified immediately as corresponding to the Coulson- 


TABLE I. Coefficients F,4 of Eq. (15) for the perturbation x. 


Fr- 





; Fi. 
=, a, 
4\9+7A, 4\9—7r2 


~( 7 —18 ) Fi3/ 18+7)2 ) 

48 \61+77A, 48 \61—77A2 

—=( 16 230+20 ~~) ~_( 16 230—20 ~~) 
1152\51 973+67 319A, 


1152\51 973—67 319A¢ 
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March” solution (5). Comparing coefficients, one 
obtains 


F,-= (—1)"Eq_x-™, (21) 


for F,— in terms of the Coulson-March coefficients 
E,. In contrast to E,-, which approaches a constant 
as x, 2, one sees that F,,. varies with x, in this limit. 
This behavior arises from the change in initial slope of 
¢, given by Eq. (9), which is induced by the substitution 
(7), since £,— for a neutral atom is fixed as the value of 
Eq. (6) by the requirement of continuity in value and 
slope with the result of Baker’s series* for small x. 
The ascending power series X, of Eq. (14) yields an 
asymptotic solution analogous to the Coulson-March 
form but not vanishing at infinity, expressible in 
terms of the variable x as 


=O Enya '+ DL (-1)"Enya™ ], (22) 


where £,,=F}, and Exy=(—1)"Fayae-™! for 2 22. 

The recursion relations for the coefficients £,— are 
available for » up to 10 from unpublished results of 
Coulson and March. These relations have been used to 
obtain F,,, numerically for;values of nm beyond those 
given in Table I, by means of Eq. (21) and the trans- 
formation (20). The results can be expressed most 
conveniently in terms of coefficients c,,, defined by 


Cn4 _ Fat F 4", (23) 


and which thus are pure numbers. Numerical values of 
Cn are given in Table LU for m through 10; Kobayashi 
et al.” tabulate values of c,— for up to 17. The signs 
appearing for c,,, and the fact (shown in Sec. IV) 
that F,, is positive imply that the coefficients E,, 
of Eq. (22) are all positive. 

The general solution of Eq. (8) in the limit x, y»— 
is not simply the sum X,+X_ of the two solutions of 
2q. (14), because one set of the coefficients Fy. was 
disregarded in order to obtain the other set. However, 
this sum contains two disposable constants, and hence 
one can obtain the general asymptotic solution by 
adding further series to it, such that substitution of the 
sum of the series in Eq. (8) satisfies the differential 
equation to every power of x appearing. It is clear that 
the additional series can entail no further disposable 
constants; in addition, any coefficients appearing which 
depend on F,4. can involve only cross-terms between 
F,, and F,— (or ultimately Fi, and F\_), since all 
terms whose coefficients are proportional to powers of 


TABLE II. Coefficients cn, of Eq. (23) for the perturbation x. 


n Cn+ n 


1 

0.0354867 
—0,0011501 

0.0002648 
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TABLE III. Coefficients Gam, of Eq. (26) for the perturbation x. 


n m Gams 





— $F Fi, 

— (3d2/112) Fy (7F 142 —-4F 24) 

$(34+7A1) (Gi Fi4+GioF 244+ Fis 
‘* 4 (GyoF 142 +2F1_F 14 F 4) +4FiFi43] 

$(44+-7A1) (Gi, Fi44+Gi4Fo4.t+Grk's,+Fi_Fs, 
4 (Gir Pig? + 2G oF 14 F 2p +P iF o?+2F1_F14F 3,) 
+4 (Grol 143 +3F_F142F 2,) — (5/64) Fi_F 44] 


F\, or Fy alone are included in one or the other of 
the series of Eq. (14). By inspection, one concludes that 
the additional series are of the form 


« « 
p> : Gamp'™ m\+ 


n=1 m=! 


:. Gop’ + 
n=! 


+ Gan-p'™ “a (24) 


n=l 1 


where one can note that A4;-++-A_=7. The general asymp- 
totic solution for the limit x, 2, can then be written 
succinctly as 


X= LV Pap + LD LL Gampt™, (25) 


n=l] n=1 m=0 r 


where the range of r is the set + and — of indices; the 
index r on Gam, is superfluous when m=0. 
The recursive solution for Gam, can be written for 


n21,m20as 
12 2ntm /§ a 
- ( ) | 
Same i=2 1 nmr 
where 


Snmr=49n(n—1)+6(m?—1)+7m(2n+m—1)X,, 


(26) 


Gamr= 


(27) 


and the square-bracket symbol represents the coeffi- 
cient of p’™*™* in the expansion of x‘ in powers of 
p+ and p*- jointly. This coefficient for i>2 cannot 
depend on G,,,; the general term aside from coefficient 
is F,,’F g:*Gu,'-++ with the indices r not all the same 
if G-coefficients are absent, and with 


for j, k, l, --- 21. Thus, Gam, does not appear in the 
right-hand side of Eq. (26). In Table IIT, the coefficients 
Gnm+ actually needed for the purposes of Sec. IV have 
been tabulated, as determined from Eq. (26). 

By arguments similar to those used in connection 
with F,, one finds that 


under the transformation (20). In particular, Gro 
transforms into itself under the transformation in 
question and thus must be symmetric in A, and A_; 
this fact can be checked from the entry for Gao in 


(28) 


(29) 
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Table III. The transformation (29) makes immediately 
available the values of G,m— corresponding to the 
coefficients Gam4 tabulated. Further, one can show by 
means of Eq. (28) that Gam4 differs from (F14F1_)"F i.” 
only by a constant of proportionality, as is clear in 
the cases of the first two coefficients of Table III, and 
can be verified for the others. Hence, coefficients 
dams can be defined by 


dn ms: = Gams (P14 F1_)"F 15”, (30) 


which are pure numbers. In Table IV, numerical 
values of the coefficients dim, needed for the purposes 
of Sec. IV have been tabulated. 

One notes that the Sommerfeld form (3) represents 
the only term in the general solution for @ which is 
independent of the disposable constants. The results 
obtained yield the general form of that part of the 
asymptotic solution of the Thomas-Fermi equation, 
for an atom of large radius, which depends on constants 
of integration. The solution corresponding to the 
series (25) thus generalizes the Coulson-March expres- 
sion (5). 


III. BOUNDARY AND INITIAL PARAMETERS 


In this section, the problem of specifying the dispos- 
able coefficients F;, and F;_ to meet the boundary and 
initial conditions will be discussed. 

The general boundary condition in the Thomas-Fermi 
atom model is 


[do dx |z =15= p/ Xb, (31) 


in terms of the boundary value ¢, of @ at the atom 
radius x,. For the solution to correspond to the isolated 
atom when the atom radius becomes infinite, the 


condition 
[ |x» 0 (32) 


must be met in addition. In terms of the variable p, 
Eq. (31) becomes 
(do/dp |,-1= 9», (33) 
which, applied to Eq. (4), yields 
[dx/dp |pni=4(1+Xs), 


as the boundary condition on the perturbation x, in 
terms of its boundary value X,=X(1). 
Setting p=1 in Eq. (25), one obtains 


(34) 


to) 


X= + (Fat +Fn_-+Gno) 


n=l 


+52 Guten); a 


n=l m=l 


as the boundary value of x. One notes from Eq. (21) 
that the coefficients F,, depend on a-™* as x, tends to 
infinity, and further, Gam, always involves Fy_. 
Hence, all terms of Eq. (35) in Fx and Gams (with 
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m=( included) contribute terms to X, which vary as 
inverse powers of 2x). 

To find the complete dependence of X, on atom radius, 
it remains to determine the dependence of the two 
disposable coefficients F)_ and F 4 on 2». It is necessary 
to note that the value (6) of Kobayashi ef al.” for Fy. 
represents only the limit for %—* of a function 
E,_(x») of the atom radius. This fact follows from the 
relation 


dep; /dxy= — (dy5/ xy) (144d Ing, /d Inxy) 


given by Gilvarry’ for the variation with atom radius 
of the initial slope ¢,’ of the Thomas-Fermi function. 
Such a variation perturbs ¢,’ from its value for the 
isolated atom, and £;_(x,) must change correspondingly 
to maintain continuity in value and slope with the 
result obtained from Baker’s series for small x. It will 
be assumed that £,_(*,) can be expanded as a power 
series 


(36) 


(37) 


@ 
E\-(%»)=e0-+ Lo en—xe™ 
n=] 


in the variable x;~-*, where the first coefficient eo. is 
fixed by eo._= £;_ as given by Kobayashi et a/. Corre- 
spondingly, Eq. (21) implies that the disposable 
coefficient F\_ is a function F,_(x,) expressible as 


F\_(%») = > Suma, (38) 


n=] 
where fn_-= — €n—1)-, and the first coefficient is given by 


(39) 


fr-=—e¢_=—E,_ 


in terms of £,_ as evaluated by Kobayashi e/ al, The 
possibility of the expansion (37) and thus of (38) will 
be shown by exhibiting a method of calculating the 
coefficients f,- for m 2 2, when use is made of numerical 
results from solutions of the Thomas-Fermi equation for 
different atom radii (as will be discussed in the final 
paragraph of this section). One can note that the coeffi- 
cients F,_ of order higher than one in Eq. (25) must 
be specified by the Coulson-March recursion relations 
in terms of F,_(x,) of Eq. (38) when %, is not infinite, in 
order to satisfy Eq. (8). 

When the series (38) for F\— is substituted into the 
series (25) for x, and the boundary condition (34) is 
imposed to evaluate F,,, one finds that all terms in 
F, or Gams can be ignored to first order, because of 
their dependence on powers of x,;~*. Hence the leading 
term fo, in Fy, is independent of the parameters f,- 


TABLE IV. Coefficients dum, of Eq. (30) for the perturbation x. 








dams 


— 1.5000000 
—0.1418151 

0.0074749 
—0,0023828 
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and is a constant determined only by the coefficients 
F,, in x. By a similar argument, the next term of 
F,, must be of the form f,,.2,~*, where fi; is a constant 
fixed by all the terms in x which contain F— to the 
first power, or those with coefficients F;, Gio, and 
Gim+ With m21 arbitrary. Thus, /:, must depend on 
fi_. Generalizing, one infers that imposition of the 
boundary condition on x yields the power series 


Fi, (x)= fort fag xe-™ 


n=] 


(40) 


in x»? for Fi,, where f,, depends on all the terms in 
x containing F,_", or that with coefficient F,_, those 
with coefficients of form G,,— with p+q=n subject to 
the inequalities 1 < p <n and 0 <q <n—1, and, finally, 
those with coefficients Gyms with m 21 arbitrary. The 
value of fn, for m21 thus depends recursively on 
the coefficients f\_, fo_, ---, fn as well as for, fiz, °°, 
fin—-y+3 note that the coefficient f,— is included in the 
former set. 

When the values of F,, and Gans are determined 
from Eqs. (38) and (40) by means of the recursion 
relations of Sec. II, and are substituted into Eq. (35) 
for X,, it is clear that all terms appearing depend on 
inverse powers of x,’*, exclusive of those involving fo, 
alone. If terms of the same order are then collected in 
X,, the value of the product x*@, can be represented by 
the power series 


(41) 


i a] 
xy*hp = aot p AnXp- sas 


n=] 


in x, where the first coefficient is given by 


(42) 


ao= 144[1+ » Cus Sos *], 
n=1 


and the further coefficients a, depend on fo,, fiz, **°; 
Snes fi fo-, +++, fn-. Equation (36) then yields the 
power series 


xv" (o,’— di, a) -_ > byxy ™ 


n=1 


(43) 


determining the general asymptotic form for the initial 
slope in the limit 2, , where $j,’ is the initial slope 
for the isolated atom. The first coefficient }, is given by 


by = —4(A2/A1)ao%a, (44) 


and hence depends on the coefficients fo,, fi4, and fi_; 
the further coefficients 6, are functions of ao, a), °° -, 
a, and thus of fo,, fir, °°) fats fry foy **') fre 
Equation (43) gives 


do; ved 
xp§—=— > (7+mdr2)baxre-™, 


dxy n=! 


(45) 


as the asymptotic form specifying the derivative of 
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the initial slope with respect to atom radius. One can 
note that the requirement of the limit (32) is satisfied 
by Eq. (41). Further, one observes that Eq. (40) 
permits definition of a function /,,(«,) analogous to 
E\_(x»), expressible as a power series in x? corre- 
sponding to Eq. (37), but with coefficients e,,. 

The general method of imposing the boundary 
condition on x consistently to obtain the /-coefficients 
in F,, and F\_ as numerical values can now be outlined. 
If powers of x, through «,-™ are retained in Fj, and 
F\_ in imposing the boundary condition, the necessity 
of satisfying it for each power x,~*? appearing yields 
n+1 relations of form 


a;=4;( for, Sis fee fis ) Sees fe a ute Se) (46) 


for i=0, 1, ---, m, where the left-hand side is a number 
and the right-hand side is a function corresponding to 
Eq. (42) for the case i=0. The coefficients 6; for 
i=1, 2, ---, must be evaluated by numerical methods 
from solutions of the Thomas-Fermi equation for 
different atom radii, by means of either Eq. (43) or 
Eq. (45). Accordingly, in the » relations 


b= 6;( fo, fuss ae Ser; | a fe, lias fe ) 


for i=1, 2, ---, m, the left-hand side is available as a 
number and the right-hand side is a function corre- 
sponding for the case i=1 to Eq. (44) (when ap and a, 
are replaced by their values in terms of fo, fi, and 
fi_). Thus, one has 2n+1 equations of form (46) and 
(47) to determine the 2n+1 unknown f-coefficients, 
and by induction, the problem is a determinate one if 
it is determinate (as will appear) for the case n=0. 
Retention of powers of x, through order x~™? requires 
an infinite number of terms in the right-hand sides of 
Eqs. (46) and (47) at each stage of the process, and one 
in principle must pass to the limit n—, so that the 
procedure can be carried out in practice only by a 
method of successive approximations. 

One can note that use of «,;~*as the expansion variable 
in Eq. (37) for E\(x») leads to the simple forms of 
Eqs. (41) and (43) for x%p, and 247(¢,’—@i,.«’), respec- 
tively; for any other choice of expansion variable, the 
results would be considerably more complicated. 


(47) 


IV. NUMERICAL RESULTS 


The foregoing results will be used in this section 
to obtain actual values of boundary and initial param- 
eters; with use of the former, an improved fitted 
function for @, will be constructed. 

Evaluation of the first approximation fo, to Fy, 
involves imposing the boundary condition (34) on the 
infinite series X, of Eq. (14) in ascending powers of p. 
Since each coefficient F,,, is proportional to F,,", the 
process must be carried out iteratively. Retaining at 
first only the term Fj,p™” in the series, one finds im- 
mediately that 


for = (2/9) (1-3). (48) 
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TABLE V. Values of computed coefficients in boundary and initial 
parameters, compared with values from the Sauvenier solution. 








From Sauvenier 


Coefficient solution From this work 


0.9637 
2.874 
3.07+0.01 


3.47+0.01 
5.60+0.02 





% 1.0604 
10a 2.967" 
—10“fi, 
—10-%a, 
107d, 


3.86* 
6.53* 





* Gilvarry (reference 2). 


The value of ao to the same order of approximation is 
ag = 16(3+2A;) (49) 


from Eq. (42), when the infinite series appearing is 
truncated after the first term. The value of Eq. (49) 
for do is precisely that obtained by Gilvarry? from the 
approximate solution of Sauvenier,® and hence the 
value of Eq. (48) for fo, corresponds also to this 
solution. The numerical values of fo; and do on this 
approximation are shown in the second column of 
Table V. It is clear from the present argument that 
these results do not represent the true limiting values. 
Table VI shows the effect on fo, and ap of including 
terms F,,p™ through various orders m in imposing 
the boundary condition on x; final values are shown in 
the last column of Table V. One sees from the tables 
that the boundary value ao changes relatively little 
from the value given by Eq. (49), although the coeffi- 
cient fo, changes rather more significantly. Latter" 
has given a value for ao, stated to be indicated by some 
approximations but quoted only as very close to or 
exactly 17?= 289, which is in good agreement with the 
final value in Table V. 

To obtain the coefficient f,; in the first variable term 
of F,,, coefficients c,, through n=9 and coefficients 
dim; through m=3 were taken into account by a 
method of successive approximations in imposing the 
boundary condition, with use of the value (6) of 
Kobayashi e¢ al. for Z,— in Eq. (39) for f;_. Successive 
convergents are shown in Table VII to demonstrate 
that good convergence has been achieved. The final 
result is tabulated in the last column of Table V. 
The value of the coefficient a; in the first variable term 
of xz*» is fixed in terms of fo,, fi4, and fi— by infinite 


TaBLE VI. Successive approximations to the leading terms 
fos and ao in F;, and x°», respectively, on inclusion of increasing 
order n of Fry. 








n 





1.0604 
0.9603 
0.9647 
0.9633 


0.9637 








4 R. Latter, J. Chem. Phys. 24, 280 (1956). 
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processes which are not easily specified explicitly. 
Successive convergents corresponding to those in 
fiz are shown in Table VIII, and the final result is 
given in the last column of Table V. The coefficient 
b, of the leading term in the series for x,7(¢;’—@;,~') is 
fixed algebraically by Eq. (44) in terms of ao and ay; 
its value is shown as the final entry in the last column 
of Table V, corresponding to the entries for ao and a 
above it. 

For comparison purposes, the numerical value 
is shown in the second column of Table V for the 
approximation 


a, = (8/9) (105+ 142d,)122, (50) 


obtained by Gilvarry? for a, from the approximate 
solution of Sauvenier.* In view of the approximate 
nature of the Sauvenier solution, the agreement with 
a; of this work is good; the excellent agreement shown 


TABLE VII. Successive approximations to the coefficient — 10/1, 
in F,, on inclusion of ¢n, of order m and dim, of order m. 


? 
< 


3.66 
3.03 
3.07 
3.05 


2.69 
2.67 
2.68 3.06 


34) 


0 1 3 
3.76 : . 2 
3.09 AS 3. A 
3.15 3. . 3.4 

3.12 4 
3.14 


by the value from Eq. (50) with the first convergent 
(for n=1 and m=0) of Table VIII for a; can be noted. 
Shown also in the second column is the numerical value 
of the approximation? 


by = (256/9) (24+3r2) (3+ 2d1)!12, (51) 


for 5; from the Sauvenier solution; one sees that 
agreement with b, of this work is reasonable. Thus, one 
conclusion from the present work is that the approxima- 
tion in question is remarkably good in spite of its 
simplicity. 

The values obtained for ao and a; will be used in the 
construction of an improved fitted function for the 
Thomas-Fermi boundary value, based on relatively 
accurate numerical values! of ¢, which have become 
available since the original work of Gilvarry and March. 
The form selected for the fitted function is 


d=[DA nro" }, (S2) 
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where m ranges over the sequence!® 


n=1, 2, n’, 3—Yo, 3, (53) 


and the disposable exponent m’ is required to satisfy 
(54) 


2<n' <3—)o. 


It follows from Eq. (41) that the correct asymptotic 
form of ¢ through the two leading terms in a as 
xy is given by Eq. (52) if one takes 

(55) 


—_ 1 — —2 
A3= 4d : As hgo=—do “dQ. 


From the results of Gilvarry and March, Eq. (52) 
yields also the correct asymptotic form of ¢ through 
the two leading powers of x, for 2,0, provided that 


A,=3 i Ay=3 J 10. 


2-10' 


10! 














~ 2440! 


Fic. 1. The function g(x») of Eq. (57) against x», as evaluated 
from the numerical data. The straight line represents a least- 
squares fit to the data points shown. Scales are logarithmic. 


That inclusion in Eq. (52) of one empirical term 
A,%»"" is sufficient to fit the numerical data accurately 
can be seen from the logarithmic plot of Fig. 1. The 
data points shown represent values from the numerical 
data" of the function 
— g(x.) =[(x) F'—Do’A nro", (57) 
where the prime on the summation sign indicates that 
mn runs through the sequence (53) exclusive of n’. 
The straight line g(#,)=A,/x%»)" of Fig. 1 corresponds 
to a least-squares fit of the data to evaluate m’ and A,,. 
The value® of A, is tabulated in Table [X against mn’, 
16 Tn the work of Gilvarry (reference 2) and March (reference 3), 
the exponent of x, in the sum corresponding to Eq. (52) is 4m 
with m integral. 
16 The coefficient A, is negative, but one can show that the 
sum apes in Eq. (52) has no zeros for x positive. It can be 


shown further that ¢ and d¢@,/dx, from the tabulated coefficients 
are monotonic. 
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TABLE IX. Coefficients A, in the fitted function for ¢». 


An 
4.807 X 107 
6.934X 107? 

— 3.293 X 107? 
4.200 X 1077" 
3.480 1073 


.093 
.228 


n' == 
3 —dA2:= 


® See reference 17. 


which satisfies inequality (54); values of the other 
coefficients from Eqs. (55) and (56) are given also.'” 
With these coefficients to the number of significant 
figures shown, the fitted function of Eq. (52) reproduces 
the numerical data to an accuracy of at least 0.1%, 
in general.'* This figure can be compared with an 
accuracy of better than one percent (relative to the 
data used!*"+'*) achieved by March with a form contain- 
ing one adjustable coefficient corresponding to an 
exponent selected as 3; for the form given by Gilvarry, 
the figure is about 1.5% in general (relative to the 
data fitted':"). These functions contain three and two 
theoretically determined terms, respectively, with the 
coefficient of x° fixed by the value (49) from the 
Sauvenier solution. With respect to the more accurate 
data on which Eq. (52) is based, the fitted functions of 
both March and Gilvarry show an error which is at 
most 1.3% and is about 0.5% on the average. 


Ss 
a 


5 
a a A 


“73 p (MEGABARS) —> 


= 
3 





ot — t 
521077 Ga pa a tail pn a tissal 


510 10° 10! 10* 


Zv (a?) —e 


a a 


5:10? 


Fic. 2. Scaled pressure from fitted function for ¢ against 
scaled volume in cubic angstroms, for comparison with data 
points as computed directly. 


17 The final zero in A3—d2 is shown below the line because a; 
of Table V contains only three significant figures. 

18 The salient exception is point 12 (counted in order of x%- 
values), where the error is 0.4%; this datum is not smooth with 
respect to neighboring points. For points 23 and 24, the error is 
0.2%. For all others, the rounded error does not exceed the figure 
stated. 

'® Feynman, Metropolis, and Teller, Phys. Rev. 75, 1561 (1949). 
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1 = 510" 


Fic. 3. Parameter ¢) from fitted function for ¢s against scaled 
volume in cubic angstroms, for comparison with corresponding 
result from fitted function of March. 


The fitted function"of Eq. (52) yields the equation 
of state 


pA 2 (30/4erp?) 8 = (Z2e2/ 10m!) (58) 


for the pressure p in terms of the atom volume v= (47/3) 
Xx. The scaled pressure from this equation is 
shown as a function of the scaled volume in Fig. 2, for 
comparison with results as evaluated directly from 
the numerical data. The directly calculated pressures 
are reproduced within an accuracy of 0.3%, in general. 
Hence, Fig. 2 does not show the small deviations 
between direct and fitted values which appear in the 
corresponding Fig. 2 of Gilvarry. 

Because of the higher accuracy of fit to the value of 
¢», one expects Eq. (52) to yield a more accurate value 
for d@,/dx, than do the previous fitted functions. This 
derivative appears in the expression 


eo= (5/6) (1—d Ind@,/d Inx,), 
for the differential parameter 


eo>= —d |np/d In», 


(59) 


(60) 


associated with the equation of state. The value of € 
from Eq. (52) is compared in Fig. 3 with the value from 
March’s function for ¢». It is seen that a significant 
difference exists between the two, particularly for x 
large (the difference is actually somewhat less for all 
values of a in the case of the function given by 
Gilvarry). One can note that values of d¢,/dx, and 
thus of €9 are not immediately available from the 
numerical data except through some such means as a 


fitted function. 
It is rather remarkable that the numerical values of 
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the Thomas-Fermi boundary value ¢, can be reproduced 
so accurately by an expression in which only one term 
is not obtained theoretically. A corresponding procedure 
to obtain a fitted function for ¢,/—¢,;..’ has not been 
carried out because the numerical results’ for this 
quantity show much poorer accuracy; only one signif- 
icant figure (or none) appears for x, large. In principle, 
however, ¢;’ is determined completely (apart from the 
constant of integration ¢; 2’) by the fitted function for 
¢», by virtue of Eq. (36). 


V. DISCUSSION AND CONCLUSIONS 


Umeda” has pointed out that the assumption of the 
Sommerfeld solution ¢» of Eq. (3) for the isolated atom 
appears to be in conflict with the Sommerfeld-Sauvenier 
limit corresponding to do of Eq. (49), As Umeda notes, 
the correct solution in this limit for the boundary value 
$y of o(x,%) must satisfy the requirement 


oo=o(%X»,%X»), 


with respect to which Eqs. (3) and (41) seem incon- 
sistent. He attempted to resolve the difficulty by 
obtaining a solution for a compressed atom, which was 
based on an approximation to the solution for a free 
atom as given by Kerner.”' The result satisfies Eq. (61) 
but leads to poorer agreement with the computed data 
for large x, than does the original Sommerfeld-Sauvenier 
approximation. 

From a mathematical point of view, no paradoxical 
results appear in the treatment given here. The values 
of ¢ and $(x,*,) implied by Eqs. (35) and (25), respec- 
tively, clearly satisfy Eq. (61) of Umeda. Further, 
the general solution for ¢(x,*,) meets the boundary 
condition (31) and satisfies the limit (32) demanded 
for an isolated neutral atom. The slope of this solution 
is alway positive for x and x large, and thus is consistent 
with the presence of the vertical asymptotes which the 
Thomas-Fermi equation possesses, as Brillouin” has 
shown. Finally, the general solution corresponding to 
Eq. (25) reduces to the Sommerfeld solution ¢9 when 
x» is large but «<a», as one can see by writing it in 
the form 


(61) 


$(x, au _ 1+ 5 pig Pal =)" 


n=l 


+e EGm(-)" |] (62) 


n=l m=) r xX» 


Thus, no internal inconsistency appears in the treatment 
given. 

Since Umeda’s paradox depends on the assumption 
that @» of Sommerfeld be valid in an infinite range of 
x, a viewpoint can be suggested on which it disappears. 


=K. Umeda, J. Phys. Soc. JR tins ad ere 
1 FE. H. Kerner, Phys. Rev 71 (1951 
# L. Brillouin, Actualités sci. et tad. 160, 1 (1934). 
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Equation (62) for $(x,x) yields ¢@o=¢(«,©) for 
xj—2 when x is kept finite. However, the demand 
x» for all x finite is impossible, since the range 
of x extends up to x», and values of « close to x, clearly 
violate the assumed condition. Thus, mathematical 
consistency in this procedure requires exclusion of 
values of the argument x of ¢0(x)=¢(x,*) for which 
x—x,(—>* ), as enter in taking ¢o(a») as the boundary 
value of ¢, unless one can show consistency with the 
result of the direct order of the limits in Eq. (62) (as is 
not the case). From this standpoint, Sommerfeld’s 
solution @o is valid only for «<a, when 2 is very large, 
and cannot be used to infer a boundary value, which is 
correctly given by Eq. (41). On this view, the incon- 
sistency of the negative slope of #0 with the presence 
of vertical asymptotes has no significance. It can be 
noted that the boundary condition (31) demands 


[d In@/d Inx jr=m=1, (63) 


with which the general solution of Eq. (62) is consistent ; 
Sommerfeld’s solution yields the incorrect value —3 
for the derivative as x—>%,—>*, since the boundary 
condition is satisfied only in the sense that both sides 
of Eq. (31) vanish for the point at infinity. 

Since the condition x<a«, for x, very large still 
permits a large finite value of x and a correspondingly 
small value of ¢, it seems definite that no differences 
between predicted physical properties of free atoms 


should appear, whether one determines ¢ as the limit 
for %,—* of solutions for compressed atoms, or on 
the other hand, from the intuitive and usual procedure 
of requiring ¢—@o for x. In any event, it is very 
unlikely that much physical significance can be attached 
to the predictions of the Thomas-Fermi model for both 
x and x, large, since the electron density in the corre- 
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sponding region of the atom becomes so low that the 
basic assumptions of the model tend to break down. 
Further, a main purpose of this paper is to examine the 
Sommerfeld limit as a means of developing accurate 
interpolation formulas for finite values of a, and there 
is no doubt that the solution presented here yields 
the correct limit of the solutions for compressed atoms 
aS Xp. 

While it has proved possible here to achieve an 
accuracy of 0.1% in a fitted function for numerical 
values of the Thomas-Fermi boundary value @,, 
the error corresponding to the function given originally 
by Gilvarry is not large. Hence, the conclusions drawn 
by use of the latter function on the course of the fusion 
curve at high pressure* and on the nature of meteorite 
impacts™ retain qualitative and semiquantitative 
validity, within the limitations of the physical models 
employed in these treatments. By extension of the 
method used here to evaluate dp and 4, it is possible 
to calculate the coefficients ds, a3, --- of higher order 
in the expansion (41) of ¢. One can note, however, 
that computation of a2 requires knowledge of the 
coefficient ¢— in the expansion (37) of E\_(%), and 
this coefficient is not available numerically, as yet; 
hence the numerical results of this paper for the coeffi- 
cients a, represent what is possible at the present time. 
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A trapped-electron method is used to study inelastic processes in helium, mercury, and hydrogen. In this 
method, an electron beam traverses an electric and magnetic field configuration in which the low-energy 
electrons resulting from inelastic collisions are prevented from reaching the electron beam collector by 
a potential well. The low-energy electrons can reach a cylindrical collector surrounding the electron beam. 
The collection efficiency appears to be close to unity for electrons in the range 0 to 0.1 electron volt and 
zero at higher energies. The design of the tube and applied potentials determine the range of collection. 
A complete spectrum of energy levels is obtained in He, Hg, H2, within the resolution of the instrument 
(better than 0.2 ev). The experiment yields approximate slopes of the resolved excitation functions near 
threshold. The method is well suited for a study of excitation events in molecules. 





LECTRON beam experiments have been used 
extensively for the measurement of excitation 
functions of atomic states. The excited atoms produced 
by an electron beam can be detected in the following 
ways: (a) by their radiation, (b) by their absorption 
of a particular wavelength, (c) by the emission of 
secondary electrons when excited atoms reach a metal 
electrode, and (d) by measuring the slow electrons 
resulting from an inelastic collision. Method (a) suffers 
from a low sensitivity of detection because the detector 
intercepts only a small fraction of the quanta produced 
in the tube and because the quanta are transformed into 
electrons at a photosensitive surface having a low 
efficiency. Method (b) has inherently low sensitivity 
because the absorption cross section is low. Method (c) 
is not limited by these considerations; however it can 
be used only for metastable states of atoms and mole- 
cules. Up to 25% of all metastables produced in the 








| 


Fic. 1. Schematic diagram of tube (a) and potential distribution 
at the axis of the tube (b). F is the filament, P, is the retarding 
electrode, G is the cylindrical grid surrounding the collision chamber 
C, M is the cylinder for collection of trapped electrons, E is the 
electron beam collector. Va is the accelerating voltage and w is 
the depth of the well. The double line in (b) indicates the energy 
of the electron beam and the arrow indicates the energy lost by 
an electron in an inelastic collision near the threshold of excitation. 
The electron energy in the collision chamber is V4+w. 


tube can register as electron current.! Method (d) is 
the subject of this paper; it can be applied to any atomic 
or molecular level within the resolution of the instru- 
ment. Every excitation event near the threshold of 
excitation results in a low-energy electron; the low- 
energy electrons may be then collected with high 
efficiency. The method thus has inherently high sensi- 
tivity which is especially important in studying the 
threshold behavior of excitation functions. The method 
to be described can also be used for studying electronic 
excitation in molecules. This aspect is discussed in 
Sec. V. 


I. TRAPPED-ELECTRON METHOD 


The method discussed in this paper consists of 
trapping low-energy (“slow’’) electrons in an electro- 
static well and collecting them with high efficiency. 
The construction of the tube used for this experiment is 
identical to that described previously.! Different poten- 
tials, however, are applied to the electrodes around the 
collision chamber resulting in a different mode of 
operation. A simplified diagram of the tube is shown in 
Fig. 1(a). The “retarding potential difference method”)? 
is utilized in this experiment in order to study effects 
caused by nearly monoenergetic incident electrons. 
The details of the electron gun for use with the retarding 
potential difference method are not shown since they 
have been described in reference 1. The filament F 
emits electrons which pass through the electron gun 
(only the “retarding electrode” P: is shown) into the 
collision chamber C and are collected at the electron 
collector EZ. The “collision chamber electrodes” consist 
of the grid® G and the entrance and exit plates, all at 
the same potential. A*'well-insulated cylindrical col- 
lector, M, surrounds the grid. All electrodes are gold- 


1G, J. Schulz and R. E. Fox, Phys. Rev. 106, 1179 (1957). 
( 2 Fox, Hickam, Grove, and Kjeldaas, Rev. Sci. Instr. 26, 1101 
1955). 
3 Actually, two concentric cylindrical grids were mounted in the 
tube but they were gee at the same potential so that their 


combined action can be replaced by a single grid. The grid mesh 
is made of 0.002-in. diameter wire with a spacing of 0,038 in. 
between wires, 
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plated. A magnetic field of about 100 gauss aligns the 
electron beam. 

When a positive potential is applied to the collector 
M with respect to the grid G, a small part of the applied 
potential penetrates into the collision chamber C. 
Electrolytic mapping shows that the potential at the 
axis of the present tube is of the order of $% of the 
potential between Mand G. This penetration can be 
changed by altering the grid spacing. Figure 1(b) 
shows, schematically, the potential distribution along 
the axis of the tube for the case that the electron col- 
lector, £, is at the potential of the collision chamber 
electrodes. The potential of the collision chamber 
electrodes is taken as zero. The electrode P:2 is at a 
high negative potential with respect to the grid since 
electrons are accelerated from zero to their final velocity 
between P2 and G. This potential difference is denoted 
by Va in Fig. 1. The filament is slightly positive with 
respect to P, so that a portion of the electrons emitted 
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Fic, 2. Theoretical peak shape for collection of slow electrons in 
atomic excitation. A rectangular well and a linear excitation 
function are assumed. V, is the excitation energy of the atomic 
level, and w is the well depth. Curve A is for monoenergetic elec- 
trons, curve B for electrons with energy spread e. The true electron 
energy in the collision chamber is V4+w (see Fig. 1). 


by the filament is retarded at P». This is necessary for 
the operation of the retarding potential difference 
method. The energy of the electrons is indicated by the 
double horizontal line in Fig. 1(b). When electrons in 
the beam lose nearly all of their energy in an inelastic 
collision, as they do just above the threshold of excita- 
tion, they will end up in the potential well and be 
trapped in the axial direction. Since they can reach 
neither of the collision chamber electrodes, they will 
oscillate in the tube until they find their way to the 
positive electrode M. The collection mechanism is 
discussed later. Electrons which have lost an amount of 
energy smaller than V4 can reach the electron beam 
collector £ or the end plates. 


II. PEAK SHAPE AND COLLECTION MECHANISMS 


It can be seen readily from Fig. 1(b) that the electron 
energy in the collision chamber is the electron acceler- 
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Fic. 3. Experimental peak shape for collection of slow electrons 
resulting from the excitation of the 6%? level in mercury. 


ating voltage V4 plus the well depth w. Since we collect 
electrons at M only after they have been trapped by 
the potential well, we would expect to receive only those 
electrons at M which have lost an amount of energy 
between V4 and V4+w. 

Consider an excitation function which is a linear 
function of electron energy above the excitation poten- 
tial, V,, for a range of energy greater than w (where w is 
the well depth). The electron current collected at M 
should have an onset at V4=V,—w (the electron 
energy in the collision chamber is then Vz) and peak 
at V4=V,. This is shown in Fig. 2 for an idealized case 
where w is constant along the length of the chamber. 
Curve A indicates the theoretical peak shape for mono- 
energetic electrons and curve B for a spread in electron 
energy of «. The width of curve B thus is w+e. Further 
changes in shape are caused by the nonconstancy of w. 
Figure 3 shows a typical experimental peak shape for 
the 6 *P2 level in mercury. The tail of the curve at the 
high-energy side should extrapolate to the axis at the 
excitation potential (5.43 volts) ; it actually extrapolates 
to 5.35+0.15 volts. 

The well depth w can be determined in an independent 
experiment. By extrapolating to the onset potential of 
positive ions with various potentials applied between 
G and M, one finds a shift in onset potential of 0.1 volt 
at Vgw=25.0 volts. Since the spread in energy of the 
electron beam is of the order of 0.1 volt, e+w is equal 
to 0.2 volt. However, the width of the curve in Fig. 3 is 
approximately 0.35 volt. The mechanism by which the 
peak shape is broadened to nearly twice its expected 
value is not understood at present. 

The peak height is linear with pressure (in the 
pressure range 2X 10~° to 2X10~ mm Hg in mercury 
and 1X10~* to 1X10~-? in helium) and is also propor- 
tional to the beam current up to about 1X 10-7 ampere 
(using a magnetic field of 125 gauss and a well depth of 
0.1 volt). All experiments are performed in the range in 
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which linearity of peak height vs. beam current is 
strictly preserved. The departure from linearity at beam 
currents in excess of 1X10~7 ampere is attributed to 
space charge effects. 

The departure from linearity of the peak height with 
beam current depends on the magnetic field and the well 
depth. The departure from linearity occurs at higher 
beam currents when the well depth is larger or the 
magnetic field smaller. Whereas the effect of well depth 
on the departure from linearity can be understood in 
terms of the influence of the space charge on the depth 
of the well, the effect of magnetic field is not clearly 
understood at present. The collection mechanism de- 
scribed in the following paragraph may be responsible 
for this effect. 

The mechanism by which the slow electrons trapped 
in the axial direction in the center of the collision 
chamber reach the cylinder M may be understood in 
terms of a diffusion mechanism.® The guiding center of 
the electron motion can be displaced in the radial direc- 
tion only by collisions. The time, 7, for a slow electron 
to diffuse out of the center of the tube is given by® 


r=A,*/D, (1) 


where A, is the effective diffusion length in the presence 
of the magnetic field, and D is the field-free diffusion 
coefficient given by D=v*/3y,. For our case where the 
cyclotron frequency w is much larger than the frequency 


Distance from Electron Collector (cm) 
O08 O06 0,4 02 





o-- 


Normolized Potential, V/w 





235 Peok Height 
(orbitrory units) 


= a J 
as as on £ Fe 8 Se. 2 
Electron Beam Collector Voltage, V_ (volts) 





Fic. 4. Effect of reduction of well barrier. Part (a) shows the 
potential distribution along the axis of the tube, as a function of 
the electron collector voltage, Vz, normalized with respect to the 
well depth, w. The curves are results of potential mapping. 
Curve 6) shows the peak height of the current of slow electrons 
resulting from excitations to the 2 *S level in helium as a function 
. of Vg. The points are experimental. 

4A change of magnetic field which causes the change in the 
behavior of the current of slow electrons causes no change in the 
primary beam current. Magnetic fields between 120 and 200 gauss 
are used. 

5 W. P. Allis, Encyclopedia of Physics (Springer-Verlag, Berlin, 
1956), Vol. 21, p. 396. 
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Fic. 5. Excitation spectrum of helium. The curve represents the 
collection of axially trapped (‘‘slow’’) electrons. The peak height 
of any resolved level is the cross section for that level about 0.1 
volts above the threshold of excitation and it is proportional, 
approximately, to the slope of the corresponding excitation 
function near threshold. The ratios of the peak heights to that of 
24S level are: 2'S—1.06; 2*P—0.31; 2'P—0.13; 3%S—0.95. 
The efiective cross section, defined in the text, at the peak of the 
28S curve is 1.0X 107 * cm’. 


of collision »,, the effective diffusion length is given by 
A,?= (R/2.4)*(w?/y,”). R is the radius of the grid struc- 
ture,® and » is the electron velocity. Substituting the 
above equations into Eq. (1), we obtain 


r= (R/2.4)*(3w?/v.0%). (2) 


Equation (2) can be simplified by substituting w= eB/m 
and $mv?/e= V, where V is the electron energy in volts. 
We obtain 


7=0.26eB?R?/(mVv,). (3) 


In the present experiment, 7 should be of the order of a 
millisecond.’ It should be noted that 7, and therefore 
the space charge created by the slow electrons, is a 
function of B*. 


III. CONFIRMATION OF WELL MODEL 


The trapping mechanism can be further explored by 
varying the voltage between the collision chamber and 
the electron collector, Vg. Figure 4(a) shows the effect 
of Vz on the shape of the potential well at the axis of 
the tube. The plot is obtained by electrolytic potential 
mapping. As Vg increases, the well barrier decreases. 
This causes a decrease in the number of electrons 
trapped in the well and therefore a decrease in the 
number of slow electrons collected. Figure 4(b) is a plot 
of the peak height of the first maximum in helium (2 *S) 
as a function of Vg. The current does not reach zero 
at high positive values of Vz because the well barrier 
cannot be reduced to zero and also because there exists 
a small background electron current to the collector due 

“Once the slow electrons reach the neighborhood of the grid 
structure they can travel to the collector M without further 
collisions because of the high potential applied between G and M. 

7 For helium, p=10-* mm Hg, B=1.2X 10 weber/m’, R=3 
107% meters, v=4X 108, V=0.1 volt. Measurements of the 
diffusion time 7 are being planned. 
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to helium metastables releasing secondary electrons at 


the grid wires. 


IV. EXCITATION SPECTRUM IN He AND Hg 


Figures 5 and 6 show the results obtained in helium 
and mercury, respectively. The current of slow electrons 
is plotted against the accelerating voltage V4. Each 
observed peak can be associated with a particular 
energy level of the atom involved. The agreement in 
energy difference between the first level and any higher 
resolved level is within 0.05 electron volt. The resolution 
of the present experiment is better than 0.2 volt, as 
can be seen in Fig. 6 where the 6 *Po and 6 *P; levels of 
mercury, of unequal height and 0.3 volt apart, are 
resolved. 

The excitation function of the 2 45 level in helium has 
been shown previously to be linear near threshold.! 
Since the shapes of the subsequent resolved peaks in 
helium are similar to the peak for the 2 *S level, it may 
be reasonable to assume that the other excitation func- 
tions are also linear near threshold.* With this assump- 
tion the peak height of the slow electron current is an 
indication of the slope of the corresponding excitation 
function near threshold. The ratio of the peak height of 
any resolved peak to the height of the first peak is listed 
in the captions to Fig. 5 and Fig. 6. The slope of the 
24S level in helium is 1.1 10-!7 cm?/volt near thresh- 
old,! so that the slope of any excitation function near 
threshold can be found from the ratio given in Fig. 4 by 
multiplying with the above number. 

We can assign a value for the effective cross section, 
Q, to the peaks of Figs. 5 and 6 by the equation 


i_=iNQl, 


where i_ is the peak current of slow electrons, io is the 
electron beam current, Q is the effective cross section, 
Lis the length of the collision chamber, and N is the gas 
density. The value of Q found for the first peak of 
Fig. 5 (24S level) is 1.0X10-'* cm*. From reference 1, 
one can deduce the slope of the first excitation function 
in helium to be 1.1 10-!? cm?/volt near threshold. If 
one assumes that the collection efficiency of slow elec- 
trons is 100%, it follows that the effective well depth is 
0.1 volt, in agreement with the determination discussed 
previously. However, an exact determination of the well 
depth is rendered difficult in the present tube by the 
variation of well depth along the axis of the tube. In a 
new design of the tube, a more nearly constant well 
depth and a simpler geometry (using only longitudinal 
wires instead of the mesh grid) are used. 

The large peak for the 2 4S level in helium (Fig. 5) 
indicates that the slope of the 2 1S excitation function 
is about equal to that of the 2S level. This is con- 


8 An experiment is planned to examine this hypothesis. A tube 
with a coarser grid has been constructed. By increasing the well 
depth one could follow the shape of the excitation functions of 
the various resolved levels to higher energies. 
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sistent with the original results of Maier-Leibnitz® and 
other experimental results" but has not been predicted 
by theory.'! Phelps suggested that the slopes given in 
Fig. 5 be used for an analysis of the threshold behavior 
of the lowest excitation functions in helium, using 
values for the total metastable production given in the 
literature. It is found that the slopes given in Fig. 5 fit 
into a consistent picture." 


V. APPLICATION OF TRAPPED-ELECTRON METHOD 
TO MOLECULAR GASES—-HYDROGEN 


The method described in the preceding paragraphs 
has applications in studying the excitation functions for 
electron impact in molecules. A curve taken under 
identical experimental conditions as Fig. 5 and Fig. 6 
for Hz is shown in Fig. 7. It is, as in the atomic case, 
the appearance of electrons in the range 0-0.1 volt as 
a function of energy of the electron beam. The first part 
of the curve, peaking at 9.5 volts, is due to the repulsive 
state 1°, and the second part of the curve, peaking 
at 11.7 volts is due to the 2'S, and higher excited 
states. Figure 8 shows schematically how data ob- 
tained by the trapped-electron method can be inter- 
preted in the case of a molecular gas. Figure 8 shows a 
plot of the potential energy vs. internuclear separation 
for the ground and repulsive states of a molecule. The 
Franck-Condon region is indicated by the outer vertical 
dashed lines. An incoming electron finds the molecule at 
a particular internuclear separation X and the transition 
to the repulsive state takes place without any change 
of internuclear separation. The electron energy jin 
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Fic. 6. Excitation 
spectrum of mercury. 
The curve represents 
the collection of axi- 
ally trapped  elec- 
trons (see Fig. 5). 
The ratios of peak 
heights to that of 
the 6%Pp» are: 6'P; 
—1.8; 6%P2—1.2; 
6'P,—0.43. 


(arbitrary units) 
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*H. Maier-Leibnitz, Z. Physik 95, 499 (1956). 

 R. Dorrestein, Physica 9, 477 (1942). See also reference 1. 

1H. S. W. Massey and B. L. Moiseiwitsch, Proc. Phys. Soc. 
(London) A66, 406 (1953). 

2 L. S. Frost and A. V. Phelps, Westinghouse Research Report 
6-94439-6-R3 (unpublished). 

3H. S. W. Massey and E. H. S. Burhop, Electronic and Ionic 
Impact Phenomena (Clarendon Press, Oxford, 1952), p. 232. 
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Fic. 7. Collection of slow electrons in Hz. The curve represents 
the appearance of electrons in the range 0-0.1 volt as a function 
of electron energy. It is taken under similar conditions as Figs. 5 
and 6. The low-energy part of the curve, peaking at 9.5 volts, 
represents transitions to the repulsive 1 *2, state. Above 11 volts 
transitions to the 2', and higher states appear. The value for 
the effective cross section at 9.5 volts is 1.7 10-% cm*. 


excess of that needed to make a transition at an inter- 
nuclear separation X is denoted by K.E. in Fig. 8. 
If we could imagine the internuclear separation X to be 
fixed, and could vary the electron energy, then we would 
collect a current of slow electrons as indicated by the 
triangle on the left side of Fig. 8. This is identical to 
the peak shape discussed for the atomic case in con- 
nection with Fig. 2 and is subject to the same limitations 
as discussed previously. The contributions of all inter- 
nuclear separations within the Franck-Condon region 
have to be integrated in order to obtain the total current 
of slow electrons vs. electron energy. The full curve 
on the left upper part of Fig. 8 shows the shape 
schematically. 

The trapped-electron method thus can be used for 
finding the relative cross sections for various electronic 
excitations in molecules. 


Vibrational Excitation 


It would seem that the present method should lend 
itself to the observation of vibrational excitation of H» 
at 0.5 electron volt above the ground state. In the 
present experiment a peak due to this transition should 
be observable provided that the cross section is larger 
than 10-*! cm? at 0.1 volt above threshold. Repeated 
search did not reveal any indication of this transition. 
Extrapolating Ramien’s results“ linearly to 0.1 volt 


4H. Ramien, Z. Physik 70, 353 (1931). Ramien attributes an 
energy loss in his swarm experiment at 3.5 ev to the excitation of 
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Fic. 8. Schematic diagram of the application of the 
trapped-electron method to molecules. 


above threshold gives a cross section of the order of 
10~'* cm?. If this value were correct within three orders 
of magnitude, it should have been observed in the 
present experiment. It may be, however, that the linear 
extrapolation used here is not at all applicable to the 
vibrational cross section. If the cross section increases 
with a high power of the energy excess above the 
threshold, the failure to observe the cross section in the 
present experiment may not be in contradiction with 
Ramien’s value at 3.5 volts. 


VI. CONCLUSIONS 


The trapped-electron method has been shown to be 
applicable for studying excitation events in atoms and 
molecules. It lends itself readily to a study of electronic 
levels in complicated molecules. Such data are difficult 
to obtain by any other method. 

By increasing the potential penetration and therefore 
the well depth, it should be possible to follow various 
resolved excitation functions over an energy range o 
the order of 1 electron volt or larger and thus establish 
the threshold behavior of excitation functions over this 
energy range. A tube for this purpose has been built. 
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the lowest vibrational level in H, with a cross section of 
4X 1077 cm?. 
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The dissociation cross section of H.* for bombardment by electrons is investigated taking into account 
the effect of exchange collisions by use of the Born-Oppenheimer approximation. Both the post and prior 
interactions are considered. Theoretical results are presented for the transition in which the molecule ion 


is raised from the ground state Iso 


2y,* to the lowest-lying repulsive state 2po *Z, 


+ and then dissociates. 


The Franck-Condon principle is assumed throughout, and a classical average is taken over the molecular 
orientations. Numerical results are given for the dissociation cross sections as a function of energy both with 
and without the inclusion of exchange effect. The agreement between the post- and prior-interaction cross 


sections near the threshold energy is poor. 


I. INTRODUCTION 


HE dissociation of the hydrogen molecule ion has 

been considered theoretically by Salpeter! and by 
Kerner.” Salpeter has made an order of magnitude esti- 
mate for the dissociation cross section of H;* at labora- 
tory energies of 1-20 Mev for a collision with stationary 
gas molecules or ions. Kerner has calculated the cross 
section for the process in which the molecule ion is 
excited by electron impact from the ground state 
so *E,* to the lowest-lying repulsive state 2po *2,*, 
and subsequently dissociates. The calculations, which 
are based on the Born approximation, do not, however, 
take into account the effect of electron exchange in 
which the incoming electron is captured and the 
originally bound electron is ejected, and which under 
certain conditions, may be quite appreciable. 

In the present investigation we shall consider the 
dissociation of Hy* by excitation of the molecule ion 
to its lowest-lying excited level with the specific inclu- 
sion of exchange effects. The Born-Oppenheimer ap- 
proximation is used to obtain general results for both 
the post and the prior interactions, the validity of the 
Franck-Condon principle being assumed throughout. 
We further suppose that the molecule ions are randomly 
oriented, and obtain average cross sections by a classical 
average over all angles of orientation following Massey 
and Mohr.** Effects of Coulomb distortion are neglected 
in the present treatment. Numerical results for the 
dissociation cross sections as a function of energy are 
given for a number of cases of interest. Section I 
presents the general quantum-mechanical theory, Secs. 
III and IV are devoted to a detailed discussion of the 
nonexchange and the exchange contributions, respec- 
tively, while Sec. V contains the numerical results. 


* The work reported here was done at the Oak Ridge National 
Laboratory, Oak Ridge, Tennessee. 

1 E. E. Salpeter, Proc. Phys. Soc. er ti 1295 (1950). 

2 E. H. Kerner, Phys. Rev. 92, 1441 (1953). 

+H. S. W. Massey and C. B. O. Mohr, Proc. Roy. Soc. 

(London) A135, 258 (1932). 

‘ The validity of such an averaging process has been considered 
by Dr. T. K. Fowler (private communication). 


II. GENERAL CONSIDERATIONS 


In this section we shall discuss from a formal point 
of view the application of the Born-Oppenheimer 
approximation to the problem"of the dissociation of the 
hydrogen molecule ion. The mathematical treatment 
follows that of Massey and Mohr,’ who have considered 
the closely related problem of the ionization of the 
hydrogen molecule by an incident electron. 

Let k,, k, be the wave number vectors of the in- 
coming and outgoing particle, respectively. The magni- 
tudes k, and k, are related by the conservation of 
energy equation k,?=k,?+2uAF, where AE is the 
energy required to raise the molecule from the ground 
to the first excited state. The differential cross section 
do for scattering into d2 may be written in the form 


k 
do= [tl f—gl*+41 +l, (1) 


p 


where f and g are the amplitudes for direct and exchange 
scattering, respectively, and for the post interaction are 
given by the Born-Oppenheimer expressions 


~ 1 
f= —{- exp[i(k,— 


2r T\2 


k,) : r | 
XWp(t2)¥q(ts) *dridt2, (2) 


1 1 
+—-~) exp[i(k,-re—k,- 11) ] 


T12 
Xvo(ti)e(t2)*dridre, (3) 


in which y, is the ground-state wave function for the 
hydrogen molecule ion, ¥, is the wave function for the 
excited state of the ion, while the subscripts 1, 2 and 
a, 6 are labels for the two electrons and for the two 
hydrogen nuclei, respectively. The quantities r, and re 
are the position vectors of electrons 1 and 2 referred to 
a common space-fixed origin, while ria, 7, and ry are 
the distances between the two particles designated by 
the subscripts. For simplicity units have been chosen 
so that e, m, and h are all unity and, consequently, the 
Bohr radius h?/me? is the unit of distance. In Eqs. (2) 
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and (3), « is the reduced mass of the system (expressed 
in units of electronic mass), which for the case of in- 
coming electrons may be taken equal to 1. 

The prior interaction expression for g is given by an 
equation similar to (3), except that 7:4 and ry are to be 
replaced by r2q and r», respectively. Since the mathe- 
matical formalism for the two interactions is entirely 
similar, we shall consider in detail the prior interaction 
only, and simply indicate the final results for the post 
interaction. 

For the wave functions y, and y, we take the approxi- 
mate expressions 


Vp=A(uUatu), 
Vo= B(ua— tp), (4) 


corresponding to the ground state iso *2,* and the 
first excited repulsive state 20 *E,*, respectively.’ 
Here u,=u(r,) and m=u(r,) are hydrogen-like wave 
functions centered about the nuclei a and 3, respec- 
tively, where 

u(r) = (Z*/m)he-*, (5) 


and where Z=1.228.° 

In the next section we shall consider the evaluation 
of the nonexchange amplitude f using an approach 
similar to that of Kerner,” leaving until a later section 
the considerably more difficult calculation of g. 


III. NONEXCHANGE CONTRIBUTION 


Setting K=k,—k,, we write f in the form 


m 1 
f= -—— f —eiK thy, (ro)Wo( 1) *drd72. (6) 


2r Ti2 


Making use of the Bethe integral 


1 
f —e*E tidy, = (4ar/ K*)e'® “2, 


T12 
Eq. (6) becomes 


—2Z*ABu 
f= f eiK -12(¢—22r1a — ¢~ 221) dz, 
aK? 


Choosing the origin of the coordinate system at the 
midpoint of the molecule, and letting d represent the 
vector from nucleus @ to nucleus 3, so that 


T2= og— 3d = ry, +3, (7) 
we find by a straightforward integration that 
O4Z*ABy 
f=————— sin(}K-- d). (8) 
K?(4Z?+ K?) 
5 Linus Pauling and E. Bright Wilson, /ntroduction to Quantum 
Mechanuws (McGraw-Hill Book Company, Inc., New York, 1955). 


*B. N. Finkelstein and G, E, Horowitz, Z, Physik 48, 118 
(1928). 
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Substituting Eq. (8) into Eq. (1), and assuming the 
molecule to be randomly oriented, one obtains, after 
averaging over all angles 


Co =~ ‘ 
K*(4Z2+K?)*k, 


‘Kd 


aaa ~~) 


(9) 


K?=k,?-+k,?—2kpk, cosd, (10) 


where 6= / (k,,k,) is the angle of scattering in the 
center-of-mass system. The total cross section ¢ is 


2! Z8A* By? 8 (1—sinKd sani (11) 
dK, (11 
K 


shes cndpliahneccntiiale ‘ciinbasaiagnans 
k,? 0 K*(4Z?+K?*) 
where Ko=k,—k, and K,=k,+kg. 

The integral in Eq. (11) cannot be evaluated in 
terms of elementary functions. It can be shown, how- 
ever, that in the limit of high incident speeds (2, of the 
order of 10° cm/sec for H;*), o is given approximately 
by the formula 


32nA*B27 11 220, 
~ (-- —). (12) 


6 -+In— 
30,? 12 AE 


Thus, as might be expected for a fast particle, the cross 
section is independent of the mass of the particle, and 
for very high speeds has the well-known InE/E vari- 
ation. The dependence of o on Z under these extreme 
conditions appears to be small, indicating that it should 
be relatively insensitive to the specific forms chosen 
for the molecular wave functions. 


IV. EXCHANGE CONTRIBUTION 


The exchange term g, as previously mentioned, is 
considerably more difficult to evaluate than the non- 
exchange, or direct term. We begin by writing Eq. (3) 
(taking »=1) in the form 

£= fit iat gw, (13) 


where g12, g1a, and g» correspond to the Coulomb inter- 
actions r;2~', rig ', and ry~', respectively. The first of 
these terms, gi2, can be readily put in the form 


g12= (ABZ*Ii/w)[sin} (k,—k,)-d 


+sin}(k,+k,)-d], (14) 


where I is 


1 
— exp[i(k: fea— Ky: ria) 
Tig 
—Z(tiatPa) |dr1d72. 


Io= 
(15) 


The evaluation of J» is somewhat involved, but follows 
the general procedure indicated by Massey and Mohr? 
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Only the final result wlll be given here: 


Io=8n*(kpk,)* > (—1)'P:(cosa) 


l=) 
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in which a= 7 (d,k,). 
Turning next to the quantity gia, a readily performed 
integration over dr yields 


—8rtiBZ'T, sin(}k,-d) 


Sia ’ 
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(17) 
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The evaluation of /, is similar to that of Jo. Again, 
only the final result will be given. 


wn 


T= (8m*k)! 0 i-'(21+1) Pi(cosa) Si, 
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(20) 


where 
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The integrations involved in the expressions for S; 
must be performed numerically, in general. Fortunately, 
the convergence seems to be rapid, the /=0 term being 
sufficient for the purpose of the present computation. 

From a comparison of the expression for gig and gy» 
(and as might be expected from the symmetries inherent 
in the problem) the two quantities are related by 


(22) 
The exchange amplitude go, for the post interaction 


may be obtained from the expression for gia by making 
the following substitutions: (1) cos(}k,-d)e~*»-4 


gn= — 10". 
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Fic. 1. The total cross section for dissociation of H:* by charged 
particles as a function of the incident speed v, for the following 
cases: curve (1) for electrons, using the post interaction; curve (2) 
for electrons, using the prior interaction; curve (3) for electrons, 
neglecting exchange; and curve (4) for protons. 


—isin(}k,-d)e*e4, (2) kk, in all the remaining 
terms, and (3) i~“+—1'. The amplitude g~ is related to 
£2 by an equation analogous to Eq. (22). 

Finally, an averaging over the orientations of the 
molecule similar to that described in Sec. II should be 
performed. The process is quite straightforward, though 
the final equations are rather cumbersome and will not 
be explicitly given here. 


V. NUMERICAL RESULTS 


Applying the theory presented in Secs. III and IV, 
cross sections as functions of v, for the dissociation pro- 
duced by the excitation of H,*+ from the ground state 
to the lowest excited state by incident charged particles 
have been evaluated for the following cases: (1) for 
electrons using the post interaction, (2) for electrons 
using the prior interaction, (3) for electrons, neglecting 
exchange, and (4) for energetic (10*-10° ev) protons. 
The necessary integrals have been evaluated by numeri- 
cal integration. Only the /=0 contributions have been 
retained since the /=1 terms were found to be smaller 
by an order of magnitude for the particular energies 
chosen. The following values for the fixed parameters 
have been used: A = 0.584, B=0.970, Z= 1.228, d= 2.01, 
AE=12.4 ev. 

The results are presented graphically in Fig. 1. For 
electrons the cross sections in all three cases rise from 
zero at a speed corresponding to a threshold energy of 
12.4 electron volts, reach a maximum, and then slowly 
diminish, as expected. A comparison of the curves with 
each other shows the importance of the exchange scatter- 
ing contribution to ¢. Unfortunately, the post and prior 
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interactions do not yield results in agreement with each 
other, except at speeds so high that the effect of 
exchange collisions is small compared with that of 
direct collisions. As has been pointed out by Bates 
et al.,’ this disagreement is due to the approximate 
nature of the molecular wave functions used. Pre- 
sumably, a more accurate calculation would yield a 
cross section intermediate in magnitude, though even 
then the results would still be approximate. Actually, 
as a simple estimate for the maximum partial cross 
sections shows, the post interaction cross sections 
obtained imply contributions of angular momenta much 
higher than seems physically plausible. One cannot con- 
clude from this, of course, that the prior interaction 
results are necessarily correct. 

As is more or less evident from a consideration of 
Eqs. (2) and (3), and as is corroborated by calculations 
for the present case, the direct amplitude f and the 
indirect amplitude g are opposite in sign. This difference 
in sign has the effect of increasing the triplet scattering 
cross section }| f—g|? relative to pure direct scattering, 
while at the same time decreasing the singlet contribu- 
tion }| f+g\*. Indeed, somewhere between the region 
above the threshold, where exchange scattering is 
dominant, and well above threshold, where direct 
scattering is of primary importance, there is an energy 


7 Bates, Fundaminsky, and Massey, Trans. Roy. Soc. (London) 
A243, 93 (1950). 
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where the two amplitudes / and g are equal in magnitude 
and opposite in sign. The scattering should then be 
entirely triplet in character. In regions where either 
direct or exchange scattering is dominant the effect of 
interference between f and g is small, and the usual 
3:1 triplet-singlet ratio applies.* 

Finally, the cross section is presented for the case of 
incident protons. Essentially the same curve would be 
obtained for any singly charged ion, provided that the 
effect of electronic screening be neglected. For ions of 
charge Z, the indicated cross sections must, of course, 
be multiplied by Z,°. Thus, for an incoming beam con- 
taining a high percentage of multiply charged ions, 
a may be quite appreciable. 

It should be emphasized that only contributions of 
the first excited state of the hydrogen molecule ion to 
the dissociation cross section have been considered here. 
The over-all cross section would also include, of course, 
the effects of transitions to still higher excitation states, 
though presumably these are small. 
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Values for the collision cross section for momentum transfer 
and the fractional energy lost by an electron on collision with a 
hydrogen molecule were obtained from measurements of the micro- 
wave conductivity of a gaseous plasma. The experiments were 
made in the afterglow of a pulsed discharge in a cavity resonating 
at a wavelength of 10 cm. The mean electron energy was varied 
from 0.04 ev (room temperature) to 0.08 ev by heating the gas, 
and from 0,04 ev to 1.6 ev by microwave agitation of the electrons 
alone. The collision probability in molecular hydrogen at electron 
energies in the neighborhood of 0.04 ev is found to be 28.5(2/v9)*-* 
(cm-mm Hg)1+3%, where » is the electron velocity, and v» the 
most probable velocity at 300°K. Measurements in deuterium gas 


INTRODUCTION 


T the present time, there is some uncertainty 
about the value of the collision cross section of 

slow electrons in molecular hydrogen. At energies below 
1 electron volt, techniques that employ electron beams 
are unreliable and various determinations of the cross 
section'> show large discrepancies. In recent years 
attempts have been made to gain a better understanding 
of the low-energy region. Crompton and Sutton,® using 
the technique of Townsend and Bailey,’ have measured 
the diffusion and mobility of electrons in dc electric 
fields ; they calculated cross sections for electron energies 
from approximately 0.05 ev to 3 ev. Although micro- 
wave methods of measuring the plasma conductivity 
have been used with success in other gases, they have 
not been employed extensively in the study of the 
hydrogen discharge. Phelps, Fundingsland, and Brown’ 
restricted their investigation to thermal electrons. 
Varnerin® continued this work, but the sensitivity of 
his microwave technique was insufficient to yield a 
reliable result for the variation of the cross section with 
electron energy. We have therefore repeated the meas- 
urements and extended the energy range from 0.039 ev 
to 1.6 ev. This paper presents the results of these 
investigations. In addition, the average energy loss 


* This work was supported in part by the U. S. Army (Signal 
Corps), the U. S. Air Force (Office of Scientific Research, Air 
Research and Development Command), and the U. S. Navy 
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gave the same result. The collision probability in hydrogen in- 
creases to a peak value of 64 (cm-mm Hg)?+7% at an electron 
energy of approximately 1.4 ev. The energy loss of electrons 
near room temperature was found by comparing the conductivity 
measurements obtained by thermal agitation with those obtained 
by microwave agitation of the electrons. The fraction of the excess 
electron energy lost on collision with the hydrogen molecule is 
(3.50.5) X10-*. In the higher energy range, the loss and the 
collision probability were computed from a comparison between 
microwave conductivity measurements and electron drift velocity 
and diffusion experiments. 


suffered by an electron on collision with a molecule was 
found. The microwave method that was adopted in 
these investigations is similar to that used by Gould" 
and Gilardini" in their studies of helium and neon. 


MEASUREMENTS OF PLASMA CONDUCTIVITY 


The collision probability for momentum transfer is 
obtained from measurements of the complex microwave 
conductivity of a plasma. The conductivity o is given 
in terms of the electron density m, the collision fre- 
quency for momentum transfer y,,, and the radian fre- 
quency w of the microwave field, by means of the 


relation 
Ne? / Vm— jw 
cate 
m \imet+orl » 


where e and m are the electronic charge and mass. 
Since the collision frequency is generally a function of 
the electron velocity v, the right-hand side of the equa- 
tion must be appropriately averaged over the distribu- 
tion of the electron velocities. The collision probability 
for momentum transfer, P,,, is defined in terms of the 
collision frequency by ¥m=Pm?Po, where po is the gas 
pressure normalized to 0°C. 

The measurements of the conductivity were made in 
a rectangular parallelepiped microwave cavity. The gas 
was enclosed in a small cubic quartz bottle situated at 
the center of the cavity in a region of nearly uniform 
microwave field. The gas was broken down periodically 
by a pulsed microwave signal that was fed into one of 
the three fundamental modes of the cavity. The plasma 
was studied in the afterglow by a microwave field in a 
second mode. The real and imaginary parts of the con- 
ductivity were determined from the change in the 
loaded Q value of the cavity and from the change of the 
resonant frequency of the cavity, respectively. The 
low-intensity probing signal produces negligible per- 


(1) 


1 L.. Gould and S. C. Brown, Phys. Rev. 95, 897 (1954). 
4 A. L. Gilardini and S. C. Brown, Phys. Rev. 105, 25; 31 (1957). 
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turbation of the decaying plasma. The electrons canbe 
heated by feeding microwave power into the third 
mode of the cavity; the electric field strength used in 
heating the electrons was computed from the power 
input and from the Q of this mode. A detailed discussion 
of the measuring procedure will be found elsewhere.’ 

By restricting the measurements to the afterglow 
period, we ensured that the electrons came to a known 
energy equilibrium. In the absence of collisions that 
would lead to ionization and excitation of electronic 
levels, the electron distribution function can be in- 
ferred, and the averaging process in Eq. (1) can be 
carried out. However, the low rotational and vibra- 
tional energy states in the molecule are easily excited, 
even in the afterglow period. We shall find that this 
effect introduces an additional parameter into those 
measurements that rely on microwave heating of the 
plasma. 

It will be noted from Eq. (1) that the ratio of the 
real to the imaginary part of the conductivity, ¢,/0;, is 
independent of the magnitude of the electron density 
and should, therefore, be independent of the post- 
discharge time at which the measurements are made. 
The constancy of the conductivity ratio serves as an 
indication of the purity of the discharge and the cleanli- 
ness of the plasma container. Before taking measure- 
ments, the following degassing procedure was carried 
out. The plasma container and all auxiliary equipment 
were baked for several days at 400°C. With the system 
isolated from the pumps and the gas supply by metal 
diaphragm valves, a holding pressure of less than 10~* 
mm Hg was achieved. Hydrogen, obtained by decom- 
position of uranium hydride,” was then admitted into 
the system (deuterium was similarly obtained from 
uranium deuteride). Before each run a strong discharge 
was passed for a few hours. The spent gas was pumped 
out and conductivity measurements were made after 
admitting fresh gas. Subject to this procedure, the con- 
ductivity ratio remains constant for post-discharge 
times from 100 usec to 12 msec duration. 

The spectrum of the light emitted during the active 
discharge discloses the presence of atomic hydrogen. 
The relatively large cross section of atomic hydrogen 
(believed to be 5 to 10 times greater than that of the 
molecular species“), and its long lifetime, could lead 
to substantial errors in measurements in the afterglow. 
However, it was found that the conductivity ratio is 
independent of (a) the microwave breakdown power, 
(b) the length of the breakdown pulse, and (c) the 
pulse repetition rate. Thus strong support is given to 
the belief that the percentage of atomic hydrogen that 
is present is so small that .it does not influence the 
measurements. 

The experiments that were carried out can be divided 


#2 L. Gould and S. C. Brown, J. - A — 24, 1053 (1953). 
BD. J. — Phys. Rev. 104, 273 (1956). 
“H. S. W. Massey and B. L. Moiseiwitsch, Proc. Roy. Soc. 
(London) A205, 483 (1951). 
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conveniently into three sections. The first deals with 
two independent experimental methods for deriving the 
collision probability for low-energy electrons in the 
range from 0.04 to 0.08 ev. In both methods the elec- 
trons are allowed to come to thermal equilibrium with 
the gas molecules. In the second section we compare 
these results with corresponding measurements obtained 
by microwave agitation of the electrons alone, and 
obtain the average energy loss suffered by an electron 
when it collides with a hydrogen molecule. In the third 
section we extend the measurements to electron energies 
from approximately 0.5 to 1.6 ev and show how the 
data, together with Crompton and Sutton’s® shower 
experiments, lead to knowledge of the collision proba- 
bility and of the energy loss per collision. 


EXPERIMENTAL RESULTS 


1. Conductivity Ratio as a Function of Gas 
Pressure and Gas Temperature 


The ratio of the real to the imaginary part of the 
microwave conductivity,* obtained by writing Eq. (1) 
in its complete form, is 


aaa! | a 


where a(v)= (Pmpov/w)*, and f is the electron velocity 
distribution function. For gas pressures greater than 1 
mm Hg, thermal equilibrium between the electrons and 
the hydrogen molecules is established within 100 psec 
after the discharge has ceased. Henceforth, the electrons 
have a Maxwellian distribution, f~exp[—mv*/2kT, ], 
which corresponds to an electron temperature, 7,, that 
is equal to the gas temperature, 7,. 

The unknown collision probability P,, is obtained by 
solving the integral equation (2). However, the deter- 
mination of P,, and of its velocity dependence requires 
more than a single measurement of the conductivity 
ratio. One method of attack lies in measuring this ratio 


af 
v’—dv, (2) 
1+a(v) dv 
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Fic. 1. Conductivity ratio as a function of the gas pressure. 
@ measurements; the solid line is obtained from theory for Pm 
=28(v/09)* (cm-mm Hg)™. 
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as a function of the gas pressure at constant tempera- 
ture, 7,. It can be seen from Eq. (2) that, in the limit 
of very low pressures [a(v)<1], and of very high pres- 
sures [a(v)>>1 ], o,/poo; is independent of po; at inter- 
mediate pressures, ¢,/poo; varies with po in a manner 
governed by the magnitude and velocity dependence 
of Pm. The circles in Fig. 1 represent measurements of 
o,/ poo; over a pressure range from approximately 1 to 
200 mm Hg. Experimental difficulties prevent measure- 
ments at still higher pressures, at which o,/poo; is ex- 
pected to level off to a constant value. The collision 
probability P,, is obtained by fitting a theoretical curve 
computed from Eq. (2) to the measured values. 

The integrals in Eq. (2) are difficult to evaluate unless 
P,, is taken.to vary with » in a simple manner.**.! 
Therefore we assume that, in the energy range over 
which the integrands contribute significantly to the 
integral, P,, can be approximated by a power law of 
the form P,,=a(v/v)", where v9 is the most probable 
electron velocity at the assumed gas temperature of 
300°K. The best fit with theory yields a value of P,, 
= 28(v/v9)°* (cm-mm Hg)~'. The result is correct only 
over a narrow range of electron velocities in the neigh- 
borhood of the ambient gas temperature. Similar 
measurements in hydrogen, carried out by Varnerin,’ 
by using a wave guide in place of a cavity, gave a value 
of P»=33.6(v/r9)°*; but the fairly large scatter of his 
experimental points caused him to doubt the velocity 
dependence that he obtained. Phelps, Fundingsland, 
and Brown® gave a value of 46 (cm-mm Hg)-', which 
was calculated by assuming that P,, is independent of 
the electron energy. The very rapid disappearance of 
electrons reported in connection with this determina- 
tion'® suggests electron attachment to impurities that 
were present in the hydrogen discharge. Phelps!’ quoted 
the following results for the collision probability which 
he obtained from measurements of the electron drift 
velocity: P,= 28:1 at 77°K, and 29-1 at 300°K. 

An independent determination of P,, over the same 
energy range as that previously discussed can be ob- 
tained by varying the plasma temperature. This was 
performed by heating the cavity surrounding the 
plasma container to 600°K. Measurements were made 
in both deuterium and hydrogen, with the gas pressure 
kept between 1 and 3 mm Hg (see Fig. 2). By confining 
the measurements to low gas pressures, computations 
are greatly simplified; the ratio (v,/w)? [see Eq. (1) ] is 
then small compared with unity, and a(v) in Eq. (2) 
can be neglected. The resulting integrals are evaluated 
in closed form in terms of gamma functions. Computa- 
tions of the conductivity ratio were made for P,», 
= 28(v/v9)°* by using the results of the previous experi- 


18 G, Bekefi, Quarterly Progress Report, Research Laboratory 
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15, 1957 (unpublished), p. 6. 
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17 A, V. Phelps (private communication, December, 1957). 


SLOW 


ELECTRONS IN H: 





_— (mmg) 


RATIO 


DUCTIVITY 


Aner 
CON 








L 
600 





300 400 500 
GAS TEMPERATURE (°K) 


Fic. 2. Conductivity ratio as a function of the gas temperature. 
@ measurements in hydrogen; A measurements in deuterium; 
the solid line is obtained from theory for Pm=28(0/00)*-*; the 
dashed line is obtained from theory for Pm=29(v/00)°-5 (cm-mm 
Hg)". 


ment, and for P,= 29(v/v9)°>. The former are indicated 
in Fig. 2 by a solid line, the latter by a dashed line. The 
experiments for both hydrogen and deuterium" (repre- 
sented as circles and triangles, respectively) agree 
somewhat better with the value of the collision proba- 
bility indicated by the dashed line. We conclude that 
the collision probability for both gases is P,=28.5 
X (v/09)°> (cm-mm Hg)'+3% over a limited energy 
range in the vicinity of 300°K. 


2. Microwave Heating of the Plasma and 
Calculation of the Electron-Energy Loss 


Microwave agitation of the electrons is achieved by 
feeding energy into a third fundamental mode of the 
cavity. The average equilibrium energy of the electrons 
depends upon the balance between the energy gained 
from the field and the energy-loss mechanism. We 
assume that the only loss present in the afterglow is the 
result of recoil with gas molecules and of excitation of 
molecular states. Under these assumptions, the velocity 
distribution function’® is 


cen f Je 


Here, E is the rms magnitude of the electric field used 
in heating the plasma, and C is a normalizing constant. 
G(v) is the fraction of the excess energy lost, on the 
average, by an electron per collision with the gas mole- 
cule; for perfectly elastic collisions (such as those occur- 
ring in monatomic gases), it equals twice the ratio of 
the electron mass to the molecular mass (2m/M). In 
more complex molecules, G differs from this value and 
may also be a function of the electron velocity. In the 


2eF? a1 
————__| msde} (3) 
3mGu*[1-+a(2)] 
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Fic. 3. Comparison between the conductivity ratio obtained 
by thermal agitation of the electrons (@) with that obtained by 
microwave agitation (-—a--a--—). The solid line is obtained 
from theory for Pm =28(v/20)°-* (cm-mm Hg)". 


latter case the variation with velocity must not be too 
large for Eq. (3) to apply. If G is constant and if the 
measurements are made at sufficiently low pressures 
that (¥,/w)*<<1 (i.e., a(v)<«1), the distribution function 
is Maxwellian and corresponds to an electron tempera- 
ture, 7,, given by 


(4) 


Equations (3) and (4) assume implicitly that the elec- 


tric field is uniform over the plasma. In the microwave 
cavity the electric field strength falls off approximately 
10% from the center of the plasma container to its 
surface. We correct for this effect by averaging E? over 
the volume, V, of the container, using the relation 
F=(1/V)f/vE(V)dV. This requires, in the present 
case, that E? which appears in Eqs. (3) and (4) be 
reduced by a factor 0.758, relative to the value measured 
at the center of the container. A much more laborious 
correction for the field nonuniformity is given else- 
where."°-" The two corrections agree within 4%. 
Conductivity measurements made on a hydrogen 
plasma, heated by a weak microwave field, are shown 
in Fig. 3 by a dashed line and triangles. The electron 
temperature plotted along the abscissa was computed 
from Eq. (4) with the assumption that the G factor in 
hydrogen is equal to 2m/M. That this assumption is not 
valid can be seen by comparing these measurements 
with the corresponding measurements of section 1 
(shown as a solid line and circles), obtained by thermal 
agitation of electrons. The latter results are independent 
of G and thus give the correct electron temperature. 
The two sets of measurements can be brought into 
coincidence by a proper choice of G. Using Eq. (4), we 
find that this can be done by assigning to G the average 
value of (3.50.5) 10-*. This is to be compared with 
Crompton and Sutton’s value of 2.5X10-*. The ac- 
curacy of our determination of the excess energy loss is 
not good, particularly when 7, slightly exceeds 7,. 
This is so because G varies inversely as the difference 
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between two nearly equal numbers, (7'.—7,). We also 
assume G to be constant, independent of the electron 
velocity. However, the accuracy of the measurements 
in this energy range does not warrant a more elaborate 
analysis based on Eq. (3). 

A quantity, more commonly used than the G factor, 
which is much less sensitive to temperature differences 
and hence less prone to experimental error, is the aver- 
age energy loss per collision, \. It is related to G by 
A(u,) =G(a,)[1— (a,/a,) ]; here a, represents the aver- 
age electron energy and @, the gas energy. It will be 
noted that only at low electron energies does \ differ 
appreciably from G. A plot of A, obtained from the 
results of Fig. 3, is shown in Fig. 4. Only the low-energy 
region [for electron velocities less than 0.35 (volt)*] 
was obtained from this analysis. The remainder of the 
curve was computed from measurements that will be 
discussed in Sec. 3. 


3. P,, and 2 for Electron Energies from 0.5 
to 1.6 Electron Volts 


Conductivity measurements as a function of the 
microwave heating field discussed in the previous sec- 
tion were extended to much higher electron energies. 
The experimental results are shown in Fig. 5; the ratio 
of the conductivities is plotted against the root-mean- 
square value of E? averaged over the volume of the 
plasma. Throughout these measurements, the gas pres- 
sure was™sufficiently low to satisfy the condition 
(Vm /w)*<K1. 

The collision probability was computed from Eq. (2) 
by using the distribution function f given by Eq. (3). 
We see that an additional quantity, the G factor (not 
present in the computations of Sec. 1), has entered into 
our problem. Since G is not known in the energy range 
in which we are now working, P,, cannot be found unless 
we turn to an independent experiment, which"will be 
used in conjunction with our conductivity data. 

There are two types of experiment that will serve 
our purpose: the dc drift-velocity measurements (vq) 
of Bradbury and Nielsen” and of Pack and Phelps**; 
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the fractional energy loss \ per collision, as a function of the 
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and the measurements of the ratio of the diffusion co- 
efficient to the electron mobility (DEz/va, where D is 
the diffusion coefficient and Fg is the dc electric field) of 
Crompton and Sutton.® This ratio is, in fact, a direct 
measure of the average electron temperature and is 
exactly equal to the temperature for a Maxwellian dis- 
tribution of velocities. These two experiments taken 
together (as Crompton and Sutton® did), or the latter 
of the two combined with the conductivity measure- 
ments (as we do here), suffice to give a complete solu- 
tion for P,, and G, with no assumptions regarding the 
form of the electron velocity distribution function. In 
performing computations from these measurements we 
limited outselves to electron energies higher than 0.5 
ev and thus ensured that 7,>7,. We assumed that 
P,, and G could be represented sufficiently accurately 
by Pn=av* and G=8v' over a small range in the 
neighborhood of the average electron energy; a, 8, h 
and / are the parameters to be determined. 

Subject to these conditions, the velocity distribution 
function given by Eq. (3), which is equally valid in the 
microwave and in the de cases, takes on the simple 
form f=C exp(— Av‘). The coefficients A and ¢ differ 
in the microwave and de experiments. The expressions 
for the measured microwave conductivity, de drift 
velocity, and the ratio of diffusion to mobility are: 

sais. 
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vapo 2-h 

¢ iy f fav'"dv / fs fardv, (6) 
Ea 3 J ma 
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Fic. 5. Measured conductivity ratio (— @ —) as a function of 
the root-mean-square value of the microwave electric field used in 
heating the electrons, The computed average electron energy is 
also given. 
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Fic. 6. The fractional energy loss of an electron per collision 
with a hydrogen molecule as a function of the electron velocity. 
Curve A, present microwave measurements; curve B, Crompton 
and Sutton’s shower experiments for a Maxwellian distribution of 
electron velocities; curve C, assumed Druyvesteyn distribution; 
curve D, calculated with no assumptions; curve £, theoretical 
(Gerjuoy and Stein); the solid dots are from measurements of 
Townsend and Bailey. 


These integrals were evaluated, and P,, and G were 
found bya simultaneous solution of the resulting equa- 
tions. We note that Eq. (5) is given in terms of the rf 
electric field, while Eqs. (6) and (7) are in terms of a 
dc electric field. The corresponding electric fieldscannot 
be equated by using Eq. (5) in conjunction with Eqs. 
(6) or (7) because the rf field causes a different energy 
transfer to the electrons than does the corresponding dc 
field. Therefore, the microwave and dc experimental 
results were equated at the same average electron 
energies (%). This fact makes computation laborious, 
since u(£) and u(£4) themselves depend on the electron 
velocity distribution function. 

The method outlined above was used in calculating 
the average electron energy @ as a function of the micro- 
wave heating field E*. This is shown as the second 
abscissa of Fig. 5. Since @ does not vary linearly with 
F*, G must be a function of the electron energy. The 
collision probability P,, and the fractional energy loss 
\ are presented in Fig. 4 over the complete range of 
electron velocities that was investigated. The data for 
electron velocities below 0.35 (volt)! are taken from 
the measurements of Secs. 1 and 2; the values of the 
collision probability are accurate within +3%; those 
of X within +7%. The parts of the curve which lie 
above 0.70 (volt)? represent calculations of this sec- 
tion. The values of P,, are good within +7%, and those 
of \ within +10%. The curves that lie net 0.35 
and 0.70 (volt)? are extrapolated. 

In Fig. 6, a comparison of the various determinations 
of the fractional energy loss \ as a function of the 
average electron velocity d is shown. Curve A represents 
our measurements, Curves B and C are Crompton and 
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Fic. 7. Collision probability for momentum transfer as a 
function of the electron velocity. 


Sutton’s results, calculated for the case of hard-sphere 
electron molecule collisions (4=0); the former repre- 
sents their calculations that were based on the assump- 
tion that the electrons have a Maxwellian distribution 
of velocities; the latter represents their assumption of a 
Druyvesteyn distribution. Curve D was calculated from 
Crompton and Sutton’s tabulated data with the use of 
our Eqs. (6) and (7). This eliminates the necessity of 
assigning to the electrons a particular distribution func- 
tion. In fact, curve D is a plot of G(v) rather than of 


Ai is oS... 3S 


BROWN 


\(0). Curve E is theoretical?! and based on the assump- 
tion that the electron losses arise solely from the excita- 
tion of vibrational states. In making these calculations 
the authors took P,, to be constant and equal to 42 
(cm-mm Hg)~'. The solid dots represent the measure- 
ments of Townsend and Bailey’ and were calculated by 
using a Maxwellian distribution. 

In Fig. 7 a similar comparison for the variation of the 
collision probability with electron velocity is shown. 
The lettering designating the various curves is the same 
as in Fig. 6. Curves A and D are plotted as a function 
of the electron velocity, v; the rest of the data are 
plotted as a function of the average velocity, 4. There 
is satisfactory agreement between our measurements 
and those of Crompton and Sutton. It must be stressed, 
however, that in the energy range above 0.7 (volt), 
use was made of their results, and hence this agreement 
is better than it would have been had the calculations 

, been made completely independently. 
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The theory of intermediate coupling with configuration interaction is used to calculate energy levels and 
g values in the 5d°6s? and 5d%6s configurations of Re 1. Fifty-one observed levels are fitted with a mean devia- 
tion of +325 cm™ by using eleven free parameters. The L(L+-1) correction is important, as the mean 
deviation is +514 cm™ without it; the parameter for this correction (a= 66.8+ 13) has a value similar to that 
in first and second long-period spectra. Standard deviations of the parameters are calculated, and within the 
limits so defined, Slater’s parameters are consistent with expectations based on known behavior in first and 
second long-period spectra. Calculated g values agree with observed values for thirty-seven levels to about 
+0.03. Levels not previously assigned from experiment are given designations; the eigenvectors are used to 


illustrate qualitative features of these designations. 


HE experimental analysis of Re 1 has been carried 
out by several investigators over the last twenty- 
five years. Recently, a new description of this spectrum 
was made, based on an extended homogeneous line 
list,! and the earlier work was revised and extended 
with this as a basis.?* The calculations in this paper were 
carried out primarily to provide assignments for levels 
of the 5d°6s? and 5d*6s configurations in this spectrum. 
These assignments have been published,?* and the 
present paper gives the complete calculation on which 
they are based. 

As in most spectra of the third long period, an 
intermediate form of coupling, which includes effects 
of configuration interaction, is required to describe the 
observed levels rigorously, but for qualitative descrip- 
tions it is customary to assign levels designations based 
on the LS-coupling notation. In the years that have 
been devoted to the analysis of Rei, experimental 
spectroscopists have made such term assignments 
which contributed greatly to the understanding of this 
complicated spectrum and helped to bring order out of 
the forest of levels. But about half the observed levels 
were not assigned; it was not established, for instance, 
that only two configurations were present,‘ or that all 
expected levels in the observable region of the spectrum 
had been found. The use of theory was indispensable 
in completing the assignments. The eigenvectors given 


( 1W. F. Meggers, J. Research Natl. Bur. Standards 49, 187 
1952). 

2 Klinkenberg, Meggers, Velasco, and Catalén, J. Research 
Natl. Bur. Standards 59, 319 (1957). 


5 Atomic Energy Levels, C. E. Moore, National Bureau of 
Standards Circular No. 467 (U. S. Government Printing Office, 
Washington, D. C., 1958), Vol. III; referred to in the present 
paper as “AEL”, 

‘ The results of this paper establish the fact that the fifty-one 
levels found in the region lower than 35 000 cm™ arise from the 
two configurations 5d°6s* and 5d%6s. Evidence is also noted that 
supports earlier conclusions that the 5d’ configuration is present 
in the region slightly higher than 35000 cm™, so that three 
configurations probably overlap in this region of the spectrum. 
Since the 5d’ configuration has been neglected in the present 
calculation, partial results that were obtained for predicted levels 
higher than 35 000 cm™ have been omitted. Three known even 
levels having a J value of 24 have been disregarded for similar 
reasons (i.e., 44.054, 44 903, and 50973 cm™), 


in the present paper show the degree of approximation 
involved in making the assignments.° 

The eigenvectors have also an application in indi- 
cating the accuracy obtainable in atomic theory 
generally when calculations are made for spectra with 
many close interacting levels. Since the g values have 
been observed for thirty-seven levels, a simple criterion 
is available for estimating this accuracy in many 
instances. Eigenvectors may also be used in the calcu- 
lation of intensities of radiative transitions, or in the 
calculation of hyperfine structure splittings, and the 
signs of the amplitudes are given, along with the 
percentage composition, for possible use in these 
applications. 

A brief description of this calculation and two similar 
ones has been given.® It is planned to publish later a 
detailed description of these other results that were 
obtained while the Standards Eastern Automatic 
Computer (SEAC) was available. At present, coding is 
being set up to carry out similar calculations on the 
IBM 704. 

The matrix elements of electrostatic and spin-orbit 
interactions for these two configurations are taken 
mainly from work already published, and checks were 
made to insure the correctness of these results.” Subse- 


5 Eigenvectors have been given for the two-electron configura- 
tions of Th m1 by G. Racah [ Physica 16, 651 (1950) ], and for the 
low even three-electron configuration of Thu by Y. Eisenberg 
[Physica 18, 177 (1952)]. They have already noted several 

ualitative features of assignments. Except for one or two levels, 
their assignments confirmed ones that had been established by 
experimenta] methods. Th mu and Th mr are close to the limit in 
complexity that can be handled rigorously with desk computers, 
but are, of course, much simpler than Re 1. 

®R. E. Trees, Bull. Am. Phys. Soc. Ser. II, 3, 29 (1958). 

7 The matrices of spin-orbit interaction for the d‘s configuration 
are given by W. R. Bozman and R. E. Trees [J. Research Natl. 
Bur. Standards 58, 95 (1957) ]. Those for the d° configuration are 
given by H. Greyber [dissertation, University of Pennsylvania, 
1953 (unpublished) ]; a few errors were corrected in these results. 
The matrices of the spin-orbit iriteraction were checked by calcu- 
lating the eigenvalues on SEAC, and comparing them with values 
known from j-j coupling theory. Matrix elements of configuration 
interaction between d‘s and d® are given by G. Racah [Phys. Rev. 
63, 367 (1943)]; he has used a digital computer to check these 
matrix elements [G. Racah (private communication) ]. No 
independent check insures consistency of our phases for the 
matrices of spin-orbit interaction and those of electrostatic 


165 
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quent steps in the calculation were carried out on SEAC 
and most of the coding has been described.°* 

Numerical matrices were obtained by using pre- 
liminary parameters estimated by comparison with 
parameters obtained in other calculations already 
carried out for spectra of the third long period (the 
latter parameters are listed in footnote 22 of reference 
8). By using the eigenvectors of the numerical matrices, 
linear formulas were set up for the eigenvalues of the 
matrices as functions of the parameters. New 
parameters were then determined by least squares. In 
calculations with large matrices it is important to 
estimate good preliminary parameters so that the 
linear formulas will be accurate. In spectra where 
theory and experiment agree very closely, it may be 
necessary to use the first set of parameters obtained by 
least squares to obtain more accurate linear formulas, 
but there was no need to do this for Re 1."° 

The differences between calculated and observed 
energy levels when the L(Z+1) correction is omitted 
are given in the last column, “no a,” of Table I. The 
mean deviation is +514. The errors are mostly positive 
for small J values, and negative for the large J values. 
This systematic behavior shows conclusively that the 
correction has an over-all importance for all levels of 
this spectrum. In Ta 11, over-all importance could not 
be demonstrated because only a few levels with large 
J value (more rigorously, L value) were observed.® 
The results are from linear formulas. Inaccuracy of 
linear formulas usually leads to an overestimate for the 
mean deviation, but in this case the effect is negligible. 
It can be estimated by omitting the errors for the two 
lowest levels with” J = 33 and regarding the adjustment 
by least squares as being made to fit forty-five obser- 
vations rather than forty-seven. The mean deviation 
would then be reduced from +514 to +508 cm“. 

The calculated energy levels and g values obtained 
using the L(Z+1) correction are given in the rest of 


interaction, but this is a question of the correct interpretation of 
Racah’s formulas rather than one of numerical error. After 
setting up matrices of d‘s+d*, the matrices for d°s+d's? were 
obtained formally by use of negative values for the spin-orbit 
parameters. The orders of the final matrices, followed by the J 
values in parentheses, are 13(1/2), 19(3/2), 24(5/2), 20(7/2), 
14(9/2), 7(11/2), and 3(13/2). 

8 Trees, Cahill, and Rabinowitz, J. Research Natl. Bur. 
Standards 55, 335 (1955). 

® A code used to evaluate standard deviations of the parameters 
has not been described. Definitions of these deviations, which are 
given in Table I, must be obtained from books on statistics, since 
we do not know of any atomic spectra for which they have been 
calculated previously. The probable errors are two-thirds of the 
standard deviations. I wish to thank J. M. Cameron for making 
this code available and discussing its use with me. 

10 No allowance was made for inaccuracy of the linear formulas, 
as is sometimes done by omitting pairs of levels that are close, 
or by using an average value. The errors in the linear formulas 
were less than 100 cm™ for all levels but the ones at 19 758 and 
27 141 cm™, where the errors were about 200 cm, and the levels 
at 14217 and 15 058 cm where the errors were about 450 cm™. 
The fact that the mean error of the final calculations is +371 
cm is justification for ignoring these inaccuracies. Four levels 
were omitted from the calculation by least squares to minimize 
the computer time and the ground level was one of these omissions. 
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TABLE I. Calculated energy levels (in cm™) and g values in the 
a configurations of the first spectrum of rhenium 
eI). 








g value 
Cale. 
—Obs. 


Calc. 


J Label Obs. —Obs. Obs. Calc. 





—0,203 
0.264 
—0.082 


2.368 2.165 
2.521 2.785 
0.983 0.901 
tee 1.831 
0.375 
1.939 
Sum = 


15 166 99 
17 238 168 
19 758 —153 
27 385 —621 
30 132 344 
—0.021 
13 826 32 
16 328 291 
20 482 —85 
22 423 4 
26 132 

27 828 20 
30 527 180 


1.485 
1,706 
1.451 
0.781 
0.650 


1.453 
1,760 
1.404 
0.802 
0.590 
0.958 
0.913 
1.373 
1.054 
1.058 
Sum = 


—0.032 
0.054 
—0.047 
0.021 
—0.060 
0.070 


CeCeSsQaunewne 


= 


0.006 
1.944 
1,251 
1,087 


1,421 
1.320 


—0,006 
—0.027 
—0,064 
0.112 
—0.041 
1,182 —0,007 
1,045 —0.022 
1,428 0.11 
1,039 —0.08 
—0.14 
—0.04 


CeONAWMEwSNe 


—0.205 
—0.002 
0.000 
0.005 
—0.001 
0.01 
—0.19 
0.04 


1 
2 
3 
4 
5 
6 
7 
8 
9 
0 
1 
2 


— ee 


—0.138 

—O0.011 

—0.004 

—0,008 

4 0.03 
1.173 soe 
1.042 
1.138 
1.101 

Sum = 


CenAauewne 


0.007 

0.005 
—0,007 
—0.01 

0.07 


54 1.247 
0,988 
27 244 1,173 

30 560 
33 318 ins 
cs 0.057 
—0,020 
0.009 


—0.011 


26 348 
27 130 


36 955 

19 041 
499.7 
465.4 
2032.5 
2125.0 
2277.5 
2419.6 
2740.1 
541.9 


36949 +1080 
20033 +1148 
470.5451 
498.5431 
1842.6 +95 
1881.64.95 
$ (ds) 2347.1 +104 

t (d5s?) 2425.2 +80 
Gs 2954.9 +104 
A 477.6 +26 
a 66.8 +13 


A(d$s) 
A (d5s?) 
B(d‘s) 
B(d's*) 
C(d*s) 
C (ds?) 


+580 
+514 


+371 
+325 


Mean error 
Mean deviation 











CONFIGURATIONS IN FIRST 


Table I. The mean deviation between calculated and 
observed energy levels is +325 cm™. The errors still 
show appreciable systematic behavior, being greater 
the higher the energy. Excluding the ground level, 
none of the levels lower than 25 000 cm™ have errors 
in excess of 400 cm~', but errors of about half the higher 
levels are greater than this. This is probably because 
we neglected the 5d’ configuration.‘ It is reasonable to 
expect that the mean deviation would be about half as 
great if the 5d’ configuration were included, so that 
the agreement would be similar to that obtainable in 
first and second long-period spectra. It is likely that 
three high even levels omitted from the calculation‘ 
originate in the three low even configurations. Our 
calculation with two configurations does not explain 
these three levels well. In one instance (for the level 
observed at 50 973) a discrepancy of 2800 cm would 
have to be accepted, which is outside the probable 
error, as noted in the next paragraph. This is an 
indication that there is direct experimental evidence for 
the position of the 5d’ configuration, so that a calcu- 
lation with three configurations would not have to be 
made solely on the basis of the relatively small pertur- 
bations produced in the levels lower than 35 000 cm“. 
(We did not attempt this calculation because the 
matrices would have been too large for SEAC.) 

The error in predicting positions of levels well 
isolated from the observed region of the spectrum is 
often not realized, this being the same as the failure 
to distinguish between interpolation and extrapolation." 
By using the full statistical matrix,® which we omit for 
the sake of brevity, probable errors can be estimated 
for any predicted level, but the qualitative behavior can 
be seen from the standard deviations. The errors in 
different parameters are correlated so that the effects 
of the standard deviations, which are additive, are 
compensated in the well observed regions of the 
spectrum, but the sign of the correlation will change 
and be additive for isolated levels. If the errors were 
random, the mean error of +371 cm™ might apply for 
the accuracy of the prediction of, say, the ninth level 
with a J value of 3} (calculated position 31 000 cm). 
But in predicting positions of levels by extrapolation, 
as done for the ground level in this calculation,” the 
standard deviations of about 1000 cm™ in the 
parameters A would be a better estimate (these two 
parameters enter into all the linear formulas for eigen- 
values with a total coefficient of unity). For this 


1 Extrapolations made by D. S. Bowman [Phys. Rev. 59, 386 
(1941)] and R. E. Trees [Phys. Rev. 83, 756 (1951)] predict 
essentially the same positions for levels of the 3d°4s configuration 
in Mn m1. Their mean error is about +250 cm™, but the error in 
the predictions increases regularly, the higher the level, and has 
a magnitude of about 3000 cm™ for the highest levels, as shown by 
a recent extension of the experimental analysis made by L. 
Iglesias [J. Opt. Soc. Am. 46, 449 (1956) ]. This may exceed the 
error normally expected in extrapolation, because eight obser- 
vations were fitted with five parameters (in Trees’ calculation) 
and statistical assumptions would not apply well with so few 
observations. 
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reason, a single isolated level can often be well fitted 
when it is included in the calculation by least squares 
without making much change in the mean error, so that 
this is not a sensitive way to establish the identity of 
isolated unassigned levels. However, when the level 
is included, the standard deviations of certain of the 
parameters will be greatly reduced. Checks on the 
internal consistency of the parameters, such as those 
discussed in the next paragraph, then become more 
critical and provide a better way to establish the 
identity. 

Because B, C, and ¢ were adjusted independently 
in the 5d°6s* and 5d%6s configurations, it is possible to 
check the internal consistency of the calculation from 
these three pairs of similarly defined parameters. In 
each pair, the parameter evaluated in the 5d°6s? con- 
figuration is expected to be larger by 5 to 15%, from 
analogy with results obtained in first and second long- 
period spectra. Since errors in different parameters are 
correlated, this is more than a check on B, C, and ¢ 
individually. When the L(L+1) correction is included, 
all three pairs of parameters behave as expected. The 
standard deviations are rather large, however, and 
there would not necessarily have been an inconsistency 
if the parameter in the 5d°6s? configuration had been 
slightly smaller in one of the three pairs. This happens 
for the parameter B in the calculation with the L(L+1) 
correction omitted, but the standard deviations are 
larger in this calculation, approximately in the ratio 
of the mean errors, so that this is not improbable from 
the statistics. However, the parameter C (d's?) changes 
by 240 cm™ in the two calculations, and a change in 
excess of 150 cm™ is unlikely [i.e., the standard 
deviation in C when the L(L+1) correction is omitted ]. 
This discrepancy is present because it is a particularly 
poor approximation to regard the errors as random 
when the L(L+1) correction is neglected. For both 
ds and d’s*, the parameter C will be systematically too 
large when the correction is omitted.” ; 

Very roughly, calculated g values agree with the 
observed values to +0.03, or to about 1% of the range 
of the Landé g values for the levels in pure LS-coupling. 
The mean error for the calculation of energy levels is 
about 1% of the observed range of levels, so a crude 
correspondence can be established between the accuracy 
in the two calculations. The somewhat arbitrary figure 
of +0.03 is regarded as an upper limit, but based on the 
consideration that larger errors are always found in 
pairs (or triples) of relatively close levels, and in these 
pairs the observed and calculated g sums check to this 
accuracy, except for three instances where the g value 
in a nearby level is not observed. Since the sensitivity 
of calculated g values to the parameters varies greatly 
for different levels, it is difficult to evaluate the signifi- 
cance of either very good or very bad agreement in 


2R. E. Trees, Phys. Rev. 84, 1089 (1951), Table I; 85, 382 
(1952), references 5 and 9. 





RICHARD E. TREES 


TABLE II. Composition of the states with J = 1/2. 








LS 
position 


27 385 
a 


19 758 
a‘D 


17 238 
atD 


Level 
Desig. 





18 936 
19 380 
20 868 
32 916 
33 590 
33 593 
34 347 
39 609 
38 266 
70 075 
42 142 
49 153 
48 952 
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TABLE III. Composition of the states with J =3/2. 








LS 
position 


Level 
Desig. 


13 826 
at 
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22 423 
aD 


26 132 
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27 828 
btD 


30 527 
biF 





18 232 
19 380 
20 869 
26 361 
52 911 
27 525 
30 016 
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31 027 
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33 112 
35 269 
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37 256 
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TABLE IV. Composition of the states with J=5/2. 
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2586 
17 058 
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19 380 
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TABLE V. Composition of the states with J =7/2. 
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TaBLe VI. Composition of the states with J=9/2. 
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TABLE VII. Composition of the states with J= 11/2. 
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individual instances. On an absolute basis, the calcu- 
lated g values are in exceptionally poor agreement with 
experiment for the three lowest levels with a J value of 
one half. But the eigenvectors show that the range of 
Landé g values is several times as great for these three 
levels as it is in other close levels, so that the disagree- 
ment is not exceptional on a percentage basis. 

The percentage compositions of the eigenvectors are 
given in Tables II to VIII inclusive. In the left-hand 
column, “ZS-position,” are given the positions of the 


levels as they would be in pure LS coupling with 
configuration interaction and second-order spin-orbit 


TABLE VIII. Composition of the states with J=13/2. 
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TABLE IX. Alternate classifications given in AEL. 





Assignment 
This paper AEL 
b'G aH 
eH WG 


Level 


30 560 
33 318 
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bP 
b‘F 


b‘F 
bP 


30 527 
31 461 





effects omitted. Excepting some of the duplicated 
terms, these are simply the diagonal elements of the 
matrices. In the second column the LS-coupling names 
of the vector components are given in the scheme with 
Racah’s seniority number diagonal. The configuration 
5d%6s or 5d°6s* is implied by the presence or absence of 
a parent term, respectively. These names correspond, 
of course, to the diagonal matrix elements given in the 
left-hand column already described. The top row, 
“level,” lists the experimentally observed levels. The 
second row, “designation,” gives the assignments of the 
levels in the abbreviated LS-coupling notation custom- 
ary in experimental work and used in AEL. The full 
assignment requires, in addition, a configuration and, 
possibly, a parent term; this is obtained from the 
second column opposite the boldface component for 
that level. 

Some assignments may be arbitrary choices between 
equally good alternatives, and it is also possible that 
we have overlooked possibilities that would be slightly 
better than the ones given. No assignments will insure 
that every level has a high purity for the particular LS 
component specified, or that the latter will correspond 
to the dominant component of the vector, or indicate 
the particular vector that contains most of that com- 
ponent. As an example, the assignment of 27 828 cm™ 
as 5d*°(°D)6s b‘D, is one where all three criteria are 
invalid. By using the sum of the purities as a criterion, 
it would be slightly better to make a cyclic interchange 
of the three assignments b‘D;, b‘P;, and b‘F;; the total 
purity for the three levels would be increased from 
80.0%, as given, to 81.5% but the assignment of 
30 527 cm™ as 5d*(a*P)6s b*P; is then one where all 
three criteria are invalid. This change should not be 
made however, because it is desirable to consider the 
LS character of the levels, apart from the particular 
configuration and parent. When this is done, the 
purities of the ‘Fy and 5D, are both greater by about 
13%, while the corresponding effects in the alternate 
assignment would be about 2%. From this viewpoint, 
it follows that strong configuration interactions that 
are present in this spectrum tend to stabilize the 


E. TREES 


assignments to a greater extent than indicated by the 
purities. The assignment of the level" at 27 385 cm 
as 5d°6s? a*S; is definitely established by the presence 
of strong configuration interaction, but the configuration 
should not be taken too seriously, since the level 
contains a nearly equal amount of 5d*(a'S)6s 2S). 

Complicated criteria could be set up so that the 
vectors would define the assignments uniquely, but 
this would not be worthwhile unless the probable 
accuracy with which the vectors represent the true 
composition of the levels were also calculated and taken 
into account. An analysis of this accuracy has not been 
made, but a comparison of these vectors with those 
obtained from the preliminary parameters indicates 
that there would not have been much difference in the 
assignments if the latter had been used. Inaccuracy 
would be most important in levels higher than 25 000 
cm™', since here there are eight pairs of levels where 
either the observed or calculated separation is less 
than 1000 cm~', and in five of these pairs the observed 
and calculated separations differ by a factor of two or 
more. The neglect of the 5d’ configuration may be a 
factor which is also important for these levels." It was 
felt, therefore, that assignments for these higher levels 
should be regarded as indications of what would be 
reasonable, and that some interchanges suggested by 
experimental criteria should be accepted. To prevent 
confusion, and also indicate generally the degree of 
uncertainty that we consider might arise from in- 
accuracy in the theory, we list in Table IX the differ- 
ences between the assignments in this paper and the 
assignments finally accepted and given in AEL.*.% 

It is expected that in some instances pairs of vectors 
can be changed greatly by making small changes in the 
parameters, even when the corresponding levels are 
separated by more than 1000 cm. This is the basis for 
considering that the interchange of assignments for the 


13Jn reference 2 this level is classified differently on the basis 
of a single pattern for the g value, but this pattern has since been 
rejected as unreliable. Large isotope and hyperfine structure 
splittings in this spectrum often caused trouble in interpreting 
the experimental data. For instance, in the early literature the 
level at 27 385 cm=! was regarded as two levels with a separation 
of 0.8 cm™. As noted by Meggers in reference 1, many of the 
hyperfine structure patterns were fully resolved with a grating 
and it was not always possible to average these patterns out in 
making the line list. By increasing the tolerance to allow for this, 
we have found a few lines listed in reference 1 that are hyperfine 
structure components of classified lines given in reference 2. 

4 Only the lowest pair of levels with J=j are as close as this 
below 25000 cm™, and this could account for the systematic 
behavior of the errors, rather than neglect of the 5d’ configuration. 
This explanation indicates that the accuracy of calculations made 
in spectra where LS coupling is applicable, is generally better 
than that for calculations made in spectra with a strong breakdown 
of coupling. Calculations that have been made in intermediate 
coupling often lead to closer agreement as noted by G. Racah 
[Physica 16, 651 (1950)], but they have been made for spectra 
with relatively few allowed levels, so this agreement is not con- 
clusive evidence. 

15 Some changes were suggested by Charlotte E. Moore so that 
the g values, line intensities, or term groupings would agree better 
with what was expected in LS coupling. 
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two levels a?H11/2 and 6'G,1;2 given in AEL should be 
made, as indicated by the g value observed for one of 
them, even though the observed and calculated separa- 
tions of the two levels are large and agree well (i.e., 
2758 cm~ and 2842 cm, respectively). Our qualitative 
criteria for admitting the possibility of a critical 
dependence on the parameter values in this instance, 
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112, 


171 


are that the pure LS levels are nearly degenerate, as 
can be seen from the left-hand column in Table VII, 
and there is no direct interaction between the pure levels 
to stabilize the composition.'® 

16 This critical dependence of eigenvectors on the parameters is 
illustrated for a third-order matrix with a single parameter by 


E. U. Condon and G. H. Shortley, Theory of Atomic Spectra 
(Cambridge University Press, Cambridge, 1951), p. 39. 
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Photodetachment of O,-+ 


D. S. Burcn,* S. J. SmitH, AND L. M. BranscomsB 
Atomic Physics Section, National Bureau of Standards, Washington, D. C. 


(Received June 11, 1958) 


The cross section for photodetachment of O2- has been measured for the range of photon energies 0.5 to 
3.0 ev. No onset energy is discovered in this range but analysis of the data gives an extrapolated threshold at 
0.15+0.05 ev. The curve is found to rise gradually with increasing slope, reaching a value of 2.4 10718 cm? at 
3.0 ev photon energy. Comparison of the data with the predictions of threshold law theory and the results of 
previous experiments results in an interpretation in terms of assumed potential curves for O~. 


I. INTRODUCTION 


GLANCE at the history of molecular-negative- 

ion research reveals a great many experiments 
which have been performed giving valuable information 
on their rates of production and destruction as well as 
their behavior under various circumstances. Most of 
these experiments have been necessarily of the swarm 
type involving mixtures of electrons, atoms, molecules, 
and ions with various distributions of energy. Unfortu- 
nately, the observations have seldom been unequivocally 
interpretable in terms of the microscopic character of 
the ions. The weakness of the forces which maintain 
negative ions causes them to be very delicate, which 
fact mitigates against their assembly in sufficiently high 
densities to permit spectroscopic research of the con- 
ventional types. Further, molecular ions have compli- 
cated structures, and this has hampered theoretical 
investigation of their nature. Thus, the mechanics of 
formation, the energy of binding, and the energy-level 
schemes have still not been established for any molecular 
negative ion. 

Many different kinds of diatomic negative ions are 
now known to exist and among the most diligently 
studied of these has been the ion of oxygen, Os-. It is 
readily formed in gas discharges containing oxygen. The 
presence of small amounts of the gas in devices such as 
counters tubes can seriously affect their behavior by 
capture of electrons from the ionized plasma.’ Also, the 


¢ Supported in part by Office of Naval Research. 

* Now at Department of Physics, Oregon State College, Cor- 
vallis, Oregon. 

1B. B. Rossi and H. H. Staub, Jonization Chambers and Counters 
(McGraw-Hill Book Company, Inc., New York, 1949), first 
edition, p. 29 ff. 


possibility that O2- may form in the D region of the 
ionosphere makes it of interest to several fields of study.” 
The configuration of electrons in the ground state of 
Os is believed to consist of the orbitals of Oz plus an 
extra electron in the antibonding (a, 2p) orbital.*+ 
Formation of the ion may take place by direct radiative 
attachment although the cross section for this process is 
expected to be very much smaller than is required to 
explain the copious production observed in gas dis- 
charges. Bloch and Bradbury® proposed that the elec- 
tron capture leaves the ion in an excited vibrational 
level which is then stabilized by collision. This explana- 
tion also requires a cross section for the stabilizing 
collision considerably larger than is supposed likely.® It 
has also been suggested’ that the ions may be formed in 
electron- or ion-exchange collisions of O2 with O-. 
Published values of the binding energy of the extra 
electron of Os range from 0.07 ev® to 0.9 ev.§ The low 
binding energy allows the ion to be destroyed easily by 
collisional detachment in discharges at high E/p.° It is 
also possible’ that they may be destroyed in discharges 
by charge exchange in collisions with other types of 
molecules. Further, they may be destroyed by the 


? Smith, Burch, and Branscomb, Ann. Géophys. 14, 225 (1958). 

7H. S. W. Massey, Negative Ions (Cambridge University Press, 
Cambridge, 1950), second edition, p. 28. 

‘D. R. Bates and H. S. W. Massey, Trans. Roy. Soc. (London) 
A239, 269 (1943). 

5 F. Bloch and N. B. Bradbury, Phys. Rev. 48, 689 (1935). 

°H. S. W. Massey, reference 3 . 72 ff. 

7D. S. Burch and R. Geballe, Phys. Rev. 106, 183 (1957); 106, 
188 (1957). 
“a, Kazarnovski, Doklady Akad. Nauk S.S.S.R. 59, 67 

*L. B. Loeb, Phys. Rev. 48, 684 (1935). 





BURCH, 


X~ +hy>X+e 

005mm ‘e p10"? mm 
[NEGATIVE] [MASS lio-tm@REACTION] [ON | 
ION }-+| ANALYSER} "4 CHAMBER }+{COLLECTOR| 
L_SOURCE} | eS | RCTS 


Block diagram showing principle components of the 
equipment for a photodetachment experiment. 


Fic. 1. 


process of photodetachment, which is the subject of this 
paper. 

The interaction of a photon and a negative molecular 
ion may result in absorption of the photon and excita- 
tion of the ion, or, if the photon energy is sufficiently 
large, it may be used to free the extra electron leaving a 
neutral molecule. In the case of Oz, photons in the 
infrared range of wavelengths have enough energy to 
cause photodetachment. This paper describes an experi- 
ment in which the cross section for the photodetachment 
process was measured for a range of photon energies 
from 0.5 to 3.0 ev. 


Il. THE EXPERIMENT 
A. Method and Procedure 


The details of the method and equipment of the ex- 
periment have been described in other papers’®" and it 
will suffice here to review these topics briefly, pointing 
out the items peculiar to the measurements on O;-. 
Figure 1 schematically depicts the essential components 
of the apparatus. Ions from a suitable source are ac- 
celerated in an electric field and dispersed magnetically 
so that ions of only one e/m enter a high-vacuum 
reaction chamber where they must pass through a beam 
of light. The photodetachment reaction occurs at this 
intersection and the detached electrons are collected by 
weak electric and magnetic fields. Quantities measured 
include j., the photodetached electron current; 7;, the 
ion beam current; and W, the radiant power in the light 
beam. These quantities may be related,” for mono- 
chromatic light, by the proportionality 


P= je/jix oWh, (1) 


wherein P is defined to be the experimental probability 
of photodetachment, A is the wavelength of the radia- 
tion, and a is the cross section. This relation may be 
used to obtain relative values of o for various wave- 
lengths when the other quantities have been measured 
and parameters such as ion velocity are held constant 
during a run. The optical system we have used in this 
work is such that direct measurement of the absolute 
magnitude of ¢ is not practicable. Experimental com- 


#” Branscomb, Burch, Smith, and Geltman, Phys. Rev. 111, 504 


1958). 
' u 4 J. Smith (to be published). 
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parison, at one wavelength, of P/W for O.- with P/W 
for another species of ion whose cross section is known 
absolutely at that wavelength, serves to put the relative 
measurements on an absolute scale. 

In practice, we approximate the condition of mono- 
chromaticity of the radiation by inserting combinations 
of interference and absorption filters chosen to transmit 
only in a narrow band of wavelengths. The band passes 
of the filters are about 0.2 ev of. photon energy which is 
approximately the spacing of vibrational levels in the 
ground electronic state of O2 and, perhaps, of Os. 
Therefore, the experiment cannot resolve the vibration- 
rotation structure. 

As is the case in any spectroscopy, the possibility of a 
complete analysis of the data depends on a knowledge 
of the distribution in energy states of the sample under 
investigation. In this experiment, the sample ions are 
made under complex circumstances and must then be 
transported to the reaction chamber. While the forma- 
tion mechanism will leave the ions in some distribution, 
this may become altered while the ions are making their 
way out of the source and to the light beam. However, 
neither the formation mechanism, nor even the exact 
circumstances obtaining in the regions where formation 
occurs are known. In lieu of such knowledge, we may 
possibly obtain pertinent information by (a) study of 
the ion source, and (b) experimental attempts to change 
the initial distribution. The discussion of the ion source 
and its operation in the following paragraphs has been 
written with attention to these considerations. 

The ion source is the negative canal ray from a glow 
discharge source operated in oxygen at a pressure of 
about 25 microns Hg. Use of retarding potentials shows 
that the ions have a kinetic energy of approximately 
300 ev with a spread of 25 ev at the exit of the anode 
aperture. The energy may be supplied from the space- 
charge potentials in the body of the discharge, from the 
potential on an electrode (called the repeller) which lies 
in the plasma near the anode, or a combination of these. 
At energies of from 25 to 300 ev, the sum of the colli- 
sional detachment and charge-exchange cross sections 
for Oz is given by Hasted and Smith'® to be 6X 10~-'* 
cm*. Thus, at 254 Hg pressure, the mean free path for 
destruction of an ion will be of the order of 0.05 cm, 
which is about one-fifth of the length of the anode 
aperture. For Oz in Oy: the collision mean free path at 
this pressure is about one centimeter while the proba- 
bility per collision of loss of vibrational energy is 10-5 at 
room temperature.” These figures will be somewhat 
different for the case of Os in O2 with ion energies of 
~ 100 ev, but the changes are not likely to exceed one or 
two orders of magnitude. Thus, the mean free path for 


2]. H. Hasted and R. A. Smith, Proc. Roy. Soc. (London) 
A235, 349 (1956). 

%L. S. Sinness and W. E. Roseveare, J. Chem. Phys. 4, 427 
(1936). 

4 This argument neglects transfer of vibrational energy of O.- 
to the vibration-rotation system of Ox. 
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relaxation of vibrational energy of Os should be much 
greater than that for ion destruction. 

The discharge path, which has a length of about 10 
cm, is run with a potential difference of the order of one 
thousand volts. The positive column of the discharge is 
striated and the potential drop in the column is expected 
to be distributed at the striae heads!® in steps of the 
order of one hundred volts over a distance of about one 
mean free path. The potential fall in the stria is inferred 
from the occasional presence in the mass spectrum of a 
secondary peak of O; ions with ~100—200 ev more 
energy than that of the ions in the main peak. A nega- 
tive ion approaching a stria head will be accelerated to 
this energy and then will lose it again in collisions in the 
low-field regions between the striae. Since the fractional 
mean energy loss per elastic collision is of the order of 
one-half, the ions may have numerous collisions at 
energies sufficient for collisional detachment with high 
probability. These conjectures are strengthened by the 
observation that the source will not give a high yield of 
ions unless the discharge parameters are adjusted until a 
stria is very close to the anode. Thus, it seems probable 
that none of the ions can traverse the length of tube 
but, rather, that the processes of attachment and de- 
tachment take place alternately several times in the 
transit of a unit of charge. 

The foregoing considerations imply that the ions ap- 
proaching the anode are newly born and cannot have 
had their initial distribution in possible vibration- 
rotation energy states altered by collision. Accordingly, 
it seems reasonable that the distribution of those ions 
which pass through the anode to form the ion beam is 
determined mainly by the production mechanism. In 
addition, allowed optical transitions may take place 
during the 20 usec of ion flight time from source to reac- 
tion chamber. On occasion, vapor of D,O, which has a 
large dipole moment and is known to be very much 
more effective than pure QO, in causing vibrational 
relaxation of Oz,'* has been mixed with the Oy: in the 
discharge source but no differences in the O:~ photo- 
detachment cross section were observed. 

The ion-beam current is of the order of 5X 10~* amp 
and the optical system permits approximately one-half 
watt of radiation to enter the reaction chamber. These 
values give rise to a current of ~5X10-" amp of 
photodetached electrons. The filter combinations were 
used in a predetermined, cyclic order designed to reveal 
any systematic variation of experimental conditions 
during the run. Each combination was used three to five 
times. The resulting data were then applied to the 
calculation of relative values of cross section by the use 
of Eq. (1) and the results for each filter combination 
averaged. 


18 R, L. F. Boyd (private communication). 
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Fic. 2. Experimental photodetachment cross sections vs photon 
energy. The curve for O~ is that given in a previous publication” 
and was used for normalization of the O.~ data. The solid curve 
drawn through the experimental points is a plot of Eq. (2) with 
the coefficients given in the text. 


B. Results 


Relative values of cross section obtained by the 
procedure described above were made absolute by direct 
experimental comparison with the value for O~ at 
5400 A (2.38 ev). The comparison gave 


a(Os-)/o(O-) =0.25+0.01. 


Since the value of ¢(O~) at 5400 A is (6.35+0.64) x 1078 
cm?,!” ¢(Os—) at this wavelength is therefore (1.27+0.18) 
X 10-8 cm*. The constant relating this value to our 
relative value of (O02) was then used to normalize the 
other relative values at the various wavelengths. 

The results are shown in Fig. 2 in which the normalized 
values of o are plotted vs photon energy. The previously 
published curve for O~ is also shown in Fig. 2 for com- 
parison. Although the normalization procedure may 
introduce an error of +14% in the magnitude of the 
Os curve, the error bars, which indicate the average 
deviations of the sets of measurements made with each 
filter combination, define the shape of the full curve 
with considerably greater precision. 

Geltman"® has derived the energy dependence of the 
photodetachment cross section near threshold for dia- 
tomic negative ions. The data displayed in Fig. 2 can be 
fitted to his expression for a homonuclear ion having a 
g, m, or 6 outermost orbital with “gerade” symmetry. 
The threshold law for such an ion may be written 


o= E(E—E)'[Ao+A(E—Eo)+A2(E—Ep)*+ - ++], 
(2) 


in which £ is the photon energy, Zo is the energy at 


onset, and Ao, Ai, As, --- are constants. At sufficiently 
small values of (E—£o), only the first term of Eq. (2) 
will be important. Denoting the experimental points by 
S,(E,), a plot of [E;(E;— Eo)!/S;] vs. Eo for the smaller 
values of E; reveals the onset point to be 0.15-+0.05 ev. 
Using this value for Eo, a least-squares analysis of all 


~ 16S, Geltman, Phys. Rev. 112, 176 (1958), following paper. 
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Fic. 3. Possible set of potential energy curves for O2-. The curve 
marked *2,~ is for normal Oz. 


the data indicates that only the first two terms of Eq. 
(2) need be considered for the energy range covered by 
the experiment. The analysis then gives 


Ay=0.370X 10-" cm? ev—®?, 
A,=0.071X 10—" cm? ev~7””, 


The quality of the fit may be seen in Table I. The curve 
drawn through the points in Fig. 2 is a plot of Eq. (2) 
using the parameters obtained by the fitting procedure. 


III. DISCUSSION 


Figure 3 represents a possible set of curves of po- 
tential energy vs internuclear separation for O- given 
by Bates and Massey‘ for illustrative purposes. The 
electron affinity shown is 0.9 ev, the value obtained by 
thermochemical studies, these being thought the most 
reliable,’7 and it is assumed that the ground state is 
*I1,. The curve marked *2,~ for normal Oz is of course, 
well known, as is the energy difference between the 
*11,(O-) and *,~(Oz) curves at infinite internuclear 
separation. This difference is equal to the electron 
affinity of atomic oxygen, 1.465 ev.° The curve marked 
*y~ is a state that would dissociate into O and O- if the 
latter were possible. Actually, it is believed that the 
excited state is not stable'* and the ion will be subject to 
immediate auto-ionization at points above the inter- 
section of the potential curve with that of Oz. The curve 
does not have any real significance in the region above 
the crossing points but is shown (dashed) in Fig. 3 to 
illustrate the considerations of this discussion. Below the 
crossing points, bound states can exist and the ion may 
be stabilized in the lower vibrational levels. 

It is important to recall that even if all ions were in the 
ground electronic and vibrational state, if there is a 
difference in the equilibrium nuclear separations of O2 
and Os, then the Franck-Condon principle would 
permit photodetachment to be operative only at photon 


17H. O. Pritchard, Chem. Revs. 52, 529 (1953). ; 
18 L. M. Branscomb, Advances in Electronics and Electron Physics 
(Academic Press, Inc., New York, 1957), Vol. 9, p. 65. 
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energies equal to the vertical detachment energy (VD, 
Fig. 3) of Os rather than the electron affinity (EA) of 
Ov. If the ions are in some higher state, the threshold for 
detachment may lie at an energy less than the affinity. 
The vertical detachment energy for ground-state ions 
must be greater than or equal to the electron affinity for 
a molecule with positive affinity. The observation of 
photodetachment at photon energies as low as 0.54 ev 
implies then that either (a) EA(O,) <0.54 ev or, (b) at 
least some of the ions are not in the ground state or, 
perhaps, both (a) and (b). 

The form of Eq. (2) isappropriate to photodetachment 
to a single state of O2 from a single vibrational level of 
the *II,, ‘2,-, or “II, electronic state of Os. The *II, 
state is not shown in Fig. 3 but is believed’ to have the 
minimum of its potential curve well above that for the 
ground state of O and is not likely to be important to 
this discussion. In Sec. ITA, it was pointed out that the 
distribution in states of the ions used in the experiment 
is not likely to be altered by collisions. It is probable 
that the formation mechanism leaves the ions in only 
one electronic state although it may provide a distribu- 
tion in vibrational levels. 

In the process of fitting Eq. (2) to the data, an onset 
at 0.15+0.05 ev was deduced. This is consistent with 
the value for the attachment energy of 0.13+0.06 ev 
obtained by Bloch and Bradbury.®"’ Further confirma- 
tion of the onset value is given by the experiments done 
by Loeb® which have shown that detachment of elec- 
trons from negative ions in a gaseous discharge of O» 
commences at a value of the ratio of field strength to 
pressure, E/p-~90 volts/cm mm. Varney” has measured 
the drift velocity, vz, of O2* in oxygen and Burch and 
Geballe’ have concluded that the drift velocity of O.- 
in Oz is approximately equal to that of O,*. Varney’s 
measured value of vg at E/p=90 v/cm mm is 1X 10° 
cm/sec. From a formula given by Wannier,” the mean 
energy of an O2 ion in an oxygen discharge is 


E=$kT-+mvg. 


At room temperature and with vg(Oz~)=vg(O2t) = 10° 
cm/sec, this relation gives a mean ion energy of 0.34 ev 
at the detachment threshold. Half of this energy may be 
used in an inelastic collision such as detachment, leading 
to an estimate of the detachment energy of again 
~0.17 ev. 

No inferences concerning the shape or position of the 
potential curves of O2- may be drawn from the value of 
the onset energy; since the vibrational level spacing of 
Oz is ~0.2 ev, the observation of an onset for detach- 
ment at 0.15 ev signifies only that in the experiments 


1 Recent findings of L. M. Chanin and M. A. Biondi (private 
communication) show a strong pressure dependence of the 
attachment coefficient at very low values of Z/p and may permit a 
a of the Bloch-Bradbury theory of attachment of electrons 
to Og. 

*”R. N. Varney, Phys. Rev. 89, 708 (1953). 

"™ G. Wannier, Bell System Tech. J. 32, 170 (1953). 
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there is some nonempty vibrational level of O2- which 
lies this much below some level of O2 and that there is a 
region of overlap of the wave functions of the two 
states. Neither level need necessarily be the lowest in its 
electronic state. 

That Eq. (2) fits the data so well over such a wide 
range of photon energy is rather surprising since in 
other studies of photodetachment”™ the first few terms 
of threshold laws have been found to be capable of 
fitting only that part of the cross-section curve between 
threshold and a few tenths of an electron volt above 
threshold. There are several ways in which the fit 
observed in this experiment may be accidental. It is 
possible that detachment is being observed from many 
vibrational levels of the *2,,~ state, whose threshold law 
rises as E(E—E,)'. Again, if the state from which 
detachment is occurring is "II, or “2,~, with threshold 
shape E(E—Ep)!, it may be that populations in various 
vibrational levels of Os and matrix elements for 
transitions from these to various levels of O2 might 
combine in such a way that Eq. (2) is a good approxima- 
tion to the total effect arising from all these transitions. 

The simplest hypothesis which is in accord with all 
observations includes the following assumptions: (1) the 
photodetachment observed is a transition from a single 
level of Os (II,) or Os" (*2,7-) to a single level of 
O2(*Z,-), ie., Eq. (2) is the appropriate form of the 
threshold law; (2) the approximate form of the thresh- 
old law [ Eq. (2) ] is valid over the entire range of energy 
covered by the experiment; (3) the potential curves of 
these states lie approximately as pictured in Fig. 3. The 
last of these assumptions is required to preserve the 
value of affinity derived from thermochemical experi- 
ments.*:?? The assumptions and observations of the 


22 M. G. Evans and N. Uri, Trans. Faraday Soc. 45, 224 (1949). 
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Taste I. For photons of energy £; given in the first column, the 
second and third columns give, respectively, the values of Eq. (2) 
(for the coefficients given in the text), and the experimentally 
determined values of photodetachment cross section. 


Si 
(1077 cm?) 


0.035+0.009 
0.094+0.019 
0.427+0.065 
0.575+0.036 
0.823+0.050 
1.23 +0.04 
1.62 +0.03 
2.39 +0.15 


Ei 

(ev) 
0.531 
0.728 
1,278 
1.419 
1.653 
2.009 
2.348 
2.938 


¢ 
(1077 cm?) 


0.043 
0.105 
0.446 
0.569 
0.807 
1.215 
1.646 
2.370 


photodetachment then imply that the reaction observed 
is probably 
hv+Os (42,5) e+ 02(*2,-), 


with v’=0 and v’=0. It is suggested that O2~ ions, 
when observed under gaseous discharge conditions, are 
stabilized in the ‘2,~ state, which is very metastable 
with “II, since both states have gerade symmetry and 
the transition between them would be intercombina- 
tional. Inoue” has discussed the possibility of formation 
of the ions in the *2,~ state. In thermochemical experi- 
ments involving O; in formation of crystals, interac- 
tions with neighboring ions may be sufficiently strong to 
cause the ions to enter the *II, state leading to observa- 
tions of a value of ~0.9 ev for the electron affinity of Oz. 
If the interpretations of such experiments should be 
erroneous and the *II, state lies higher than shown in 
Fig. 3, then there would be no need to consider the ‘2 ,~ 
state in interpreting the photodetachment experiment, 
and the affinity inferred from these data and the swarm 
experiment would be about 0.15 ev. 


BS Yaji Inoue, Japan. J. Geophys. 1, 21 (1957). 
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The energy dependence near zero energy of the continuum wave function of an electron in a molecular 
potential field is found by an iterative solution of the wave equation. This leads to shapes for the photo- 
detachment cross section near threshold which are found to depend on whether the molecular ion is hetero- 
nuclear or homonuclear and on the u, g symmetry (for homonuclear case) of the outer molecular orbital. 
The predicted energy dependences are found to be consistent with the available experimental data. 





I. INTRODUCTION AND MOLECULAR 
APPROXIMATIONS 


HE threshold behavior of the cross section for 

photodetachment of an electron from an atomic 
negative ion is well understood.’ It is the case of a 
reaction with two final products (electron and atom) 
interacting with one another through a short-range 
spherically symmetric potential. The general treatment 
of such two-particle reactions has been given by 
Wigner,? who found that the energy dependence near 
threshold was a function of the relative orbital angular 
momentum of the product particles. In the case of 
electron photodetachment from atomic negative ions, 
the final / is obtainable from the initial / of the bound 
state via the selection rules for dipole radiation. In the 
diatomic molecular case the potential between the 
product particles is no longer spherically symmetric 
but axially symmetric, making the expansion of the 
final-state wave functions in spherical harmonics in- 
appropriate. In the present work we derive the threshold 
shape of the molecular photodetachment curve in a 
general way which makes no assumptions about the 
molecular potential other than its basic symmetry 
properties and the fact that it is short-ranged. 

In the Born-Oppenheimer approximation the total 
molecular wave function may be written as a product 
of a function of the nuclear coordinates alone and a 
function of the electron coordinates in which the nuclear 
coordinates are contained as parameters. For any given 
nuclear coordinates the electronic functions form a 
complete orthonormal set. The total electronic eigen- 
functions may be constructed from a configuration of 
molecular orbitals obtained from a self-consistent-field 
calculation. The energy dependence of the differential 
cross section for photodetachment® is entirely con- 


tained in 


do~vk| f uy*rucdr dQ, (1) 


1 Branscomb, Burch, Smith, and Geltman, Phys. Rev. 111, 504 
(1958). 

2 E. P. Wigner, eg pes: 73, 1002 (1948). 

3H. A. Bethe and E. er ~< he of Physics 
(Springer-Verlag, Berlin, 1987) 1. 35, p. 38 


where y is the photon frequency, k is the electron wave 
vector, and mo and u, are bound and continuum orbitals 
corresponding to the: initial and final states of the 
photodetachment process. As these two orbitals are 
orthogonal, the effect of the inner electrons is to intro- 
duce energy-independent overlap integrals into the 
expression for the cross section. Simultaneous nuclear 
dipole transitions are forbidden in the Born-Oppen- 
heimer approximation as terms containing the nuclear 
dipole operators will vanish by the orthogonality of 
the electronic states. If the molecules initially are in a 
distribution of vibration-rotation states, then the 
resultant photodetachment cross section is a superposi- 
of curves having the form of (1), each setting in at 
slightly displaced thresholds. 


Il. FINAL-STATE CONTINUUM WAVE FUNCTION 


The initial and final outer orbitals are eigenfunctions 
of the Schrédinger equation 


[v+e—V ju=0, (2) 


where V=V(p,z) is the axially symmetric effective 
molecular potential. The molecular axis is taken to be 
the z axis, and the cylindrical coordinates p, z, and ¢ 
are used. In a negative ion there are usually one, or 
perhaps a few, bound-state solutions for (2) and the 
continuum of positive-energy solutions, #,. The initial 
bound-state solution is independent of the energy of 
the photon or of the detached electron and may be 
written as 


uo= Xo(p,z)e, (3) 


where Aoh is the angular momentum component along 
the molecular axis. 

The normalization of the continuum function in (1) 
is such that as V-0, uy—e** **. Hence, we seek a solution 
of (2) of the form u,=e"* ‘+2, which leads to the non- 
homogeneous partial differential equation for 2, 


[V+ y= V (e** **+-2). (4) 


Since V is a short-range potential we expect a solution 
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of (4) by iteration to be convergent. The mth iteration 


gives 
v(m) = fae 


with R,=|r,—r| and v=0. To take advantage of 
the molecular symmetry, we make use of the following 
expansions for the plane wave‘ and the three-dimen- 
sional Green’s function for the Helmholtz equation®: 


etkRn 


id a tnty(m—l)(p, )1, (5) 


an 
eik ‘tT eike cosa ) B 


\=—oo 


ie? J) (Rp sina)e*?, (6a) 


IONS 


etkRn 


=7 x orm fi tdi 


\=_—w 
x 1 P-—P 4 ~—Aan 
XIy(tp)Ir (ton) pu tie J 
Re—P)} 


Ry 
(6b) 





in which a@ is the angle between k and the z axis and 8 
is the azimuthal angle of k. Also, expanding 


2) 
gan > 


A=—00 


De-M8F, ™) (p,z)e*, 


we have, after substituting (6a, b) into (5) and inte- 
grating over the ¢g-like variable, 


expLi( B—1)| |s— 21] ] 
+ (8) = = aif pif anf tydt, Jy (tip) JIy(tips) V (p1,21)- . etka cosa J) (Rp, sina) 


+n f eaten def t,dl, Jy(tnp)Ir(tnpn) V (Pn; Zn) 
xf peters | dons f bn—dln—_1 Jy (tn—1p)Jn(tn—1 Pn—1) V (pn—i, Sn bh 
0 —» 0 


(—15) 


expLi (— th? 


Btn r)|s 


(i a 2) 


—fn-1| J 


a a w exp[i(k?—#,?)!|s— 21 J , ° 
f pido: f ds, f tydt, Jy (tip) Jx(tip1) V (1,21) — ets: cone J, (kp; sina). 
0 2 0 


In the case of a homonuclear molecule, V is an even 
function of z about the center of symmetry. Also 
exp[i(k?—1,")#|z—z,| ] is an even function of z about 2; 
The exponential e‘**! °*« is the sum of an even and odd 
part about the center of symmetry, cos(kz; cosa) 
+i sin(kz, cosa). Hence, the integral with respect to 2 
contains an even and an odd part in z. This evenness 
or oddness is propagated through all the iterative inte- 
grations in (7) over the 2-like variable. For hetero- 
nuclear molecules, V has no symmetry with respect to 
z and consequently F, will not be divisible into an 
even and an odd part. 

The & dependence in the limit of k—0 is obtained by 
making the power series expansions of e** ** and 
Jy (kp sina) in (6a) and (7). This leads to 

ao 


Uy =e* t+ lim v™ = FS pre 4G, (p,z)e**, 


no A= 


(8) 
where, in the heteronuclear case, 


Gy\=(ksina)* }> Ap, (z,p)(k sina)**(k cosa)’, 


pr 


(9a) 


4J. A. Stratton, Electromagnetic Theory (McGraw-Hill Book 
Compan = ge ie Inc., New York, 1941), p. 372. 
Morse and H. Feshbach, aT, ethods of Theoretical Physics 
(McGraw Hill Book Company, Inc, New York, 1953), Vol. I, 
. 888; G. Breit ard H. A. Bethe, Phys. Rev. 93, 888 (1954 ). 
e threshold shape will not depend on whether the i ingoing or 
outgoing modification is used for the “scattered wave.” 


(2-12)! 


and in the homonuclear case, 
G,=G), (even)+G), (odd), 
with 


® 
G,(even)=(k sina)’ }° Bu, (p,z)(z sina)?#(k cosa)?’, 
B,e=O 


and 


G, (odd) = (Rk sina)*(k cosa) 


xX Y Cu,™ (p,z)(k sina)**(k cosa)?’. 


py O 


(9b) 


The & dependence in the A, B, and C coefficients can 
be written as a power series in &’ starting with the 
constant term, since exp[1(k?—#;*)4| s—2,| ]/ (#—t?)to 
a function independent of & as k-0. The limiting & 
dependence is thus explicitly exhibited in the factors 
multiplying the above infinite series. Note that the 
limiting k dependence in G, is the same as would be 
obtained in the first Born approximation, i.e., with 
u.=e'*'*, Hence, at least in this case, the first Born 
approximation would give the correct threshold energy 
dependence. 


Ill. DIPOLE MATRIX ELEMENT AND 
CROSS SECTION 


The dipole matrix element in (1) becomes, after the 
¢ integration, 
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TABLE I. Values of threshold exponent m. 


Homonuclear 
& u 


| Ao] Heteronuclear 





0 1 3 1 
|Ao| even 2|ro| —1 2|Ao| —1 2|Ao| +1 


1> | 
Aol 21 111 odd 2|rol|—1 —2| rol -+1 


M= fetter 


=2r (—iprens f pap f dz Xo(p,z)Gx*(p,z) 
A=—@ = 


0 
X[(ez—tey)}pdr,r0+1 


+ (e,+ie,)} pdar.ro—1+€,26a.r9 |, 


and as dQ=sinadadf, 


J 


2 2 


r 1 
pmaa= 0) |-| ff da XopGro +1* | 


1 2 
+21 fodeae XopGro —1* 


+ | f foie dexetiut| | (10) 


For a given Ao the threshold energy dependences are 
found by substituting the expansions (9a, b) into (10). 
The integration over a causes the odd powers of k cosa 
which enter through the sum in (9a) to vanish. 

In the homonuclear case, the bound orbital must 
have either g or « symmetry, that is, remain unchanged 
or change in sign when the electron coordinates are 
inverted through the center of symmetry of the mole- 
cule. This requires the following behavior of Xo: 


Xo(p,2) “= (— 1 )Xo(p, —32), 
Xo(p,z)=(—1)**'Xo(p, —2), 


orbital: 
. (11) 


u orbital: 


or Xo will be even or odd with respect to z depending 
on Ao and whether the orbital is g or u. In the first two 
terms of (10) both Xo and Gao+1* must have the same 
parity to keep the integration over z from vanishing, 
while in the last term Xo and Gao* must have opposite 
parity. For \o<0, one uses J_.= (—1)"Jn, showing that 
the limiting energy dependence is a function of |\o| only. 

Writing the threshold form of the photodetachment 
cross section as 


o~vk™(1+a,k?+a2k'+ ---), (12) 


we find from (1), (9a, b), (10), and (11) the set of values 
of the exponent m for the various cases given in Table I. 


IV. COMPARISON WITH EXPERIMENT 


Photodetachment measurements have been made for 
only two molecular negative ions, OH~ and O2~. With 
OH-,® a photodetachment curve which rises very 
sharply (on energy scale) from threshold has been 
observed. A detailed analysis has not yet been made of 
the data but it seems to fit (12) most closely with m= 1. 
This would be consistent with our theoretical result for 
a o or m orbital in a heteronuclear molecule. It is 
reasonable to expect OH~ to have the same electron 
configuration, 2‘, as the isoelectronic molecule HF.’ 

The detailed behavior of the O,- photodetachment 
curve is presented in the accompanying paper.’ An 
actual threshold energy was not found, but the shape 
of the curve down to the lowest photon energies used 
closely followed (12) with m=3. If this is indeed the 
threshold form, it is theoretically obtainable in a 
detachment from a gy, ,, or 6, orbital in Os-. This is 
consistent with a 2,’ configuration,’ which is believed 
to be the lowest lying. A more detailed discussion of 
other possible interpretations of the O.- results is ‘con- 
tained in the companion paper.* 

It should be emphasized that the foregoing results 
apply only in cases where the Born-Oppenheimer sepa- 
ration of electronic and nuclear motion is valid. Right 
at threshold the magnitude of the outgoing electron’s 
velocity is less than or the same order as that of the 
nuclear velocities, implying a breakdown of the Born- 
Oppenheimer approximation. However, at 0.1 ev above 
threshold the electron velocity is already much greater 
than that of the nuclei. Also we make no attempt to 
evaluate the coefficients in (12) which would tell how 
far above threshold the limiting shape is valid. This 
would require a detailed knowledge of the molecular 
potential. 

It is of interest for the sake of completeness to note 
that the similar process of photoionization (single) of 
neutral molecules will have a threshold energy de- 
pendence of the form »(1—e~**/*)—"(1+-a,k+ ---), in- 
dependent of the initial molecular orbital or the type 
of molecule. This is brought about by the predominance 
of the long-range attractive Coulomb field between 
electron and positive ion at large separations.” 
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In an experiment designed to set an upper limit on the magnitude of o-E energy for electrons and posi 
trons, a persistent effect is found on reversing the direction of the electric field E applied to a gas sample in 
which positronium is formed from polarized Na* positrons. The positronium decay is studied by the two- 
photon angular correlation technique, and a 5% effect on the narrow-component coincidence rate is occa- 
sioned by reversing the 15-kilovolt/centimeter field. The effect reverses sign when the positron spin-polariza- 


tion just before capture, P,=(o.), 


which is at least 0.25, is reversed by changing the source position. Other 


observations made concurrently suggest that the highly Stark-mixed (excited) levels of positronium in 
transient existence may be acting as a spin-filter whose action reverses with E. Such behavior would entail 


mixing between triplet (heavily mixed S and P) levels and the adjacent (similarly mixed S$ 
to which problem quantum electrodynamics has heretofore not been applied. 


levels— 


§ and P) singlet 





I. INTRODUCTION 


LL positron and positronium measurements have 

been done with the input positron spin-polariza- 
tion either (i) unaveraged—unwittingly we must pre- 
sume for experiments before January, 1957, and usually 
knowingly immediately thereafter—or (71) rather com- 
pletely averaged. The availability of sources of highly 
polarized positrons (or electrons), from nuclear beta 
decay, has afforded a new and interesting field for 
experiment. 

A program! of positronium experiments in gases, 
designed to use the inherent longitudinal polarization 
of positive betas, was commenced in this laboratory 
soon after an investigation of polarized positrons in 
solids? was made, and likewise a few extensions’ to the 
polarization detection technique‘ for stopped positrons 
in gases had been completed. The aim of this program 
was to set an upper limit on any energy shift in posi- 
tronium traceable to a o-E term, the positronium being 
formed from slowed Na” positrons having a degree of 
polarization (that is, (¢,)) of at least 0.25.* 


II. EXPERIMENT 
A. Primary Results 


The initial part of the plan was to perform intensive 
data-taking on the steep leading edge of a so-called 
“quenching curve’’® (Fig. 10 of Heinberg and Page® or 
Fig. 2 of Page and Heinberg*), but now with a strong 


ch ts deme in the Sarah Mellon Scaife Radiation Laboratory 
and sponsored by the Office of Ordnance Research, United States 
Arm 

5 Simon Guggenheim Memorial Fellow on leave from 
University of Pittsburgh, Academic year 1957-1958; present 
address; University of Uppsala, Uppsala, Sweden. 

1F, E. Obenshain and L. A. Page, Bull. Am. Phys. Soc. Ser. II, 


3, 228 (1958). 
2L. A. Page and F. E. Obenshain, Bull. Am. Phys. Soc. Ser. II, 


2, 260 (1957). 
3L. A. Page and F. E. Obenshain (to be published). 
4L. A. Page and M. Heinberg, Bull. Am. Phys. Soc. Ser. II, 2, 
172 (1957). 
5M. Heinberg and L. A. Page, Phys. Rev. 107, 1589 (1957). 
6L. A. Page and M. Heinberg, Phys. Rev. 106, 1220 (1957). 


electric field applied to the gas sample, alternately 
parallel and antiparallel to z (+2 shall be the average 
direction of emission of the positrons from the radio- 
active source which is deposited on a plane silica backing 
and covered by a thin aluminum foil). Aside from the 
rather unwanted complication of additional formation 
of narrow-component positronium due to acceleration 
of a portion of the positrons into the Ore gap from 
below,’ the hope was to see whether any effect on the 
two-photon coincidence rate was occasioned by re- 
versing E-H (with H fixed): that is, to see whether 
the energy term written (o~—o+t)-(gE+H)eh/2mc 
might require a nonzero value for the dimensionless 
parameter ¢. Of course this particular phase of the work 
did not Ainge on having the input positron polarization 
different from zero. 

In order to carry out the measurement, a brass 
electrode was mounted in the chamber containing the 
gas sample, as had been done in certain of the previous 
experiments (see reference 5). However, provision was 
now made so that the source could be installed either in 
the bottom of the chamber (position A) or in the brass 
electrode (position B). See Fig. 1. Thus, the general 
momentum direction of the positrons could be reversed 
with respect to the chamber geometry. 

As will be described below, a rather large effect has 


POLE PIECE 
GAS SAMPLE 


ie = 














Fic. 1. View of chamber showing the source positions A and B. 


7 1M. Deutsch and S. C. Brown, Phys. Rev. 85, 1047 (1952); 
M. Deutsch, Progress in Nuclear Physics (Butterw orths- Springer, 
London, 1953), Vol. 3, p. 131. 
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been found on reversing E, this effect having opposite 
sign for the source at A and at B. Inasmuch as the 
chamber used (which predates the experiment by 
almost two years) was not designed specifically with 
electrical symmetry in mind, crucial parts of the 
experiment will be repeated as soon as a new and more 
symmetric chamber has been fabricated. The implica- 
tions of a a- E term are such that it is felt best to publish 
the results thus far. 

Let us define the sign of the electric field +£, to be 
the sign of the potential of the electrode with respect 
to ground, the chamber itself being always at ground 
potential. The observed quantity A is defined as 
2(R,—R_)/(R,+R_), where R, and R_ refer to the 
two-gamma coincidence rate for applied electric field 
+E and —E, respectively (magnitude 15 kilovolts/ 
centimeter). 

As stated above, the initial runs were made on the 
leading edge of the quenching curve at H= 2.0 kilogauss. 
Treating +Z in the same fashion,* values of A were 
obtained (argon, gas pressure 400 psi) which were 
always large, always the same sign and varied from 5 to 
10% depending on the particular gas filling and slit 
width used. A A of this magnitude was entirely un- 
expected, since it would necessarily imply a value of 
€ of order unity or larger. Again (following the original 
plan) one should expect A to become much smaller 
at H=0, and also at any H value on the saturation part 
of the quenching curve, say 11 kilogauss. However, 
measurements at these two H values gave essentially 
the same A as obtained at 2.0 kilogauss. This startling 
result prompted a detailed program of data-taking 
which included angular distributions and measurements 
of A in various gas samples. A mixture of 25% nitrogen 
and 75% argon, total pressure 400 psi gauge, was chosen 
for most of this data-taking. 

The angular distributions (at narrow resolution, 
Aé=0.83 milliradian) showed a marked transfer from 
the wings to the cenier of the curve on application of 
the electric field, indicating the usual decrease in the 
number of free annihilations and an increase in the 
positronium formation. The increased formation feeds 
almost entirely’ the narrow component, since the 
additional positronium is formed low in the Ore gap. 
Decreasing the resolution showed besides an increase in 
the width of the narrow component, a decrease in the 
observed value for A. For this reason it was decided to 
make the measurements on A with as narrow resolution 
as possible, and still have a reasonable counting rate, 
The measured values of A as a function of magnetic 
field with the source in position A are shown in Fig. 2, 
The decrease in the magnitude of A at H=11.3 kilo- 


8 The data were taken so that +Z and —E were counted alter- 
nately for one-kilosecond intervals, taking care that no preference 
was given to either +Z or —E. The two high-voltage supplies 
(except for polarity) were of similar construction, and variable 
from 2 to 33 kilovolts. During counting runs the controlling 
circuitry, regulators, and meters all operate in the same sense. 
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gauss is traceable, at least in part, to the additional 
counting rate from the 1 *Soo state being quenched by 
the magnetic field giving an effective dilution of the 
observed A. The next step was to move the source to 
position B. 

A reversal of the sign of A would then be verification 
for a o-E term, since the polarization direction of the 
positrons would be reversed. As Fig. 2 shows, measured 
A for source position B was indeed negative, always. On 
restoring the source to position A, A became once again 
positive (Fig. 2, point at C= —6.0 kilogauss). During 
the course of running, a number of possible systematic 
effects were considered and looked for’; but none was 
found to be at all sufficient to account for the observed 
A. The data just described were reported on in detail at 
Session Y of the recent Washington meeting of the 
American Physical Society.’ 


B. Connection with Excited States 


(i) Experimental Data 


Considering the magnitude of A just discussed, and 
the fact that the applied E is observed to override the 
applied H, it is not easy to devise a scheme utilizing 
only free positrons and ground-state positronium. 
Therefore one is led to consider how higher states 
might be involved. In the same apparatus, it was earlier 
found’ that a manifestation suggesting excited-state 
positronium would at times appear—we refer to the 
“early quenching” where, at E=0, application of only 
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Fic. 2. Measured A in percent for the two source positions. 
Magnetic field 30 = +H, for position A and —H, for position B. 
Angular resolution width was 0.83 milliradian except for the solid 
points which were run at 1.25 milliradians.. 


®For example, any slight shift along +2 of the density of 
annihilation centers, caused by reversing E, would have to be 
opposed to the direction observed for A since this density is known 
definitely to be decreasing with z (i.e., it increases toward the 
source); the argument applies both to the raw t's and to the 
additional positronium formed by the applied E. 
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small H (1.0 kilogauss) would produce additional 
narrow-component two-photon yield. With this in 
mind, from time to time during the nine-month period 
over which the data reported in Sec. A were accumu- 
ulated, digressions were made to test for early quench- 
ing. A day or two at a time would be set aside to run 
a complete quenching curve with a given sign of H; 
the result was that those curves which exhibited the 
early quenching were predominantly those run with 
H positive : for those run with H negative, it was harder 
to find any early quenching. These runs were made in 
the same gas samples which showed the A clearly. It 
should be noticed that having the positive small H 
yield the greater two-quantum coincidence rate is 
opposite to the behavior of m=1 positronium (with 
|H| scaled by a factor of 8) when used as a polarization 
detector® for right-handed positrons. 

It came about that, some weeks ago, a particular gas 
sample was in use for which the A could be made quite 
small (but not reversed) by cooling the chamber (about 
10° below room temperature), while the usual values of 
A could be restored by running slightly above room 
temperature. It was realized that now a correlation 
could be sought rather directly between which sign 
of H gave the larger early quenching (at E=0) on the 
one hand, and the magnitude of A on the other. It was 
first ascertained by intensive running in the cooled 
chamber at H= 2.0 kilogauss (at quite broad resolution 
A@=5.7 milliradians) that any early quenching two- 
gamma coincidence rate was favored if anything 
by negative H. Next, at narrower angular resolution 
(A@= 1.7 milliradians) with this same sample (nominal 
25% Nez and 75% argon), coincidence counting was 
done as follows: at E=0, H=+2.0 kilogauss for 500 
seconds, then H= — 2.0 kilogauss for 500 seconds; then 
at H=0, E=+15 kilovolts/centimeter for 500 seconds 
each. Let us indicate by 6 the percentage by which 
the counting rate at positive H exceeds that run at 
negative H. A week’s running showed that large A was 
accompanied by positive 5, while small A was accom- 
panied by slightly negative 6, the numerical results 
being A= +5.7341.35, 6= +4.27+1.30, and A= +1.35 
+1.14, = —1.51+1.10. These correlation data alone 
would point to a connection between excited states 
of positronium and measurable A. 


(it) Underlying Considerations 


Any n=2 states of positronium formed may well be 
de-excited quite rapidly, even before allowed optical 
transitions may occur. But apparent absence of the 
appropriate optical line’ does not necessarily preclude 
that a certain fraction of positions may pass through 
n=2 on the way to m=1, nor that the supposed de- 
excitation is so rapid as to smear together levels differing 
by only about 10~* ev. This can be related to the results 
just described, namely that normally positive H gives 


"WV, W. Hughes, J. Appl. Phys. 28, 16 (1957). 
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more early quenching than does negative H. Regardless 
of the sign, this requires excited-state positronium in 
order to have sufficient ‘““Paschen-Back” effect at such 
small |H| values (compare quantity e of Appendix A, 
reference 6) that originally free positions with (o,)¥0 
find themselves mostly in triplet or singlet states as 
the case may be. Let us consider the “sign” of this 
early-quenching effect: in the selection process leading 
to triplet or singlet states it is a cross term which 
governs; the ‘‘Paschen-Back” effect is by no means 
complete, so that m=2 states of interest are still 
relatively pure. The ground states are quite pure at 
such low H values. Thus in any reasonable de-excitation 
process the triplet or singlet nature should be fairly 
well preserved. Therefore a majority of those positrons 
initially diverted" into triplet states should annihilate 
from the triplet ground state if the de-excitation is 
sufficiently rapid, or from the 2%S;,o for quite slow 
de-excitation. The idea of having n= 2 positronium in a 
magnetic field acting as a spin-sorter, thus ‘‘routing” 
up/down positron spins into triplet/singlet ground 
states, or conversely depending on the sign of H, may 
have some merit. Now the sign of the observed early- 
quenching effect would indicate that the more rapid 
de-excitation was normally taking place in the gas 
sample since positive H gave more two-photon yield. 

Let us consider how nonzero A might arise at H=0. 
Examination of the Stark-split m= 2 levels (see reference 
11) shows that even if a similar preferential filling of 
triplet/singlet states is to take place, arising now out 
of a hypothetical singlet-triplet mixing of nearby levels 
due to the applied £, it would still be essential to have 
“rapid” de-excitation in the sense used immediately 
above in the discussion of 5. Without sufficiently rapid 
de-excitation the routing would be lost and the A should 
essentially vanish. The correlation between the ob- 
served A and 6 fits well with such a picture. 

To be sure, a few kilovolts/centimeter of applied 
field would be sufficient to mix heavily certain states (of 
the same multiplicity and M,) giving rise to large 
values of electric dipole moment ~eao in many n=2 
states.!? It would be interesting to know from advanced 
quantum theory whether the positron and electron 
might (in particular when bound in n= 2 positronium) 
possibly exhibit a behavior like an electric dipole 


" Tnspection of the Zeeman pattern for first excited state [ac- 
cording to the zero-field splittings of R. A. Ferrell, Phys. Rev. 84, 
858 (1951) or of T. Fulton and P. C. Martin, Phys. Rev. 93, 903 
(1954) ] shows that for a positron spin up in a negatively directed 
field H, effectively the triplet states as a whole are more heavily 
populated than the singlet states—just as with more familiar 
case when only S states are of interest. 

2 At first glance this would imply a large effective internal field 
E’ on either particle, like e/ao?. Yet, as elementary quantum 
mechanics will show, such an E’ is zero: we might choose to view it 
as exact cancellation of the E’ contribution for radii less than 2a 
by the contribution for larger radii. Thus, any “electric dipole 
moment” term (@-E)eh/2mc treated in first-order perturbation 
theory would yield zero contribution, or put another way, no 
incipient “‘Pachsen-Back” effect would be occasioned even in such 
mixed 25 and 2P states. 
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moment—we might put it crudely in terms of incom- 
plete cancellation® of small r and large r effectively 
(see reference 12). We do not mean simply a re- 
diagonalization after applying an £ field and/or an 
H field, having started from some set of zero-field levels 
split according to J, L, and S, since such computation 


13 Numerically one would need a magnitude of (137)? times 
fractional noncancellation to be about unity, to be in a position to 
account for the observed value of A. 
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clearly yields no o-E effect. One wonders whether some 
new calculation made, as it were, in the presence of the 
applied E might be fruitful. 
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Multiple Scattering of Protons* 


Hans BICHSEL 
The Rice Institute, Houston, Texas and University of Washington, Seattle, Washington 
(Received June 6, 1958) 


Multiple scattering has been studied experimentally for protons of energy between 0.7 and 4.8 Mev in 
several metals. Agreement with Moliére’s theory of multiple scattering is found for both the shape of the 
distribution function and its width within the errors of the experiment (3-5%), except possibly below 1 Mev. 
A Gaussian curve deviates considerably from the observed distribution at large angles, and therefore does 
not appear to be suitable for the description of multiple scattering. 


I. INTRODUCTION 


INCE multiple scattering is of importance in proton 
range-energy measurements,' it seemed desirable to 
test experimentally Moliére’s theory” of multiple scat- 
tering for protons. While several measurements for 
electrons have been published,* none seem to exist 
for protons. 

Monoenergetic protons from the Van de Graaff 
accelerator of The Rice Institute were used to bombard 
Al, Ni, Ag, and Au foils of several thicknesses. The 
protons were detected in nuclear track emulsions. 


Il. EXPERIMENTAL METHODS 


The momentum of the protons from the electrostatic 
accelerator was analyzed in a 90° magnet which was 
calibrated with the Li(p,m) threshold. The magnetic 
field was measured with a nuclear induction probe, and 
energies could be determined with better than 1% 
accuracy. The horizontal path’of the protons after they 
leave the magnet was defined by two slits: (a) a slit 
about 1 mm high at a distance of 12 cm from the edge 
of the magnet, and (b) a square opening of 0.20.2 
mm at a distance of 3.6 meters from the magnet. 

The proton beam then traveled through the multiple- 
scattering camera (Fig. 1). It was 62 cm long with 6.93 
cm inside diameter. The “‘stray-beam absorber” was a 


* Supported in part by the U. S. Atomic Energy Commission. 

1 Bichsel, Mozley, and Aron, Phys. Rev. 105, 1788 (1957). 

2G. Molitre, Z. Naturforsch. 3a, 78 (1948); see also W. T. 
Scott and H. S. Snyder, Phys. Rev. 76, 220, 1949. 

3 Hanson, Lanzl, Lyman, and Scott, Phys. Rev. 84, 634 (1951). 

4L. V. Spencer and C. H. Blanchard, Phys. Rev. 93, 114 (1954). 


brass disk with a hole of 5 mm diameter, located 30 
cm from slit (b) and at the front end of the camera. The 
scattering foil was mounted on the face of a movable 
cylinder 10 cm long with a diameter of 6.87 cm. Its 
distance, do, from the point where the center of the 
scattered proton beam hit the track plate was measured 
with an accuracy of better than 1 mm. After traversing 
the foil, the beam hit the nuclear track plate at the rear 
end of the camera. Ilford £1 emulsions with a thickness 
of 25 microns were used, and were developed in the 
usual manner. 

No attempts were made to measure experimentally 
the energy of the protons after they have traversed the 
foil. It was assumed that their energy loss could be 
determined from stopping-power values.® In the scan- 
ning of the photographic plates energy discrimination 
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Fic. 1. Multiple-scattering camera, not drawn to scale. 


5 H. Bichsel (to be published); and R. Fuchs and W. Whaling, 
“Stopping Cross Sections,” mimeographed tables from Kellogg 
Radiation Laboratory, California Institute of Technology 
(unpublished). 
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was used qualitatively; less than 5% of tracks were 
found to be 30% longer or shorter than average. Further 
discrimination was possible through consideration of the 
direction of the tracks in the plate. 

Very short exposure times were necessary with this 
arrangement. They were obtained by sweeping within 
about 2 seconds the accelerating voltage of the protons 
from 30% above the proton energy selected by the 
analyzing magnet to 30% below it. At energies 
below 1 Mev, the molecular beam HH* was used. A 
small number of contamination deuterons which were 
then registered simultaneously on the track emulsion 
could be excluded because their range was twice the 
range of the protons. 

The foils used were commercial Al, Ni, Ag, and Au 
foils. Several pieces were cut, weighed, and their area 


TaBLE I. Experimental data and results. Ep=incident proton 
energy in Mev; E=approximate average energy of proton inside 
foil; o=foil thickness in mg/cm?; 6)>= measured scattering angle 
in degrees; X-=“‘Winkelkonstante” of Molitre’s theory, in de- 
grees; B=auxiliary function (Table IT); @:n=XeV/B. 
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Element Ep E 


0.619 
0.619 
0.894 
1.002 
1.350 
1.787 
1.82 
1.92 
2.18 
2.20 
2.62 
3.87 
4.26 
4.66 
1.07 
1.57 
1.21 
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Al 0.766 
0.766 
1.017 
1.254 
1.584 
1.984 
2.02 
2.02 
2.355 
2.38 
2.78 
3.99 
4.37 
4.76 
1.20 
2.02 
1.34 
2.02 1.92 
4.15 4.06 4.29 

Error +0.005 +0.010 2% 
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measured. The accuracy of the measurements of the 
surface density was better than 2%. 


Scanning of Nuclear Track Plates 


It will be convenient to call the direction of the 
incident beam in the track plate the y direction, the 
direction perpendicular to it in the plane of the plate 
the x direction. 

The evaluation was done in the following way : under 
a microscope with a magnification of 250, the number 
f(x) of proton tracks in strips Ax=0.1 mm wide and 
Ay between 2 and 10 mm long (depending on the track 
density) were counted. Between 30 and 240 of these 
strips were measured per plate, over a distance of ~30 
mm in the « direction. 

Ax was defined by two parallel cross-hairs in the eye 
piece of the microscope. Their projected separation 
was 100 yu. The width of the tracks was about 0.6 un. 
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Fic. 2. Unscattered proton beam hitting track plate. The 
number of tracks in the center was estimated from the blackening 
of the plate and is probably even larger than indicated. The tails 
are probably produced by slit-edge scattering at slit (b) (see 
Fig. 1). The sharp cutoff near 11 and 25 mm corresponds to the 
geometrical shadow of the stray-beam absorber. Obviously, the 
center of the beam did not coincide with the center of the stray- 
beam absorber. 


Ay was defined by stops and was reproducible to better 
than 0.1 mm. x was measured to an accuracy of +0.02 
mm. 

Care was taken that the center of Ay coincided with 
the place where the proton beam would hit the plate 
in the absence of a scattering foil. In all measurements 
the maximum spread in the y direction covered less 
than 0.3° of the scattering cone, and the error in f(x) 
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Fic. 3. Experimentally measured distribution of proton tracks 
in nuclear track plate. Foil thickness ¢=3.42 mg cm™ Al, average 
proton energy 2.18 Mev, d)>=160 mm. A Gaussian curve is drawn 
for comparison. 
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TaBLE IT. Moliére’s auxiliary function. 








logioQ 1 2 3 4 5 6 7 8 9 
13.99 18.90 





B 3.36 6.29 8.93 11.49 16.46 21.32 23.71 








due to this was less than 1%. On the other hand, the 
distance d from the point where the proton entered the 
track plate to the scattering foil could vary around do 
as much as 5 mm. The distribution fi(x) for a strip 
with dy<Ay would have a width proportional to d, and 
the measured f(x) would be the sum of distributions of 
various widths. Since Ay/2d9 was always smaller than 
5%, the first approximation f(x)=,(x) at dy was used. 
One can show that for a Gaussian curve this approxi- 
mation would give the correct result to about 1% in 
the angles considered, and since f(x) is almost Gaussian 
it is believed that the above approximation for f(x) is 
justified. 


Experimental Measurements 


Table I lists the foils and proton energies used. 

For every series of exposures a plate was exposed to 
the proton beam without scattering foil. A typical dis- 
tribution without a foil is given in Fig. 2. Since this 
distribution is very narrow it was assumed that its 
shape did not contribute measurably to the shape of the 
f(x) measured with multiple scattering foils in place. 

Because the average angle @ of scattering was 
approximately proportional to 1/E, it was convenient 
to place the scattering foil at a distance do from the 
plate approximately proportional to the proton energy. 
For example, for 1.6-Mev protons scattered in Al, 
dy~ 11 cm, 

A typical experimental distribution of protons mul- 
tiply scattered in an Al foil is shown in Fig. 3. Rela- 
tively few points have been measured close to the 
center since the track density was too high; also they 
contribute very little to the evaluation of the data. For 
«<8 mm, a significant deviation from a Gaussian shape 
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Fic. 4. Ratio of experimental and theoretical proton distribu- 
tion functions. Note that on the ordinate the zero is suppressed. 
The points for small angles are unreliable because the center of 
f(x) can be determined with only limited accuracy. The points 
for large angles are unreliable because the number of proton tracks 
in each field is small. 


can be seen. Small deviations are apparent as well in 
other parts of the curve. 


III. RESULTS AND COMPARISON WITH THEORY 


Moliére’s theory” gives the distribution function f(@) 
for charged particles that have suffered multiple scatter- 
ing through a total angle 6 in a foil of thickness o for 
angles @<20°: 
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Fic. 5. Comparison of experimental data from Fig. 3 with 

theory. The solid line represents a normalized Moliére function 

(adjusted with oniy one parameter: the absolute cross section). 

The dotted line represents a Gaussian curve, the zero-order term 
of the Moliére function. 


where £p is the incident proton energy, Ey the average 
energy of the protons after leaving the foil, —d#/dx the 
stopping of the material, and X,’=22.7Z/(pcB/A), 
with Z and A the atomic number and weight of the 
material, p the momentum of the proton in Mev/c, and 
B=0/c its velocity. For the present purposes numerical 
integration was used. f) and f® are tabulated in 
reference 2. B is given in tabular form by Moliére; it 
can also be found in Segré’s book.* For convenience it 
is reproduced in Table II, where 


o a 
logico2= &.215+-logu( Z-x—x——_~_—) 
A 113+3.76a? 


SE. Segre, Experimental Nuclear Physics (John Wiley and 
Sons, Inc., New York, 1952), Vol. I, p. 287. 
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with a=Z/1378. The function inside the logarithm is 
rather insensitive to changes in energy and taking the 
average energy E,\=(Eo+£,)/2 will give B quite 
accurately. To obtain very accurate results, it would be 
necessary to use formula (6,10) of Moliére’s article. 

A number of theoretical functions f(@) were com- 
puted for various values of B. For the evaluation of the 
experiment, the experimental functions f(x) were nor- 
malized to the theoretical f(@) at the center, giving a 
function f2(x’) which had the same maximum as f(6). 
On a graph of (0) it was then possible to determine the 
angle 62 for which f{(62)=/f2(x’) for each value f2(x’). 
If Moliére’s theory is correct, one would expect to find 
that the ratio K=62/x’ is a constant, except for sta- 
tistical fluctuations in f(x). 

In Fig. 4 the values of K? for the same distribution 
f(x) as in Fig. 3 are plotted versus 6.2. The experimental 
curve f(x) of Fig. 3 is plotted in Fig. 5 on a logarithmic 
scale versus x*. Both a Gaussian curve 2 exp(—é&) and 
Moliére’s function f(@) = 2 exp(—6)+ f1(6)/B+ fo(6)/B? 
are plotted for comparison. 

The angle @, given by tan@o>= K/do, should be equal 
to X.4/B. Values are given in Table I. The comparison 
between theory and experiment can be best shown on a 
plot of 00/(X.\/B’) versus the average proton energy 
(Fig. 6). 

The uncertainty in 4 was estimated to be about +3%. 
Uncertainties in the values of stopping powers (which 
enter the determination of X, and B) accounted prob- 
ably for another 3% or 5%. 

The uncertainty of the ratio 0/(X../B) is therefore 
about +5%, and the deviation for Al values at low 
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Fic. 6. Compilation of experimental data. Note the 
suppressed origin of the ordinate. 


energies may be significant. For the other energies and 
elements the experimental results agreed with the 
theory within the stated errors. 


Conclusion 


Multiple scattering of protons at low energies is 
described correctly by Moliére’s theory. It is seen that 
a Gaussian distribution deviates by 10-20% from the 
observed distribution at small angles (@<1.7), and by 
very large amounts at larger angles. 
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Hyperfine-Structure Separations and Magnetic Moments of 
Ce™*. Cs", Ge, and Cs'8*+ 
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The atomic hyperfine-structure separations and magnetic moments of four neutron-deficient cesium 
isotopes have been measured by an atomic-beam magnetic-resonance method as 
hfs, A» 
(Mc/sec) 
8950+ 200 
9200+ 200 


6400+ 350 
6800+350 


8648+35 


Magnetic moment, u 
(nm) 
+1.43+0.04 
+1.47+0.04 


+1.3740.08 |, 
—1.45+0.08 / 


+2.22+0.02 


Isotope 
Cs"7(6.2 hr, J=4) 
Cs9(31 hr, J=4) 


Cs™(30 min, J =1) 


Cs(6.2 days, J =2) 


The spin measurement of Cs™ is discussed. 


INTRODUCTION 


REVIOUSLY the nuclear spins of four neutron- 
deficient cesium isotopes have been measured by 
the atomic-beam magnetic-resonance method and found 
to be: for 6.2-hr Cs!*’, J=4; for 31-hr Cs!*, J=}4; for 
30-min Cs™, J=1; and for 6.2-day Cs®*, J=2)"? A 
brief account of the Cs? spin measurement is given 
here. The result J=} for Cs'*” and Cs!” is unexpected 
for the odd-proton configuration of cesium, since the 
simple nuclear shell model would predict J= } as in 
Cs'8 3 Cs!85, and Cs’*7,4 or J=$ as in Cs™!.5 This paper 
describes hyperfine-structure separation and magnetic- 
moment measurements of these four neutron-deficient 
cesium isotopes. The magnetic-moment measurements 
may aid in determining the nucleon configuration that 
gives rise to the observed nuclear spins. 


THEORY OF THE EXPERIMENT 


The work described here follows very closely that 
published in previous papers.*’? The atomic-beam 
apparatus using the flop-in technique® provides reso- 
nance indications superimposed on very low back- 
ground. The focusing magnetic fields, stops, and col- 
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limators are arranged so that, except for spurious 
effects, no atoms reach the detector when the transition 
radio-frequency is off resonance. When a sensitive 
detector is available, resonances appear as increases in 
the number of atoms reaching the detector. Radioactive 
detection of collected activity provides a selective, 
sensitive, and low-background method for observing 
resonances of radioactive isotopes. In these experiments 
the cesium isotopes, deposited on sulfur collectors, are 
detected with thin-crystal NaI(T}) scintillation coun- 
ters by observing the K x-rays that result from electron 
capture and internal conversion. 

All measurements are made with the cesium atoms in 
the *S; electronic ground state. In the linear Zeeman 
region (at low fields) the flop-in transition frequency is 
given by Eq. (1). Therefore for a given magnetic field 
and g,, isotopes undergo transitions at discrete frequen- 
cies which depend on the value of the nuclear spin, J: 


YX — gyuoH /(21+1)h. (1) 


The atomic hyperfine-structure separation, Av, is ob- 
tained by observing the F=1+3, mp= —I—}omr= 
—I++4 transition at higher external magnetic fields. 
Equation (2), derived from the Breit-Rabi formula,* 
expresses the hyperfine-structure separation in terms of 
the transition field, H; the transition frequency, v; and 
the electronic and nuclear g factors, gy and gr: 
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The convention is used in which a positive magnetic 
moment has a positive g factor (i.e., gy ~ —2). Because 
both Ay and g; are unknown, only two independent 


*G. Breit and I, I. Rabi, Phys. Rev. 38, 2082 (1931), 
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resonances should be necessary for a solution of Eq. 
(2). Because of poor resolution and the insensitivity of 
Eq. (2) to the g; term, this experiment does not permit 
obtaining g; and Ay by simultaneous solution at two 
field values. However, Av and g; are related (to within 
about 1%) by the Fermi-Segré formula,” in which the 
primed quantities refer to constants of another isotope 
of the same element: 


Av Av’ 
ler|(27+1) | gr-| (20’+1) 





(3) 


Equation (4), obtained by eliminating g; from Eqs. 
(2) and (3), gives the hyperfine-structure separation 
provided the proper sign is chosen for the constant ¢; 
(the positive sign for c; corresponds to a positive 
nuclear magnetic moment) : 


Av=2c/[b+ (b?—4ac)*], (4) 
where 
a=[2//(2I+1) Jal, 
b=r—[1/(21+1) JoH+v1yH— cH’, 
c= veo — v’*, 
ey= | gr | [(20'+1)/(27+1) ](uo/Avh), 
c2= — gspo/h. 


For computational purposes the form of the quadratic 
formula of Eq. (4) eliminates loss of significant figures, 
which occurs when the more common form is used. 

The hyperfine-structure separation, Av, calculated 
for each resonance by use of Eq. (4) depends upon the 
choice of the sign of the magnetic moment. The sign 
choice that results in a consistent set of Av’s is then the 
correct sign of the nuclear magnetic moment. The 
values of Av calculated with the wrong assumed sign 
for the magnetic moment show a smooth variation 
with the static transition magnetic field. 


ISOTOPE PREPARATION 


Cs!*7, Cs!**, and Cs! are produced by I(a,kn)Cs 
reactions during bombardments of Bal: powder with 
45-Mev a particles from the Berkeley 60-inch cyclo- 
tron."!? At the energies available k may be 1, 2, 3, 
and 4 to produce Cs!®, Cs!” Cs!*8, and Cs"*’, but the 
Cs!*8 has too short a half-life to be treated at present. 
Since the cross section for a given (a,km) reaction is a 
function of the a-particle energy and has a threshold 
below which the reaction does not occur, the production 
of Cs may be favored over that of Cs!*? and Cs!** by 
degrading the a-particle energy before allowing the 
beam to enter the Bal, powder. This scheme allows the 
relative activity and the apparatus background of Cs!’ 
and Cs!” to be reduced in comparison with a bombard- 
ment by full-energy a particles. The cesium activities, 

1 E. Fermi and E. G. Segré, Z. Physik 82, 729 (1933). 
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along with Cs carrier, are separated chemically from 
the target material by precipitating the target barium 
and resulting cerium activities with (NH4)2COs. After 
the filtrate is boiled to dryness the excess ammonium 
compounds are removed by decomposition and sub- 
limation with further heating. The remaining cesium 
compounds are transferred to an atomic-beam oven 
and thoroughly dried. Before the oven is inserted into 
the apparatus an excess of calcium metal is added for 
the purpose of reducing the cesium to the atomic state 
by a reaction that proceeds upon heating. 

Cs"? is produced by bombarding gaseous xenon with 
12-Mev protons from the 60-inch cyclotron. The proton 
energy is low and only the (p,m) reaction has a usable 
cross section. Because there exist seven stable xenon 
isotopes of greater than 1% abundance, many cesium 
isotopes are produced. Several of these represent a 
small fraction of the total activity, owing to low 
abundance of the corresponding xenon isotope, owing 
to short half-life so that the isotope has decayed by the 
time the experiment is performed, or owing to long 
half-life and hence low decay rates. As a result the 
principal constituents of this production scheme are 
Cs!*, Cs, and Cs". Similarly xenon has been bom- 
barded with deuterons to produce the same isotopes 
through (d,kn) reactions. The gas bombardment takes 
place in a cast aluminum container holding approxi- 
mately 2 liters (STP) of xenon. The cesium activity 
collects on the walls of the container, since little follows 
the xenon when it is frozen out into a storage vessel. 
(Radioactive xenon isotopes are produced during deu- 
teron bombardments, making the gas quite active.) 
The cesium is removed by washing the target vessel 
with slightly acidified water containing controlled 
amounts of carrier, and is then concentrated by boiling 
the solution almost to dryness before transferring it to 
the oven. Calcium is again used to reduce the cesium 
compounds to the atomic form. 


> 


Cs? SPIN MEASUREMENT 


For spin searches in the linear Zeeman region, the 
flop-in transition frequency is given by Eq. (1). The 
search is made by setting the transition frequency at 
the value for each spin and exposing a collector at the 
detector position of the apparatus. Table I gives the 
normalized counting rates on samples exposed at the 
frequencies corresponding to integral spins from 0 to 7 
and half-integral spins from } to 9/2. The decays of the 
spins }, 2, and § are shown in Fig. 1. From the measured 
half-life of each sample the identities of the isotopes 
responsible for the signals are as follows: Cs!®, J=}3; 
Cs, J=$; and Cs'?, J=2. The spurious signal on 
spin § decayed with a half-life corresponding to that 
of Cs! and was traced to the second harmonic content 
of the oscillator. The second harmonic of the J=3 
frequency is exactly the frequency to cause J=} 
transitions to occur. The spin measurements of this run 
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Fic. 1. Decays of the important samples from the Cs™ spin 
search. The half-life serves to identify the isotope responsible for 
each spin resonance. 


for Cs’ and Cs! represent verifications of previous 
work using a different method of isotope preparation, 
and—for Cs'—a different method of identification 
and detection.!* 


TREATMENT OF hfs DATA 


Radioactive resonances are observed as in previous 
work®? by counting the K x-ray activity collected on 
sulfur-coated buttons exposed at various settings of the 
transition radio-frequency. The activity on each expo- 
sure is corrected for changes in the beam intensity as 
measured by the height of the calibration resonance of 
stable Cs“, which was added as carrier during the 
chemistry. For short-lived activities a further allowance 
for decay of the sample corrects the counting rates to a 
common time. 

A symmetric resonance curve was fitted to the 
radioactive resonances by use of a routine programmed 
for the IBM 650 digital computer. Actually a parabola 
was fitted to the reciprocals of the counting rates by a 
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Fic. 2. A resonance of Cs™ at 70 Mc/sec showing the 
symmetric curve fitted to the data points. 
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Fic. 3. A single 7=4 resonance of Cs"? and Cs™ is decomposed 
into two resonances by analyzing the decay for each data point. 


weighted-least-squares procedure. This technique gives 
more weight to points near the resonance peak and 
decreases the effect of an asymmetric line on the 
determination of the peak frequency. The curve-fitting 
routine yields the frequencies of the resonance maxi- 
mum, the resonance height, and resonance width, and 
the uncertainty in the peak frequency due to the 
statistical nature of the input data points. An example 
of a radioactive resonance and the fitted symmetric 
curve is shown in Fig. 2. 

Because the Cs’? and Cs! resonances are not re- 
solved at the highest fields used, it is necessary to allow 
each resonance point to decay to obtain an indication 
of the isotopic composition of that point. In this way 
it is possible to decompose the resonance into two 
component resonances. For this purpose the known 
half-lives are used to fit the amplitudes of the compo- 
nent isotopes from the decay curve. The fit is done by 
a least-squares technique using digital computer 
facilities. Figure 3 shows the results of a decomposition 
of one of the high-field Cs’*’ and Cs'” resonances. 

The hyperfine-structure separation is calculated by 
use of the peak frequency of the radioactive resonance 
and the value of the transition magnetic field as given 


TaBLe I. Counting rates for Cs spin search. 








Counting rate (arbitrary units) Isotope identity 


4840.4 
127.841.8 
6.1+0.4 
35.7+1.0* 
54.5+1.2 
27.740.9 
4.8+0.4 
5.0+0.4 
6.5+0.4 
4540.4 
7.5+0.4 
3.8+0.3 
2.7+0.3 
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* The second harmonic of the 3/2 frequency caused a resonance of I =} 
to appear on thisysample. 
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by the Cs resonance at the time the radioactive peak 
exposures were taken. The constants used in the calcu- 
lations are as follows: 


Cs': I=}, g,=—2.00250+0.00006," 
Av=9192.63183+0.00001 Mc/sec," 
wr=+2.57887+0.00030 nm,!® 
po= (0.92732+-0.00006) X 10-” erg/gauss,}* 

h= (6.6252+0.0005) X 10”? erg-sec,'® 
M/m= 1836.13+-0.04.'* 


The error placed on the calculated hyperfine-structure 
separations comes from the uncertainty in calibrating 


TABLE II. Summary of calculations of hyperfine- 
structure separation. 


hfs (assumed 
negative 
moment) 
(Mc/sec) 


Radioactive 
resonance 
frequency 

(Mc/sec) 


Cs! 
resonance 
frequency 

(Mc/sec) 


hfs (assumed 
positive 
moment) 
(Mc/sec) 





Cs"7, Cs unresolved* 
32.195+0.010 127.283+0.289 
32.17140.010 127.269+0.165 
32.225+0.015 127.262+0.283 


Cs!27 
50.787 +0.010 
50.811+0.010 


12 400+3200 
11 600+ 1600 
14 20024200 


10 400+ 1900 
9900+ 1000 
11 400+2200 


9630+ 240 
9640+ 190 


8950+ 200 
8960+ 160 
8950+: 200 


200.016+0.089 
200.104+0.067 
Weighted average 


Com 
50.787+0.010 199.873+0.084 
50.811+0.010 200.019+0.077 
82.005+0.020 319.314+0.217 
Weighted average 


10 000+250 
9860+ 230 
9760+ 230 


9245+ 200 
9130+ 180 
9310+ 200 
9200+ 200 


Csi” 
18.026+0.010  48.293+0.141 
34.106+0.010 91.124+0.150 
34.070+0.018  91.096+0.103 

Weighted averages 


5430+880 
6610+400 
6430+ 280 
6400+350 


5850+ 1100 
7000+480 
67904330 
6800+ 350 


Cs'® 
21.296+0.010 970041400 12 400+3000 
8520+ 220 9180+270 
8651455 8999+-61 
8650435 8864438 


8648435 


34.000+0.075 
43.964+-0.010 70.318+0.059 
81.399+0.010 129.989+0.046 
126.039+-0.010 200.988+-0.072 
Weighted average 








* Values not used in weighted averages. 


the magnetic field, and from the uncertainty in placing 
the peak frequency of the radioactive resonance. The 
field-calibration resonance uncertainty is estimated as 
the possible error from considerations of settability, 
consistency, and drift. For the uncertainty in the 
radioactive resonance, the computer routine furnished 
information about the width of the resonance and the 
uncertainty in the peak frequency due to the statistical 
uncertainties of the input resonance points. The final 
error in the radioactive-resonance-peak frequency is 

8 Brix, Eisinger, Lew, and Wessel, Phys. Rev. 92, 647 (1953). 

4 L. Essen and J. V. L. Parry, Nature 176, 280 (1955). 

16 Harold E. Walchli, Oak Ridge National Laboratory Report 
ORNL-1469, Supplement II, February, 1955 (unpublished). 


16 J. W. M. DuMond and E. R. Cohen, Revs. Modern Phys. 
25, 706 (1953). 
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Fic. 4. Variation of the measured hyperfine-structure separation 
of Cs™ with external magnetic field when the magnetic moment 
is chosen first positive and then negative. The consistency of the 
values for the positive assumption establishes a positive magnetic 
moment for this isotope. 


obtained by combining the statistical uncertainty of 
the resonance peak with one-eighth of the frequency 
width at half-maximum. The results of these calculations 
appear in Table II. For the sign determination (Figs. 
4 and 5) the errors are calculated as described above 
except that an uncertainty of one-twentieth of the 
width at half-maximum is used. 


RESULTS 


The final weighted averages for the hyperfine- 
structure separations are shown in Table III. The 
stated error of the final value is taken as the error of 
the highest field measurement. The errors in the stated 
magnetic moments are due to the errors in the hyperfine- 
structure separations. No correction for diamagnetic 
shielding have been applied to the magnetic-moment 
values in Table III. 
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Fic. 5. Variation of the measured hyperfine-structure separation 
of Cs with external magnetic field. The predicted values of the 
experimental data for positive- and negative-magnetic-moment 
assumptions are shown by the solid curve and dashed curve, 
respectively. 
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TABLE III. Summary of results. 








Magnetic 
moment, # 
(nm) 


hfs, Av 
(Mc/sec) 


8950-4200 
9200+ 200 
6400+350 for 

{68004350 for 
8648-435 


Isotope Tj 
Cs? 6.2 hr 
Ce™ 31 hr 
Ce™ 30 min 


6.2 days 


HL 43+0.04 
+1.47+0.04 
+1.37+0.08 | 
—1, 45+0.08 / 
+2.22+0.02 





Sign determinations are made by inspection of Figs. 
4 and 5, in which the Ap values are plotted as a function 
of magnetic field for an assumed positive moment and 
for an assumed negative moment. The errors shown in 
these figures are smaller than those of Table II, as 
discussed earlier. From consistency of the values for 
the assumed positive moment in Fig. 4, Cs"** is clearly 
assigned a positive magnetic moment. The evidence 
for the sign of the moment of Cs'*’ and Cs!” is less 
definite. Figure 5 shows that a positive-moment 
assumption for Cs!” is slightly more consistent with the 
data than a negative-moment assumption. On this 
basis a positive sign for the magnetic moment of Cs!” 
and Cs!” is chosen. Insufficient data on Cs™ make it 
impossible at present to determine the sign of its 
magnetic moment. 


DISCUSSION 

With these measurements a series of ten cesium 
isotopes has been investigated by atomic-beam meth- 
ods. Of special interest, the series Cs'*7,!7 Cs'*®,!7 Cs! 17 
Cs#!,5 Cs!*, and Cs!*’ represent neutron configurations 
extending away from a closed shell of 82 neutrons'* in 
Cs'87, The spin of $ for Cs’, Cs'**, and Cs" is in agree- 
ment!* with the simple single-particle shell model 
which assumes that the odd proton moves in a spherical 
potential associated with closed shells of nucleons. 
While the § spin of Cs’*' is not difficult to explain with 
the shell model, the } spins of Cs'*” and Cs'*® would 
require reordering many of the levels in the 55th-proton 
region. Nuclear spectroscopic investigations of Cs!*’ 
and Cs!” have led to an incorrect assignment of $ for 
the probable spin of these nuclei.” 

The magnetic moments of Cs!*’ and Cs!” lie approxi- 
mately midway between the Schmidt limits and are 
about 10% smaller than those due to the s; proton of 
Tl and Tl. Thus the magnetic moments agree well 
with that of an s; proton, and the large deviation from 


( 7 a. Jaccarino, Edmonds, and Weiss, Phys. Rev. 105, 590 
1957). 

18M. G. Mayer and J. Hans D. Jensen, Elementary Theory of 
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19 A. H. Wapstra, Physica 19, 671 (1953). 

™G. J. Nijgh, thesis, (Drukkerij Wed. G. Van Soest., 
dam, 1955). 
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the Schmidt limits is explained by configuration mix- 
ing.”!2? However, the occurrence of an s; assignment for 
the 55th proton is difficult to imagine on the basis of 
the existing single-particle shell model, but may become 
apparent with a more complete model. Also, with the 
simple 7- j coupling scheme, it is not possible to couple 
pesticees in j=} or j= $ levels to give a resultant 
spin of 3 

Ansther approach to explaining the spin and moment 
results rests with the unified model in which the odd 
particles move in a deformed potential.*~** Some of 
the degeneracy of the single-particle shell model is 
removed and a quantum number that represents the 
component of the single-particle angular momentum 
on the nuclear axis of symmetry becomes important. 
The relative spacing of levels depends on the degree of 
core deformation.* Although this model is known to 
work best in regions quite distant from closed shells, 
it has been applied here to the Cs!”? and Cs!” nuclei 
where the configuration consists of 5 particles over the 
50-proton shell and 8 to 10 neutrons below the 82- 
neutron shell. Preliminary calculations by Uretsky 
have shown that equilibrium deformations having spin 
3 may be obtained from the unified model in two ways.” 
According to the notation of Mottelson and Nilsson,” 
spin 4 occurs for 55 protons from level No. 34, defor- 
mation parameter 7+3 (prolate), with w= +2.0 nm, 
and from level No. 30, 72=—4 (oblate), with uw=+1.4 
nm. The latter magnetic moment agrees well with the 
measured values, while the former is about 45% larger 
than the experimental value. Although 55 protons 
represent the region where the quadrupole moment iS 
changing from negative to positive with the addition 
of protons, it is likely that the intrinsic deformation of 
the Cs!”’ and Cs!*° (J= 4) nuclei is oblate. Unfortunately, 
owing to the lack of an observable quadrupole moment 
for a spin-} nucleus, a measurement of the intrinsic 
deformation is quite difficult. As a result this inde- 
pendent check on the collective model is unavailable. 
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The total and fission cross sections of U** have been measured in the energy range 0.1 to 10 ev on the 
BNL crystal spectrometer. The capture cross section is derived by combining these data with published 
scattering cross section data. Analysis of the low-energy resonance structure depends strongly on the 
interpretation of the “background” cross section which dominates the low-energy region. This ‘‘background” 
cannot be accounted for in terms of observed resonances; however, if it is attributed to the presence of a 
bound level, approximate parameters for such a level can be obtained. It is seen that the strength I,° of the 
hypothetical bound level is anomalously large. 

The capture component of the resonances is found to be symmetrical, i.e., of Breit-Wigner shape. How- 
ever, the fission component of the same resonances is asymmetrical, which indicates that a multilevel 
formula is necessary for fitting the resonances in the fission cross section. A good but not perfect fit to the 
data between 0 and 2 ev has been achieved using a multilevel formula which applies to the case of a single 
fission channel and many capture channels. The remaining small discrepancies in fitting the data indicate 
that the assumption of a single fission channel is too restrictive, and that one or more additional channels 


contribute weakly to slow neutron fission in U™®, 





I. INTRODUCTION 


HE total and fission cross sections of U™* for low- 

energy neutrons have been extensively studied 
with many different types of neutron spectrometers. 
Results obtained prior to August, 1955, were sum- 
marized in several papers'~* at the International Con- 
ference on the Peaceful Uses of Atomic Energy (Geneva, 
Switzerland, August, 1955), and in various review 
articles.”* More recent results were published by 
Simpson ef al. and by Pilcher et al.“ These many 
independent measurements show encouraging qualita- 
tive agreement; but unfortunately, appreciable quanti- 
tative discrepancies are present and there has been no 


t Work performed under the auspices of the U. S. Atomic 
Energy Commission. 
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Melkonian, Perez-Mendez, Pilcher, Rainwater, Sailor, Seppi, 
and Yeater. 

7J. A. Harvey and J. E. Sanders, Progress in Nuclear Energy, 
Series I (Pergamon Press, London, 1956), Vol. 1, pp. 1-54. 

8p. A. Egelstaff and D. J. Hughes, Progress in Nuclear Energy, 
Series I (Pergamon Press, London, 1956), Vol. 1, pp. 55-89. 

* Simpson, Fluharty, and Simpson, Phys. Rev. 103, 971 (1956). 

10 Pilcher, Harvey, and Hughes, Phys. Rev. 103, 1342 (1956). 


consistent quantitative interpretation of the resonant 
structure in terms of resonance parameters. The param- 
eters quoted in the various summaries*" do not faith- 
fully reproduce the observed cross sections when 
inserted in the usual cross-section formulas. 

There are several reasons for the lack of a satis- 
factory analysis. The resonances in U™® are unusually 
closely spaced and relatively weak, especially below 
10 ev where the strength function I’,°/D is anomalously 
small. This coupled with the usual complications intro- 
duced by Doppler broadening and instrument resolution 
make analysis difficult. In addition, the problem is 
inherently more complex than in cases of typical non- 
fissile heavy isotopes, because, as we shall show, the 
fission component of the resonances cannot be satis- 
factorily fitted by a simple Breit-Wigner single-level 
formula.®:"! Furthermore, the thermal region is domi- 
nated by a “background” cross section which is large 
compared to the thermal contributions of the observable 
resonances. At present, it is customary to explain this 
“background” in terms of one or more bound levels 
(‘‘negative-energy” resonances). As will be seen in a 
later section, no unique analysis of the ‘‘background”’ is 
possible with available data, and, in fact the interpreta- 
tion in terms of a bound level has objections which 
raise doubt as to its validity. 

The purpose of this paper is to present the total and 
fission cross section data obtained with a high-resolution 
crystal spectrometer. We attempt to analyze these data 
in terms of a multilevel dispersion formula derived by 
Reich and Moore’? which is valid for the case of a single 
fission channel. It is shown that a reasonable but not 
perfect fit can be obtained. In an accompanying paper, 
Vogt" derives a multichannel, multilevel dispersion 


uF, J. Shore and V. L. Sailor, Bull. Am. Phys. Soc. Ser. II, 
2, 70, 219 (1957). 

12C, W. Reich and M. S. Moore, Phys. Rev. 111, 929 (1958). 

13 E. Vogt, following paper [Phys. Rev. 112, 203 (1958) ]. 
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Fic. 1. Observed total, 
fission, and scattering cross 
sections of U™ from 0.1 to 
5 ev. The fission cross sec- 
tion was normalized to 582 
barns at 0.0253 ev. The 
scattering data are those of 
Foote (see reference 25). 
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formula and shows that such a formula can also give 
a satisfactory fit to these same data. 


II. CROSS-SECTION MEASUREMENTS 


A high-resolution crystal spectrometer was used to 
measure the total and fission cross section of U** for 
neutrons in the energy range from about 0.1 to 10 ev. 
Both sets of data were obtained under identical condi- 
tions of resolution (0.17 wsec/m for energies greater 
than 0.3 ev, and 0.26 usec/m below 0.3 ev). Although 
the instrument resolution operates on the total and 
fission cross sections in a different manner, the dis- 
tortions produced in the two cases are nearly the same 
provided that the resolution effect is small. 

The cross sections of many nonfissile isotopes have 
been studied on this spectrometer, and the properties 
of the instrument, e.g., resolution,’ second-order con- 
tamination,'® and precision of energy scale have been 
thoroughly investigated. 


A. Total Cross Section 


The total cross sections were obtained by conven- 
tional transmission measurements on metallic foils of 
several thicknesses, each highly enriched in U**. Each 
energy region was covered by several independent sets 
of data with several sample thicknesses. In general, 
each individual transmission measurement had a statis- 


4 Sailor, Foote, Landon, and Wood, Rev. Sci. Instr. 27, 26 
(1956); and L. B. Borst and V. L. Sailor, Rev. Sci. Instr. 24, 141 
1953 


16For total cross section measurements the spectrometer 
resolution function R(E—E’) is folded into the transmission, 
S exp[—Nonr(E’) ]R(E—E’)dE’; however, for fission meas- 
urements it is folded directly into the cross section fon,s(E’) 
XR(E-E’')dE’. 
( a6 Hy Haas and F. J. Shore, Bull. Am. Phys. Soc. Ser. II, 3, 19 
1958). 


tical accuracy of 3% or better. Only those transmissions 
which satisfied the criteria 0.85>7>0.05 were used 
for computing the total cross sections, so as to avoid 
excessive uncertainties due to magnification of the 
statistical error in the case of T>0.85 and second-order 
contamination corrections for 7<0.05. Occasional 
“wild” points lying outside the statistical limits appear 
in the data. These were due to the misbehavior of 
electronics, errors in the processing of data, and other 
common maladies of experimentation. Care was taken 
to avoid the arbitrary elimination of “bad” data. 
Whenever inconsistencies appeared between different 
sets of data additional measurements were made to 
eliminate the doubtful results. 

The results are summarized in Figs. 1 and 2. It is 
impractical to present the entire data in detail, or even 
to plot all available data on a reasonable size graph. 
All analysis was carried out on large-scale plots of small 
regions of the curve, or on tabulations of the data. 
Such tabulations have been made available to persons 
having special interest in the detailed data.!” 


B. Fission Cross Section 
1. Experimental Procedure 


The fission cross section was measured relative to B® 
by simultaneous observation of the count rates in a 
twenty-plate ionization chamber" containing U**, and 
in a “thin” BF; proportional counter enriched in B”. 
The fission chamber, which was shielded by a two inch 
paraffin and boron carbide mixture, was mounted on 
the end of the spectrometer arm. The BF; counter was 


17 For example, see reference 13. 

18 We are indebted to Professor W. W. Havens, Jr., Columbia 
University for lending us this fission chamber. It is described by 
Melkonian, Perez-Mendez, Melkonian, Havens, and Rainwater, 
Nuclear Sci. and Eng. 3, 435 (1958). 
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interposed between the fission chamber and the arm 
collimator so that the monoenergetic neutron beam 
traversed the BF; counter before entering the fission 
chamber. The proportional counter had a well-defined 
counting volume obtained through the use of guard 
tubes.’® It was filled with one-third atmosphere of BF; 
(enriched to 95% in B*”), and absorbed approximately 
1.5% of the neutrons at 1 ev. In addition to these two 
counters a small BF; counter, which responded to 
neutrons scattered from the first collimator, served as a 
monitor of pile power. All three counting circuits em- 
ployed conventional pulse amplifiers, scalers, and print- 
out circuits. Counts were taken with the spectrometer 
crystal adjusted for the Bragg condition and back- 
ground with the crystal rotated “off Bragg” by one 
degree so that the net count rate could be obtained. 
The ratio, R, of net count rate in the fission chamber to 
that in the thin BF; counter was closely proportional 
to the square root of the energy times the fission cross 
section. An effort was made to accumulate at least 
3000 fission counts for each point, although for most of 
the data below 1.5 ev 10000 counts were obtained. In 
the high-energy region where the count rate in the thin 
BF; counter was small, care was taken that the statis- 
tical uncertainty in R did not exceed 3% except in a 
few isolated spots between resonances where the fission 
cross section fell below 10 barns. 

It was necessary to accumulate the data over a period 
of months due to the low counting rates obtained. The 


low intensity resulted from the small amount of U*® in 
the beam (approximately 20 mg/cm? in 40 layers), the 
small fission cross section over most of the region 
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Fic. 2. Observed total and fission cross sections of U®* from 
5 to 10 ev. The fission cross section was normalized to 582 barns 
at 0.0253 ev. Gaps exist in the total cross section at 5.3 and 6.7 ev 
due to contaminations of U* and U™* in the samples. 


1 A. L. Cockcroft and S. C. Curran, Rev. Sci. Instr. 22, 37 
(1951); we are indebted to Mr. C. Z. Nawrocki of Brookhaven 
National Laboratory for fabricating this counter. 
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Fic. 3. Normalization curve. The solid curve represents the 
Hanford U*® fission cross section data (see reference 20) normal- 
ized to 582 barns at 0.0253 ev. The solid circles are the BNL 
crystal spectrometer data normalized to the curve in the region 
0.1 to 0.5 ev. Wiggles in the curve near 0.4 ev reflect small fluctua- 
tions in the Hanford data. 


studied, and the decrease with energy of the neutron 
flux. The procedure was adopted of returning to a 
standard point at intervals of about 2 days to insure 
that the sensitivity of the system had not changed. 
Occasional corrections of the order of a few percent 
were applied to compensate for drifts in sensitivity. 

Corrections were also applied to the data to account 
for the absorption of neutrons in the beam by nuclear 
matter other than B” and U™® and for the effect of 
second order contamination of the neutron beam. At 
higher energies the second order correction became 
substantial at isolated spots for those points which fell 
at one-fourth the energy of strong resonances. For 
example, the strong resonances at 8.8 and 19.3 ev 
caused large corrections at 2.2 and 4.8 ev, respectively. 

For the region below 2 ev the instrument resolution 
had negligible effect on the shape of the observed cross 
section. The Doppler correction was negligible at all 
points below 2 ev except for a correction of 4% at the 
peak of the 1.14-ev resonance and 0.5% at the 0.29- 
ev peak. 


2. Normalization 


To convert the relative cross sections into absolute 
cross sections it was necessary to normalize some point 
on the curve to a known absolute value. Unfortunately, 
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it was impossible to normalize directly to the absolute 
value of the thermal fission cross section, on, ¢(0.0253 
ev), because properties peculiar to this spectrometer 
make it impractical to work at energies below ~0.08 ev. 
However, the very excellent data of Leonard et al.” 
extending from ~0.02 to ~1.0 ev made the normaliza- 
tion possible. The Leonard data were normalized to the 
so-called “world value,”™ op, (0.0253 ev)=582+10 
barns, and our data were in turn normalized to 
Leonard’s curve in the region of overlap from 0.1 to 
0.4 ev (see Fig. 3). The fission cross sections obtained 
after the normalization are shown in Figs. 1 and 2. 

There is some question as to the reliability of 
the “world value” because recent measurements of 
on, s(0.0253 ev) have yielded widely divergent results. 
Bollinger et al.?* obtained the value 606+-6 barns using 
a new and very elegant method for making a direct 
absolute fission cross section measurement. This result 
cannot be ignored, although the method should have 
further experimental tests before it can be accepted 
with full confidence. Leonard ef al.” obtain 552+6 
barns in a more conventional measurement, and Tunni- 
cliffe et al.“ have reported the value 575+6 barns. 
It is obvious that this important cross section needs 
further experimental attention. 


C. Scattering Cross Section 


The scattering cross section of U** has been measured 
at a few energies by Foote.*® At low energies, the 
scattering is almost entirely potential scattering because 
the resonances are so weak that resonant scattering is 
entirely negligible. A possible exception is the “negative 
energy” resonance discussed in Sec. IIIA. Foote’s data 
reproduced in Fig. 1 show a slight increase in o,,, at 
lowest energies. In calculations which follow the appro- 
priate value of o,,, was obtained at each energy by 
fairing a smooth curve through Foote’s measured 
values. 


D. Derivation of the Capture Cross Section 


The capture cross section, o,,,(E), can be derived 
from the other cross section data by taking the differ- 


2 Leonard, Seppi, 
Operation, General Electric Company, 1954 (unpublished). 

21 Neutron Cross Sections, compiled by D. J. Hughes and R. 
Schwartz, Brookhaven National Laboratory Report BNL-325, 


and Friesen, Hanford Atomic Products 


Suppl. No. 1 (Superintendent of Documents, U. S. Government 
Printing Office, Washington, D. C., 1957), p. vii. 

2 Bollinger, Saplakoglu, Coceva, Coté, and Thomas, Bull. Am. 
Phys. Soc. Ser. II, 2, 196 (1957). The value has recently been 
revised to 60646 barns [L. M. Bollinger (private communi- 
cation) ]. 

% B. R. Leonard (private communication). 

* Tunnicliffe, Bigham, Campion, and Hanna, International 
Conference on the Neutron Interaction with the Nucleus, Co- 
lumbia University, September 9-13, 1957 (unpublished). Note 
added in proof.—The value has recently been changed to 570+6 
barns. Bigham, Hanna, Tunnicliffe, Se ng Lounsbury, and 
MacKenzie, Second International Conference on the Peaceful 
Uses of Atomic Energy, Geneva Switzerland, September 1-13, 
1958, oe P/204, unpublished. 

* HLL . Foote, Jr., Phys. Rev. 109, 1641 (1958). 
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€NCe, On,y=FnT—On,s—In,n- We have done this by 
plotting the o,7, and o,,, data on large scale graphs, 
then fairing smooth curves through the points and 
taking the difference between the smoothed curves to 
get the absorption cross section, onx. The individual 
points for o,,s were then subtracted to yield oa, ,. 
The capture cross sections derived by this procedure 
are shown in Figs. 4, 6, 7, and 8. 


Ill. INTERPRETATION OF THE DATA 
A. Evidence for a Bound Level 


One of the most difficult problems in the interpreta- 
tion of the U™® cross sections arises from the shape of 
the curves in the region below 2 ev. This is the region 
of most precise data because of relatively good counting 
statistics and small corrections. The general trend of 
the data shows a rapid rise in cross section as the energy 
is decreased with small peaks superimposed at 0.29 and 
1.14 ev. It should be noted that it is this large “back- 
ground” which is the dominating feature of the low- 
energy cross section. 

In this energy region the cross section is composed 
of contributions from all neighboring levels in the com- 
pound nucleus which have the proper spin and parity 
to be formed from the target nucleus by s-wave neu- 
trons. Of course, the primary contributions come from 
those levels which lie close to the binding energy. These 
contributions depart from a 1/v behavior depending on 
the location of the level. Levels which lie further away 
from the binding energy contribute only a very small 
1/2 component. In most isotopes one or two levels con- 
tribute the major portion of the thermal cross section. 
Such a level might lie above the binding energy in 
which case it would be observable as a resonance in 
the cross section; or it might lie below the binding 
energy (a “negative energy” resonance) in which case 
it would make its presence felt by the shape of the cross 
section curve, by the existence of resonant scattering, 
and various other properties such as the magnitudes of 
the coherent and incoherent scattering cross sections. 

In U™* the known resonances can account for only 
a small fraction of the thermal absorption cross section 
(about 75 out of 685 barns), so it appears reasonable to 
ascribe the remaining large “background” to one or 
more bound levels. We can attempt to learn more 
about this hypothetical bound level (or levels) by 
fitting the “background” curve. Of course, the process 
of curve fitting is complicated by the presence of the 
resonances, particularly the ones at 0.29 and 1.14 ev, 
whose effects must be removed by a reiteration process. 

Before proceeding with the analysis we shall antici- 
pate the results of later sections and assume that the 
bound level (or levels) is of the opposite spin state from 
the 0.29- and 1.14-ev resonances, and hence cannot 
interfere with them. It should be noted that Vogt in 
the accompanying paper,” arrives at the opposite 
assignment; i.e., the bound level, the 0.29- and the 
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1.14-ev resonances are all in the same spin state and 
thus can exhibit interference. These two conflicting 
interpretations represent the most important unsolved 
puzzle in the U™* slow neutron cross section. Until the 
correct interpretation has been determined by experi- 
ment, the results of analysis of the lower energy 
resonances must be considered as provisional. 

Information about the location and strength of the 
bound level can be obtained from the absorption cross 
section curve, ¢nx(£). The shape of this curve has been 
tested against the following analytical forms to see 
which gives the best fit to the background: 


oax=KE-, (1) 
onx= KE-(E—Ey)~, (2) 
onx= KyE$+K2E\(E—Ey)~, (3) 
oax= K,E-$+K2E-f (E— Ep)? +12}, (4) 


where onx=n,7+n,,¢ is the absorption cross section. 

The method of least squares was used to solve for 
the constants, K, Y, Eo, etc., in each case. If the 
“background” were due to one or more noninterfering 
bound levels, the above four forms would cover most 
eventualities, e.g., cases for which | o| +0, |£o| =T, 
and |£o|>>I’. The analysis is extremely tedious, and, 
in addition, the corrections for the 0.29- and 1.14-ev 
levels introduce considerable uncertainty; hence, the 
conclusions obtained are not beyond question. Within 
these limitations we found that Eq. (2) fit the “back- 
ground” the best, and, in fact, the solutions using 
Eqs. (3) and (4) gave K,~0 and Ey? >I”. 

The following values, which we shall consider to be 
provisional, were obtained for the constants in Eq. (2): 
K = 208.5 barn (ev)! and Eo= —1.45 ev, i.e., the shape 
of the “background” is consistent with a single strong 
level lying 1.45 ev below the binding energy. The con- 
stant K yields a reduced neutron width I’,°= 3.04X 10~ 
ev. More information about the characteristics of this 
hypothetical level can be obtained from the ratio of 
capture to fission at thermal energies,*! a(0.0253 ev) 
= On, y/On, s=0.192+0.008. Correcting this ratio for the 
effects of the higher energy resonances we obtain 
a(— 1.45 ev) ~0.1475. If we assume the radiation width 
of this level to be “average” I, ~ 33X 10™ ev we obtain 
l= 25610 and I'y= 223 10- ev. These results are 
summarized in Table I. Similar results were obtained by 
Harvey” in an independent analysis based on inde- 
pendent data. However, Vogt" obtains slightly different 
parameters from his analysis: Eo=—0.95 ev, and 
I'n’= 1.49X 10- ev (equivalent to K= 64.0). 

The scattering cross section data support the con- 
clusion that a relatively strong bound level is present 
somewhere close to the binding energy. Measurements 
by Foote*® show that the scattering cross section in- 
creases with decreasing energy, rising from the value at 


26 J. A. Harvey, see reference 7, p. 46. 
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5 ev which approximates the predicted potential scat- 
tering. This departure from potential scattering as the 
energy is decreased can be ascribed to resonance 
scattering by a very strong bound level. Unfortunately 
the scattering data are not sufficiently precise or detailed 
to permit an exact determination of the strength or 
position of the level, and thus make no strong preference 
for either set of parameters. 

At very low energies (EZ <0.05 ev) a marked curvature 
occurs in the cross section (not shown in our data) 
which Harvey” has analyzed, and ascribed to a weak 
resonance at Ey= —0.02 ev. This weak resonance has 
only minor effect at thermal energies and is negligible 
above ~0.1 ev; however it cannot be ignored com- 
pletely. In Table I we have listed slightly modified 
parameters for this resonance which fit our data better. 
Vogt! was able to fit the thermal data (E=0.0253 ev) 
without invoking this resonance. It is not clear whether 
his analysis would also account for the curvature at 
the lowest energies mentioned above. 

The “negative energy” resonance interpretation of 
the U*** “background” has several features which taken 
together tend to make it questionable. First it should 
be noted that “backgrounds” of similar magnitude (but 
not similar shape) are also present in U™, Pu, and 
Pu™!. Furthermore, the U“* bound level is by no means 
average in its properties, e.g., both I," and I'y are 
anomalously large. In fact I,” is five times larger than 
for any other resonance observed in the range 0 to 
50 ev,®*" and it is about twenty times larger than the 
average. That I’; is unusually large can best be appreci- 
ated in terms of a=o,/a;. The value of a associated 
with the bound level lies slightly below a smooth 
extrapolation of the data of Diven ef al.*” obtained in 
the region 200 to 1000 kev. Yet the average a for the 
intermediate energies is much larger: in the range 
0-50 ev®? a~0.6, and in the low kev region®® a~0.45. 
However, in spite of the oddities mentioned here, the 
hypothesis of a strong negative energy resonance is the 
only plausible explanation for the ‘‘background” at 
the present time. In what follows we hold to this 
interpretation. 


B. Failure of the Single-Level Formula 


Figure 4 shows Fc,,, vs E from 0.1 to 1.5 ev derived 
as discussed in Sec. IID from the total, fission, and 
scattering cross sections. Also shown is the “back- 
ground” cross section due to resonances other than 
those at 0.29 and 1.14 ev, including the “negative 
energy” resonance. The open circles are the result of 
subtracting the background from the derived capture 
cross section. The smooth curve is the best single-level 
Breit-Wigner curve which can be drawn through the 


7 Diven, Terrell, and Hemmendinger, Phys. Rev. 109, 144 
(1958). 

*8 Kanne, Stewart, and White, Proceedings of the International 
Conference on the Peaceful Uses of Atomic Energy, Geneva, 1955 
(United Nations, New York, 1956), Vol. 4, p. 315. 
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Fic. 4. Capture cross section times E! for U** from 0.1 to 1.5 ev. 
Solid circles give the difference between the absorption and 
fission cross sections. A strong resonance, presumed to be at 
—1.45 ev, accounts almost entirely for the background curve. 
Subtraction of the background curve from the solid circles yields 
the — circles to which single-level Breit-Wigner curves have 
been fit. 


data. It is seen that the capture cross section is well 
fitted by this curve. Figure 5 gives the observed fission 
cross section, normalized to op, 7(0.0253)=582 barns, 
and the background associated with the other reso- 
nances including the “negative energy” resonance. The 
smooth curve drawn through the open circle points is 
the net fission cross section, and the dashed lines 
represent the locus of points which bisect the resonances. 
It is seen that the bisectors are not straight, and are not 
centered at Ey, the energy corresponding to the peaks of 
the capture curves. Figures 6, 7, and 8 represent the 
capture and fission cross sections for the 2.04-ev, the 
3.6-ev, and 4.8-ev resonances, respectively. In each 
case the capture cross section is fitted by a symmetrical 
curve, whereas the fission cross section is not. It is 
important to note that for the last three resonances, 
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Fic. 5. Fission cross section times Et for U* from 0.1 to 1.5 ev. 
The background curve, due mainly to a presumed —1.45-ev level, 
when subtracted from the observed fission cross section yields the 
open circle points. The dashed curves, which are the bisectors of 
the resonances, are seen to be curved and shifted in energy from E, 
the energy at the capture peak. 
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the background due to the “negative energy” resonance 
is small and varies very slowly ; hence, any uncertainty 
due to it is small. Note, however, for the 2.04- and 
4.8-ev resonances the correction for second order con- 
tamination becomes important. For three of the five 
resonances shown, the peak of the fission cross section 
is shifted toward lower energy; whereas for the other 
two it is shifted to higher energies. This gives one con- 
fidence that the distortion of the fission curves is not 
caused by some systematic instrumental effect. 

The asymmetries noted by Sailor® in the total cross 
section are seen to be associated with the fission com- 
ponent of the cross section. The explanation of the total 
cross section asymmetry in the 0.1- to 1.5-ev region 
due to Harvey and Sanders,’ in which two unresolved 
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Fic. 6. Fission and capture cross sections for the 2.036-ev level. 
The capture curve is symmetrical about E, whereas the fission 
curve is not. 


resonances were postulated at 0.42 and 0.91 ev, would 
now require that these “unresolved resonances” be 
practically pure fission resonances. A similar situation 
would have to exist at the other resonances as well, 
which is extremely unlikely. 

Because of the uncertainty in the normalization of 
the fission cross section to 582 barns at thermal neutron 
energy, an analysis similar to those of Figs. 4 and 5 was 
done using oq, ¢(0.0253) = 614 barns, and also 556 barns. 
In all cases the qualitative results were the same, for 
the 0.29- and 1.14-ev resonances the capture part was 
symmetrical; whereas the fission part was not. 

Since the arguments which have been adduced depend 
on the assumption that each resonance, including the 
bound level, is fit by a single-level Breit-Wigner formula, 
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and since the asymmetry in the fission cross section is 
a contradiction, one is forced to the conclusion that the 
single level formula is inadequate for fitting the U*® 
resonances. Recent evidence from the study of other 
fissile nuclei indicate a similar situation. Bollinger®® has 
shown for Pu*® that the variation of 7, the number of 
neutrons emitted per neutron absorbed, for the 10.9- 
and 11.9-ev resonances requires a multilevel formula. 
Moore e al.* have shown that it is necessary to invoke 
a multilevel formula in order to fit their fission data 
for U**, 
IV. ATTEMPTS AT ANALYSIS 
A. Multilevel Formula 

The Wigner-Eisenbud theory,*! which describes the 
energy dependence of reaction and scattering cross 
sections in a very general way, cannot be applied di- 
rectly to practical cases. However, formulas can be 
derived from the general theory using various approxi- 
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Fic. 7. Fission and capture cross sections for the 3.599-ev level. 
The capture curve is symmetrical about Z, whereas the fission 
curve is not. 


mations and restrictions. Two such practical formulas 
have been derived which appear to suffer little loss of 
generality for cases involving fission and capture. One 
formula, obtained by Reich and Moore,! is valid for 
(1) one fission channel plus very many capture channels, 
and (2) many levels. This is similar to the earlier result 
of Krotkov®? which was applied to the case of a single 
channel for scattering and many channels for radiative 
capture. Reich and Moore have recently extended their 
formula to include the case of two fission channels. 
The second formula, derived by Vogt in the accompany- 
ing paper, applies to the case of (1) many fission 

*L. M. Bollinger, Proceedings of Tripartite Conference on 
Cross Sections of Fissile Nuclei, Atomic Energy Research Estab- 
lishment, Harwell Report AERE NP/R-2076-Rev., 1957 (unpub- 
lished), p. 22. 

® Moore, Miller, and Reich, Bull. Am. Phys. Soc. Ser. II, 1, 327 
(1956); Miller, Fluharty, Brugger, and Moore, Bull. Am. Phys. 
Soc. Ser. II, 2, 70 (1957). 

31. P. Wigner and L. Eisenbud, Phys. Rev. 72, 29 (1947); 
T. Teichman and E. P. Wigner, Phys. Rev. 87, 123 (1952); 
Feshbach, Porter, and Weisskopf, Phys. Rev. 96, 448 (1954). 

® R. Krotkov, Can. J. Phys. 33, 622 (1955). 
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Fic. 8. Fission and capture cross sections for the 4.847-ev level. 
The capture curve is symmetrical about £, whereas the fission 
curve is not. 


channels plus very many capture channels and (2) few 
levels. 

Unfortunately, we have no way of knowing which 
formula is best suited for application to the cross 
section of U**, However, Vogt" has applied his ““many- 
channel, few-level” formula to our U*® data and 
achieved what appears to be an excellent fit. Therefore, 
we have tested the Reich-Moore “‘one-channel, many- 
level” formula against the same data to see if an equally 
good fit can be obtained. 

For this case of one fission channel and very many 
capture channels Reich and Moore obtained the follow- 
ing equations for the fission and capture cross section : 


2 


4iri*g 
on,4(E)=> —— 
J lAl? 


(@12?+b12”), (5) 
and 
4k 
on, (E) om Ss —_— @2b)2) 
P < 


+ (2+ bee) (bi1b22— 512”) +.a12(@i2b22—de2b12) |. (6) 


Note that the summations are made over all possible 
values of the angular momentum, J, of the compound 
state, which for s-wave neutrons consist of /=J+} or 
I—}, where J is the spin of tae target nucleus. The a,;”, 
etc., contain cross-product terms between the ampli- 
tudes of the various levels, which are called interference 
terms. Only levels of the same J can interfere with each 
other. 
In Eqs. (5) and (6), 
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2B Br 51° 
bj=L ee, (8) 
» 4(E,—E)?+1P),’ 


|A | t= [(1+d1) (1+-b22) — a1 +@22012?— by.” |? 
+[(1+b1:)ae2+ (1+b22)au1— 241212 |’, (9) 


where 8);= + (I),;/2)*. It should be noted that the signs 
of the 8);,; can be either positive or negative. This 
effectively introduces an additional parameter to be 
determined for each level, i.e., the sign of the product 
8,8; relative to any other resonance. The £, in the 
above equations denotes the resonant energy of level \ 
and is equivalent to the Eo used in other sections. 

The quantity A is the neutron wavelength divided by 
2x. The A indices refer to levels while the ij refer to 
channels. In this case, i, j7=1 is the neutron channel 
corresponding to elastic scattering, 7, 7=2 is the fission 
channel, and 1, j7=3, ---, +2 (which have disappeared 
from the equations) are the radiative capture channels. 

For s-wave neutrons the statistical weight factor has 
two possible values, g= 3 [1+ (27+1)~"], corresponding 
to the two possible values of J. Since we have no 
knowledge of the J-value of each resonance, we absorb g 
into the I’,, of each resonance. However, in U*** (I= 3), 
g= ie oF 3, so for most purposes the value g~} is a 
good approximation. 

It is curious that the radiation width I',, appears in 
the denominator of a;; and 6;; instead of the total width 
[',; however, it is readily shown that the equations 
reduce to the single-level Breit-Wigner form when only 
one level is present, and that I’, replaces I’), in the 
denominator when the small terms in | A|? are neglected. 

The equations are awkward to use, and it appears 
that their properties are best studied by making 
numerical calculations on hypothetical cases. This can 
be done by exact computation on high-speed computing 
machines, or by disposing of the terms which prove to 
be negligible when numbers are substituted. We have 
used both methods to study resonances which have large 
separation compared to their widths, and which have 
both fission and capture components. The following 
results emerge: (1) The fission component of each 
resonance shows marked asymmetries, whereas, the 
capture component is approximately symmetrical; 
(2) the peak of the fission component is markedly 
shifted from E,, whereas the peak of the capture is at 
almost exactly E,; (3) the total width of the capture 
component is approximately equal to the input total 
width I’,. In other words, within the limitations stated 
above, the Reich-Moore capture cross section is only 
slightly different from the Breit-Wigner capture cross 
section. 

One additional important feature should be noted: 
(4) at E) the ratio 


On, y(Ey)/On, (Ex) =a(Ey) = 4/Try=ar 


for resonance \ providing that the background due to 
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resonances of the opposite spin state is subtracted out. 
These conclusions, of course, would not be expected to 
apply to pathological cases, e.g., when two resonances 
lie very close together. 

In addition, Reich and Moore* have shown numeri- 
cally, and we have verified, that when capture is the 
only process occurring, the multilevel formula repro- 
duces the sum of single-level contributions to a very 
high degree of accuracy. However, the capture cross 
section is slightly different when fission is present than 
when fission is not present. 


B. Analysis of the Resonances 


1. First Approximation Parameters 


In the previous section it was indicated that a rough 
set of parameters for each resonance can be obtained by 
analyzing the capture component in terms of the Breit- 
Wigner single-level formula. This analysis yields pro- 
visional values of Z,, I, and gI’,"T,/I. Then assum- 
ing that the ratio on, ,/on, say, at E= Ej, provisional 
values of all the remaining parameters, I',,, [',,, and 
gl',,” can be derived. More exact values, including the 
relative signs of the 8,;, ;, must be obtained by laborious 
trial-and-error adjustments followed by numerical com- 
puting with Eqs. (5) and (6). 

The procedure we have used to derive the approxi- 
mate parameters follows: 


1. The contribution of the bound level is subtracted 
from the observed absorption and fission cross-section 
curves. 

2. The capture cross section is obtained from 
OnX—Cn, f- 

3. The residual capture component is analyzed as if 
each resonance were a simple Breit-Wigner curve, 
yielding Ey, T, and gMy\,°T,,/1,< (ool). A process of 
“shape” analysis is used which corrects for spectrometer 
resolution and Doppler broadening. 

4. The quantity a, is determined from the limiting 
value of the ratio of the area under the capture curve 


Tasxe I. First approximation parameters for U** resonances. 
Uncertainties have not been listed because of the provisional 
nature of these values. Values of I listed in parentheses have 
been assumed, and hence the values of all other partial widths 
reflect this assumption. 





2gT,n° 
(10-* ev) 
3036 
0.72 
4.49 


yf 
(10-4 ev) 





rT Try 
(107% ev) (107% ev) 





0.1475 
0.54 
0.388 71.8 
0.455 , 92.1 
5.1 j d 6.8 
0.82 , 45 
11.0 J ‘ 2.3 
~3.8 ~~ 
~A#.55 ~93 ~60 


(33) «223 
(34) 63 


~100 
~257 


6.40 

8.795 

* The original parameters derived by J. A. Harvey (reference 26) have 
been slightly modified to give a better fit. 





‘8. W. Reich and M. S. Moore (private communication). 
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Fic. 9. Single-fission-channel multilevel fit to the U™* partial cross sections. Solid curves for absorption, fission, 
and capture are derived from the formula of Reich and Moore allowing interference between levels at E=0.282, 
1.138, 3.599, 6.400, and 8.795 ev. A noninterfering background is included which is ascribed to assumed levels at 
— 1.45 and —0.02 ev. Experimental points for the fission cross section are shown, whereas the points for the absorp- 
tion and capture cross sections are derived. Dashed curves at the peak of the 1.138-ev resonance are Doppler- 
corrected calculated curves. Points at 0.0253 ev are the “world values” with a +5% uncertainty indicated for the 


fission cross section normalized to 582 barns. 


to that under the fission curve according to 


E 
a~ lim f 
SE—0 E 


where £;= E,—AE and E,= £,+AE. 

Approximate parameters obtained in this way for 
several of the resonances are listed in Table I. The 
results for the 6.40- and 8.795-ev resonances are very 
crude and depend on the assumption that l,,~33X 10 
ev. They have been included in Table I only because 
they are used in the multilevel analysis which follows 
and for this purpose crude parameters are adequate. 


2 Ez 
Ec, dE / f Ele, dE, (10) 
1 Ei 


2. Adjustment of Parameters 


If we insert the first approximation parameters 
(Table I) into the multilevel formulas [Eqs. (5) and (6) ] 
and generate fission and capture cross-section curves, 
we find regions in which the computed fission and the 
observed fission disagree. We shall attempt to make 
slight modifications of the parameters in Table I and 
obtain a better fit. Note that to generate the theoretical 
curves it is necessary to assume the sign of the amplitude 
factor, 8,18,2 for each resonance relative to any other 
resonance. We have arbitrarily assigned a positive sign 
to the 8182 of the 0.282-ev resonance, and attempt to 
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TABLE II. U** resonance parameters. These values were used 
for generating the curves shown in Fig. 9. They were obtained by 
making trial-and-error adjustments to the values in Table I. 
The resulting curves give a good fit to the data; however, these 
parameters cannot be regarded as a unique solution. In the com- 
puting it was assumed that the two “negative-energy” resonances 
did not interfere with each other or with the other five resonances. 
The latter five resonances were assumed to belong to the same spin 
state J, and to interfere mutually. 








Relative 
sign of 


Spin 
B)18)2 


state 
Not J (33) 223 


Not J (34) 63 
J 32.2 82.5 
1 


Ty lyy rf 
(10 ev) (10-%ev) (107% ev) 2eT,n® 


3056 
0.72 





45 
9 
60 


cry re 


J 
J 
J 





determine the sign of all other resonances relative 
to this. 

In all subsequent analysis we have confined our 
attention to the range between 0.1 and 1.5 ev. Of course, 
the resonances outside this region contribute slightly, 
but only a few of the more important must be included 
in the calculations. The effects of the 2.04-, 2.86-, 3.14-, 
4.84-, and 7.09-ev resonances are negligible, while the 
3.599-, 6.40-, and 8.795-ev resonances contribute very 
small amounts. Hence, we have included only the 
latter three in our calculations. 

Slight modification of the first approximation param- 
eters yield a better fit. Our best fit is shown in Fig. 9 
and the parameters used for generating the theoretical 
curve are listed in Table II. As can be seen, the fit is 
good but not perfect. We have been unable to find a 
completely satisfactory set of input parameters and 
combination of amplitude signs using only the reso- 
nances between 0 and 10 ev. The effects of resonances 
above 10 ev can be estimated from the parameters of 
Simpson ef a/.,° and it is found that they cannot remove 
the remaining discrepancies, because their contributions 
below 1.5 ev are too weak. In fact, it is expected that 
the effects of these resonances would tend to cancel out 
since the signs of the amplitude factor 8182 should be 
random. 

We have attempted to eliminate the remaining dis- 
crepancies in Fig. 9 by assuming that a small fraction 
of the “background” cross section is due to a bound 
level in the same spin state as the 0.282- and 1.138-ev 
resonances and hence must be included in the multi- 
level calculation. Unfortunately this type of contribu- 
tion does not appear to be capable of eliminating all of 
the remaining troubles. If the region around 0.8 ev is 
brought into better agreement, serious disagreement 
appears in the region below, 0.25 ev, and vice versa. 
For example, a bound level located at —1.0 ev with 
relatively average strength I',,’=0.03X10~ ev, does 
violence to the curves in Fig. 9, regardless of which 
sign is selected for the amplitude. Thus, if the Reich- 
Moore single-fission-channel formula is used, we con- 
clude that the negative-energy resonances must be in 
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the opposite spin states from the 0.282- and 1.138-ev, 
resonances. 

Using the parameters from Table II the scattering 
cross section was computed for the energy range 0.1 to 
2.0 ev. The solid curve of Fig. 10 shows this result 
assuming ¢,=10.3 barns determined on the basis of 
op=4nR?*, where R= 1.47A!X10-" cm. The points are 
the experimental data of Foote,” and are seen to lie 
approximately 0.8 barn lower than the calculated curve; 
i.e., a value of ¢,=9.5 barns would give a better fit. 
The cross section at 0.28 and 1.14 ev have slight dips 
due to the interference between potential and resonance 
scattering. The resonance scattering for these two 
resonances is so small that it cannot be seen on this 
scale. Because of uncertainties in the parameters for 
the negative-energy resonance, and in the experimental 
data, the 0.8-barn difference is not considered sig- 
nificant. 


V. DISCUSSION OF THE RESULTS 


A. Agreement between Computed and 
Observed Curves 


It can be seen in Fig. 9 that our computed curves 
give a good but not perfect fit to the data. This probably 
indicates that the one-fission-channel formula is too 
restrictive. The fit obtained by Vogt" using the many- 
channel formula and ‘the same data shows similar dis- 
crepancies of similar magnitude. It is important to 
note, however, that Vogt’s results give a more reason- 
able interpretation of the negative-energy resonances 
than do ours. There are three points in favor of Vogt’s 
interpretation; (1) Vogt’s level at Eo= —1.0 ev has a 
significantly smaller I’,° than does our level at — 1.45 ev, 
which brings it into more reasonable agreement with 
the neutron width distribution observed at higher 
energies.’ (2) Vogt’s curve fits the thermal cross sections 
without the necessity of the E>= —0.02-ev resonance 
(although, it is not clear whether the computed curve 
will fit the data at the very lowest energies in the region 
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Fic. 10. Scattering cross section. The solid curve is calculated 
from the parameters of Table II for the —1.45, —0.02, 0.282, 
and 1.138 ev resonances. A value of 10.3 barns is assumed for the 
potential scattering. Note the small dips in the curve at 0.282 
and 1,138 ev due to interference between the potential and reso- 
nance scattering. The solid points are the data of Foote, 
reference 25. 
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where the —0.02-ev resonance has the most pronounced 
effect). (3) If our interpretation were correct and the 
very strong level at —1.45 ev really existed, this level 
would badly distort the fission component of all nearby 
resonances of the same spin state. We see no such effects 
in the resonances below 10 ev and it seems unreasonable 
to assume that none of these resonances belong to the 
same spin state as the — 1.45 ev resonance. 

Aside from the points listed above, it appears that 
neither analysis is strongly favored. In both analyses, 
the final fitting was done by trial-and-error adjustment 
of parameters. Such a trial-and-error process of fitting 
always fails to answer the question as to the uniqueness 
of the analysis and the situation in U** is aggravated 
by the uncertainty as to the origin of the low-energy 
“background” cross section. More complete data of 
better precision will be required for a unique solution. 
It would be particularly helpful if the angular mo- 
mentum of the various resonances and the bound level 
were known. 

Despite the imperfect data, and the doubts concern- 
ing the uniqueness of either of the two analyses, it is 
quite certain that the U™* slow-neutron resonances 
require some form of multilevel formula for analysis. 
The data appear to favor the assumption of more than 
one fission channel for the spin state of the 0.282- and 
1.138-ev resonances, but definitely indicate that the 
number of fission channels which make important con- 
tributions is small. 


B. The Partial Widths 


In the absence of specific information, it has become 
customary to assume that the radiation width is essen- 
tially constant from resonance to resonance. The values 
of I',, in Tables I and II scatter over a relatively large 
range. Two cases, the 2.04- and 4.8-ev resonances have 
very weak fission components which makes the uncer- 
tainties in the capture analysis due to fission normal- 
ization, interference terms, and background relatively 
small. Therefore, the large difference in radiation widths 
Ty, for these two levels (34.6 compared to 25.5X 10 ev) 
is disturbing. One notices an even larger variation in 
the I',, for the 0.282- and 1.138-ev levels. In this case, 
the analysis of the bound level has important influence 
on the results; hence it would be imprudent to empha- 
size the difference. Note, however, that Vogt" obtains 
essentially the same radiation widths for these two 
levels, even though he has treated the bound level from 
an entirely different point of view. Thus there is evi- 
dence for small variations in I',, from resonance to 
resonance in U™*, It appears that the average is about 
I',,=33X10~ ev with possible variations from average 
of +10X 10~ ev. 

The neutron widths I,” have the usual! characteristic 
distribution common to all isotopes and have been 
discussed elsewhere.’:” The fission widths, I’,,, listed in 
Tables I and II show large fluctuations from level to 
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level and in this respect appear more similar to the 
neutron width than to the radiation width distribution. 


C. Relation to Fission Theory 


In the various neutron cross sections a definite rela- 
tionship exists between the shape of the resonances, the 
distribution in size of the partial widths, and the 
physical process by which the compound nucleus decays. 
It is useful to discuss these related features in terms of 
the reaction exit channels. Let us examine in more 
detail the meaning of the term “exit channel” and in 
particular the term “fission channel.” 

Insofar as the multilevel formula is concerned, the 
meaning of the term “channel” is quite clear. The 
particular form which one obtains for the multilevel 
formula depends on the rank which one assumes for 
the R matrix. In this matrix there will be one row and 
one column for each reaction channel. Thus if the R 
matrix is allowed to have only one row and one column 
pertaining to fission, the resulting formula is valid for 
the case of one fission channel. For processes involving 
a large number of channels, e.g., radiative capture, the 
multilevel formula reduces to the single-level formula. 

The size distribution of the partial widths is closely 
related to the number of channels for the given process. 
Porter and Thomas* have shown that the size distribu- 
tions of the partial widths can be fitted by chi-squared 
distributions of various degrees of freedom. It is reason- 
able to associate the number of degrees of freedom v 
with the number of channels for the given process. 
According to Porter and Thomas “the number of 
degrees of freedom » will in general be smaller than 
the actual number of channels if the average widths for 
the various channels are unequal and if there are corre- 
lations in the distribution.’™ 

Thus the neutron widths, which are clearly related 
to a single exit channel, can be fit by a chi-squared 
distribution for which y=1. This is a distribution in 
which there is a wide variation in size, with the fre- 
quency of occurrence decreasing rapidly with size. The 
only case for which several resonances with strong 
scattering components has been observed, i.e., manga- 
nese, requires a multilevel formula for fitting the 
curve.32:35 

At the other extreme, for v very large, the size distri- 
bution of partial widths is very narrow. In the non- 
fissile isotopes, the radiation. widths are believed to be 
of this type, i.e., the radiation widths are relatively uni- 
form in size from resonance to resonance. This is a 
consequence of the large number of possibilities for the 
first gamma-ray transition. Each first transition defines 
a separate exit channel. The large value of v is con- 
sistent with the fact that the capture component of 
resonances ordinarily reduces to a simple Breit-Wigner 
shape. 

itt ay a R. * nag Phys. Rev. 104, 483 (1956). 
ee ass ahiberg, Palmer, and Thomas, Phys. Rev. 100, 
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Porter and Thomas, using highly provisional values 
of the fission widths, concluded that the fission width 
distribution for U™* was fitted by v=2.3; ie., the 
distribution was broad and more nearly resembled the 
neutron widths rather than the radiation widths. A new 
computation based on fifteen values of ',, from Table I 
and from Simpson et al.® gives y~2.0. The important 
point here is not the actual value obtained for vy since 
better data will in time force a revision, but rather the 
fact that v is small. Thus, the spread in values of I'\, 
obtained for the U** resonances is consistent with the 
need for a multilevel formula to fit the fission cross 
section. 

Since both the shapes of the resonances and the size 
distribution of the fission widths strongly imply that 
the slow-neutron fission of U** is a process defined by 
one, or at most, a few reaction channels, it is interesting 
to reconcile fission theory with these facts. At first 
sight this appears to be difficult, because it is natural to 
assume that each pair of fission fragments in each 
possible state of excitation constitutes a separate fission 
channel. If this is indeed the correct interpretation, then 
the broad mass distribution of fission fragments would 
indicate a large number of channels, which is in con- 
tradiction with the above facts. However, the interest- 
ing paper of Bohr at the last Geneva conference*® has 
afforded a different concept of the fission channel. Bohr 
points out that before fissioning the highly excited 
compound nucleus passes through a transition state in 
which much of the excitation energy has been converted 
into potential energy of deformation. At this moment, 
the elongated nucleus is relatively “cold” and resembles 
the typical elongated nuclei which have been so success- 
fully treated by the unified model. If the original excita- 
tion energy was not excessive, the transition nucleus 
will have a limited number of well-defined quantum 
states available to it. The original compound nucleus 
can pass through only those transition states which 


36 A. Bohr, Proceedings of the International Conference on the 
Peaceful Uses of Atomic Energy, Geneva, 1955 (United Nations, 
New York, 1956), Vol. 2, p. 151. 
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have the proper total angular momentum and parity, 
and these might be very limited in number, depending 
on the magnitude of the neutron binding energy relative 
to the required deformation energy. It is apparent that 
the term “‘fission channel” must be associated with these 
intermediate states and not with pairs of fission frag- 
ments. Each of these transition states or fission channels 
emits a complete spectrum of mass fragments. This 
concept of fission channel has been discussed more fully 
by Wheeler.*” 

Each fission channel will have a threshold energy 
determined by the height of the potential barrier. 
Wheeler** has pointed out that even when the excitation 
energy of the compound nucleus lies below the threshold 
for a given channel, the channel can still contribute a 
small amount of fission because of barrier penetration. 
It appears likely that the lack of a perfect fit in U™ 
with a one-fission-channel formula can be attributed to 
a small admixture of several fission channels whose 
thresholds lie considerably above the binding energy of 
U** plus a neutron. 
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The general Wigner-Eisenbud resonance theory is used to develop a method of analysis for the neutron 
cross sections of fissionable nuclei. The method is employed in giving a reasonable description of the low- 
energy cross sections in U**. The single-level fit for U** is known to be unreasonable. Many-level expressions 
for the cross sections are derived—the only approximation to the general theory being the neglect of all 
but a small group of resonances. No explicit reference to fission channels is needed and the many-level 
expressions require few level parameters: the Ey, Ty, "yy, and ly, of the single-level theory for each resonance 
and a few additional parameters pertinent to the interference between levels. The interference terms are 
described and shown to be important. Their average value yields information about the number of channels 
involved in fission. The shape and size of the U** cross sections below 2 ev are fitted to within one or two 
percent using: (a) only one negative energy resonance of smaller size than in the single-level fit; (b) no 
additional levels to fit the shape other than the observed levels at positive energies; (c) three interference 
parameters whose size suggests that there are several fission channels in U**. 


1, INTRODUCTION 


HE low-energy neutron cross sections of U™, 

measured by Sailor and Shore,' are among the 
best-known nuclear cross-section data. In spite of this 
fact many difficulties have been encountered in the 
description of these cross sections with the resonance 
theory—difficulties which also seem to occur in the 
other common fissionable isotopes, U** and Pu™*.? The 
troublesome features of the cross sections are: (1) at 
thermal energies both the total cross section, onr, and 
the fission cross section, o,,7, are uncommonly large; 
(2) the shape of the resonances, particularly of the first 
two at positive energies in U™*, is quite asymmetric 
about the resonance energies; and (3) the value of the 
cross sections between resonances is anomalously large. 
The data of Sailor and Shore,' for U**, clearly show 
all of these features. 

If only the first difficulty, the large thermal cross 
section, had occurred the problem could be easily 
solved by assuming the existence of a single resonance, 
of normal size, at negative energies. By such a device 
the U*® cross sections could be fitted, to within experi- 
mental error, from zero energy up to the first maximum 
at 0.29 ev. However the Breit-Wigner single-level 
theory does not lend itself very readily to providing 
solutions for the difficulties (2) and (3) above. To fill 
in the cross sections in between the 0.29-ev and 1.13-ev 
resonances of U™®, the negative-energy resonance can 
be moved further from zero neutron energy and in- 
creased in size. In effect the two peaks (at 0.29 and 
1.13 ev) are made to lie on the wings of a huge negative- 


1F. J. Shore and V. L. Sailor, preceding paper [Phys. Rev. 
112, 191 (1958)}. 

2 See Fig. 3. A summary of the U* data as well as that for the 
other fissionable isotopes is contained in Neutron Cross Sections, 
compiled by D. J. Hughes and J. A. Harvey, Brookhaven National 
Laboratory Report BNL-325 (U. S. Government Printing Office, 
Washington, D. C., 1955), and Neutron Cross Sections, compiled 
by D. J. Hughes and R. Schwartz, Brookhaven National Labora- 
tory Report BNL-325, Supplement No. 1 (U. S, Government 
Printing Office, Washington, D. C., 1957). 


energy resonance. Such a fit requires that the reduced 
neutron width of the negative-energy resonance be 
unreasonably large (roughly 25 times the average size 
of the reduced widths of the levels observed at positive 
energies) and even then it does not give a solution to 
the difficulty (3) above. The single-level fit? required 
additional resonances at —0.02, 0.4, and 0.9 ev to fill 
in the unusual shape of the cross sections of U™*. These 
latter three levels do not all correspond to actual! peaks 
in the cross section. The difficulties with the shapes of 
the cross section are such that these levels had to have 
both an unusually small value of the reduced neutron 
width and a large fission width. Such levels have a 
low probability of occurring. 

Since the single-level Breit-Wigner formula does not 
give a reasonable description of the U™® cross sections, 
the explanation of those cross sections lies in either the 
more general resonance theory which includes the 
effects of the interference between levels or in a break- 
down of the resonance theory. Interference between the 
levels of U** was first considered by Sailor.‘ There are 
many reasons to suspect that the interference between 
levels should be important for the fissionable isotopes. 

The single-level Breit-Wigner formula is strictly 
valid only when the widths, T,, of the neighboring 
resonances are much smaller than their spacing, D, 
from the resonance being considered. In the fissionable 
nuclei I',/D is frequently larger than 0.1. To be more 
precise, the capture width should be subtracted from 
the total width in this criterion since the capture width 
is really a sum of a very large number of partial widths 
each pertaining to the decay of the given level into one 
of the lower lying states. The reduced width amplitudes 
for capture presumably have sign fluctuations so that 


3J. A. Harvey and J. E. Sanders, Progress in Nuclear Energy 
(McGraw-Hill Book Company, Inc., New York, 1957), Series I; 
see also, H. Bethe, Progress in Nuclear Energy (McGraw-Hill 
Book Company, Inc., New York, 1957), Series I. 

*V. L. Sailor, Proceedings of the International Conference on the 
Peaceful Uses of Atomic Energy, Geneva, 1955 (United Nations, 
New York, 1956), Paper P/832. 
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it is very unlikely that the capture process can ever 
cause interference between the levels of heavy nuclei 
(see Sec. 2). 

In the nonfissionable nuclei the average level spacing 
is usually several orders of magnitude larger than the 
neutron width of any level. Where this is not so, as. 
for example, in Mn®*, it is necessary to consider inter- 
ference between the levels in order to describe the cross 
section accurately. This has been done for Mn* by 
Krotkov.5 In the nuclei U**, U™, and Pu™® the fission 
width is usually only about an order of magnitude 
smaller than the spacing between adjacent levels (the 
neutron width is much smaller). If the principal 
contribution to the fission width, I',y, comes from only 
a few fission channels then interference between the 
levels can occur. 

At first sight it would appear that each set of fission 
products in each state of excitation is a separate fission 
channel. However, Bohr* pointed out that in the fission 
process the nucleus passes through an intermediate 
state which is a shape deformation. Furthermore, if 
the energy is low enough then the number of these 
states is small. Bohr suggested then that the term 
channel should be applied to the intermediate states of 
deformation. In his picture many different sets of 
fission products arise in the same channel by small 
interactions between the particles in the channel during 
the existence of the intermediate state. If Bohr’s 
suggestion is correct then it should be possible to 
analyze resonances involving fission using only a few 
channels to describe fission. The distribution in size of 
the fission widths, as analyzed by Porter and Thomas,’ 
is in agreement with the idea that there are only a few 
fission channels. If there were many independent 
channels for fission the fission widths would be expected 
to remain constant from level to level as the radiation 
widths apparently do.* From the distribution in size 
of the fission widths Porter and Thomas inferred that 
there were two or three important fission channels. In 
this case the large fission width combined with the 
small level spacing of the fissionable nuclei can cause 
serious error in the application of the single-level 
formulas to the cross sections of these isotopes. 

The analysis of Sailor‘ showed that the shape of the 
cross sections could be changed considerably by the 
interference of resonances. The formulas he used were 
based on an analysis for which T',/D is small, where D 
is the average spacing between levels and, as is shown 
in the next section, under the assumption that there is 
only one fission channel. Neither of these assumptions 
are likely to be good for U™*. 

The present study was undertaken to show that the 


5R. Krotkov, Can. J. Phys. 33, 622 (1955). 

*A. Bohr, Proceedings of the International Conference on the 
Peaceful Uses of Atomic Energy, Geneva, 1955 (United Nations, 
New York, 1956), Vol. 2, p. 151. ; 

7C. E. Porter and R. G. Thomas, Phys. Rev. 104, 483 (1956). 

8 J. S. Levin and D. J. Hughes, Phys. Rev. 101, 1328 (1956). 
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low-energy U™* cross sections could be explained in a 
reasonable and simple way with the general Wigner- 
Eisenbud’.” theory. Toward this end the next section 
provides a method which is derived from the com- 
pletely general theory by only one weak assumption— 
that the analysis of the cross sections at a given energy 
can be made using only a small group of resonances. 
The method can be used for any of the fissionable 
isotopes. It involves only a few parameters: apart from 
the usual widths and. energies of the Breit-Wigner 
formula, only one extra parameter for each pair of 
levels of the same spin and parity. The application of 
this method to U*® is given in Sec. 3. 


2. MANY-LEVEL CROSS SECTIONS 


The resonance theory developed by Wigner and 
Eisenbud’” contains almost no specific assumptions. 
On the other hand, the theory is, in general, very 
complicated and contains a discrete infinity of free 
parameters. Simple expressions for the cross sections 
can be obtained for two types of approximations in 
which the cross sections are assumed to involve: (i) a 
few channels and an arbitrary number of resonance 
levels; (ii) a few levels but an arbitrary number of 
channels. Which approximation is the best depends on 
the physical situation. The generai formula for cross 
sections near a single resonance line is a special case 
of (ii). 

Of the two types of approximations to the general 
resonance theory the one which applies most naturally 
to the low-energy neutron cross sections of the fission- 
able nuclei is (ii). The reason for this fact is that the 
number and definition of the fission channels is ambig- 
uous and that, strictly speaking, the number of channels 
for resonance capture is very large. On the other hand, 
it will be shown below, and in Sec. 4, that even for 
resonances involving fission one needs to consider only 
a small number of resonance levels at a time. Thus 
approximation (ii), above, can be justified for the 
neutron cross sections of fissionable nuclei. In addition, 
the cross-section expressions derived from this approxi- 
mation require no explicit reference to the number or 
definition of the fission channels: indeed, the number 
of fission channels is deduced from the results of this 
method rather than being inserted into the method 
initially. 

The nature of the many-level approximation (ii), 
above, can be pointed out by examining the cross 
sections of the fissionable isotopes. As was pointed out 
in the preceding section the single-level formulas break 
down for these isotopes because [',/D for these reso- 
nances is only slightly smaller than unity. However, 


%E. P. Wigner, Phys. Rev. 70, 15 (1946); 70, 606 (1946); and 
E. P. Wigner and L. Eisenbud, Phys. Rev. 72, 29 (1947). 
10 For a summary of resonance theory the reader is referred to 
A. M. Lane and R. G. Thomas, Revs. Modern Phys. (to be 
ublished) or to E. Vogt, Nuclear Reactions [North-Holland 
blishing Company, Amsterdam (to be published) ]. 





RESONANCE 


if we consider in full detail all of the states lying in 
some small energy interval around the energy of 
interest we are ignoring only the overlap effects due to 
the many smaller amplitudes from the states outside 
this interval. The average magnitude of these smaller 
amplitudes falls off as (E,—)~' where E,—E is the 
energy separation between the distant states and the 
energy E, of interest. Even though the magnitude does 
not decrease very quickly, the sign of the small over- 
lapping amplitudes presumably fluctuates from one 
distant level to another (see Sec. 4) so that their actual 
contribution to the cross section near E should be small. 
A completely similar assumption about the distant 
resonances must be made for the single-level theory 
even when I')/D is very small. In the latter case the 
single-level formula has always worked very well. In 
considering all of the levels in an interval about £, 
the many-level theory [approximation (ii), above] 
should be valid whenever I',/(£,—£) is small for the 
ignored levels. As long as the interval contains at least 
several levels, I',/(£,— £) for the ignored levels will be 
much smaller than I'\/D, where D is the average 
spacing between levels. Thus, by taking enough levels 
at a time, the many-level theory [approximation (ii), 
above | for closely spaced levels ([\~D) can presum- 
ably be made as good as the single-level theory for 
widely spaced levels (I'\<<D). In the remainder of this 
section the many-level expressions for the cross sections 
of fissionable nuclei will be developed using the approxi- 
mation (ii) above. 

The commonly measured cross sections of the fission- 
able isotopes are the fission cross section, on,,, the 
scattering cross section, on,», the capture cross section, 
On,y, the total cross section gar(=¢n,ntOn, ston, 7), 
and the absorption cross section ¢nx(=@n,ytOn,s). 
Each cross section is integrated over the angles of the 
emitted particles. In the Wigner-Eisenbud theory’:” 
the general expression for a cross section, o.<, proceed- 
ing from an incident channel ¢ to an outgoing channel 
c’, integrated over the possible angles of c’ is 


© (2J+1) 


G4" GPS he Sabb ee BOD Ue? |, (1) 
kes (20+1)(2i+1) 


| cc’ 


where J is the spin of the target nucleus, 7 the spin of 
the incident nucleon, J the total angular momentum 
of the system, &, the relative momentum of the incident 
particle and the target nucleus, and U,.-” the collision 
matrix component of a given J referring to the channels 
c and c’. In addition to being integrated over all angles, 
(1) has been averaged over the possible polarizations 
of the incident nucleon and the target nucleus. For the 
low-energy neutrons which we are considering, only 
§ waves are important so that J/=/+} and the sum 
over J, in (1), contains only two terms corresponding 
to the two spins of the compound nucleus that can be 
reached by s-wave neutrons. In all of the cross sections 
which we are considering, there are these two species 
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of levels: as far as the cross-section calculations are 
concerned, the two species are treated completely 
independently. 

If we label the s-wave neutron channel by m then, 
in (1), c=» for each of our cross sections. The scattering 
cross section is on,n; the fission cross section is a sum 
of one over all the c’ which correspond to fission. 
Similarly, the capture cross section is a sum of one’ 
over all the channels corresponding to capture. The 
total cross section is a sum of op. over all c’ but, 
because of conservation laws, the collision matrix is 
always chosen to be unitary and symmetric, a fact 
which leads to the following simple expression for the 
total neutron cross section: 


T 
ear =De One =—— Ys 2g Re(1—Unn’), (2) 


where Re stands for the real part of the expression in 
parentheses, and g is the statistical spin factor: 


2J+1 
c= —_—_—_——.. (3) 
(27+1)(2i+1) 


(2) follows at once from (1) and the symmetry and 
unitarity of U/, that is, from 


De’ Ue Ue *=1, (4) 


where the asterisk indicates the complex conjugate. 
Equation (2) states that onr depends only on the 
diagonal component of UY pertaining to the incident 
s-wave neutron channel, and only linearly on this com- 
ponent. This fact makes onr particularly simple to 
calculate. 

In order to calculate the cross sections we must 
evaluate the components of the collision matrix, U,.-7, 
to be used in (1). It is at this stage that we write down 
the many-level form of the collision matrix." As is 
shown in Appendix A, U,..7 may be written 


U.et= erect oo Ft id yx (Tac)*(T ye )t4 ar], (5) 


where (I’,,)' is the square root of the observed partial 
width T’,, for the decay of the level \ into the channel 
c. The square root is to be taken with the sign appro- 
priate to the reduced width amplitude )., that is 


(Ty-)#= (2P.) yr, (6) 


where P, is the penetration factor of the channel c. 
The (T,.)# can, in general, have either sign. We use 
this notation to avoid referring explicitly to the pene- 
tration factors of fission and capture channels, which 
we shall neither use nor define. The ¢, of (5) are 
potential scattering phase shifts, that is, the sum of a 
Coulomb phase shift and a hard-sphere potential 
scattering phase shift. The only ¢y, we shall need are 
those for s-wave neutrons. In that case ¢,=— ka where 


1 E. P. Wigner, Revs. Modern Phys. 70, 606 (1946). 
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a is the radius of the nucleus. The A), of (5) was 
derived in Appendix A. The rows and columns refer 
to levels not to channels, and we must remember 
that the levels are of the same species since UY refers 
only to levels of a given spin and parity. The reciprocal 
of A has the components 

(A) y- =(k)\- E)by — Rid (Tye) *(T ae), (7) 
where c runs over all channels and £) is the resonance 
energy of the level X. 

The cross-section expressions (1) with the collision 
matrix components (5) and, in turn, the level matrix A 
determined from (7), are still those of the completely 
general Wigner-Eisenbud theory. However, in general, 
a physical scattering process involves an infinite number 
of levels so that the matrix inversion of (7) cannot be 
accomplished. We shall ignore all but a small number 
of levels so that the inversion (7) can be accomplished. 
With this one approximation we can use (1), (5), and 
(7) not only to write down but also to calculate the 
cross sections which are of interest to us. 

To simplify the expressions for the cross sections we 
define a reduced neutron width, T,,°, as 


r,%= 21). , (8) 


where E is the neutron energy (in ev). We have ab- 
sorbed the statistical spin factor into the definition of 
the reduced width. Then using the fact that 2/k,? 
= 6.52 105/E barns, where E is in ev, we obtain 


onrE'=6.52X 105 Re{ (1—e***)2gE-4 
pie tite Sy ye (Pan®) 8D arn?) tA an} 
+similar term for the other spin, (9) 
and 


ons 6.52X 10° ss 
(0. B= (J E-lEaraanry4 rrr |* 


OnX 


+similar term for the other spin, (10) 


where c refers to fission channels for o,,;, to capture 
channels for on,,, or to both for ¢,x. The scattering 
cross section, On, n, is 


On, »Li= (6.52X 10°)gE-3| 1—¢7 tke 
X{1+7D av (Tan)*(DPan)#A av} |? 


+similar term for the other spin. (11) 


Since there are assumed to be very many capture 
channels and the (T,.)! for these channels are assumed 
to fluctuate in sign, we can simplify o,,,E' at once to 


On, yEt= (6.52 105/2) 
XE a aary Pay(Parn®) 8D an?) tA aw Arae* 


+similar term for the other spin. (12) 


In (12), I',, is the total radiation width for the level X. 
If A~ (and therefore A) is assumed to be a diagonal 
matrix, then the cross-section expressions (9) to (12) 
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reduce to the sum of single-level contributions. It is 
this case which we have referred to above as the 
single-level formula. A~! will be diagonal if the sum 
Dee(Prc)*(Mx--)# of (7) vanishes for all \#)’. The fact 
that the cross terms between resonances in the cross 
sections vanish in this case is obvious for ¢nr from (9) 
and for o,, from (12). The single-level expressions for 
the cross sections involve four independent parameters 
for each level: E, and any three of 1), Tn, Tay, or Ty. 

When the nondiagonal elements of A~ are included 
in the cross-section calculations, terms arise which 
correspond to interference between levels. These inter- 
ference terms can be important in the low-energy 
neutron cross sections of fissionable nuclei. Their use 
will be described below and their importance in the 
cross sections of U*® is described in the next section. 
At first sight it would seem that the formulas for V 
levels (V>1) and nondiagonal A are difficult to handle 
because they involve inverting the complex matrix A~, 
and that this general case involves a large number of 
additional parameters—such as the signs of the (I',,°)! 
and the partial widths for individual fission channels— 
which did not occur in the single-level formulas. The 
first of these impressions is correct but the second is not. 
As is shown below, the cross sections are independent 
of the signs of the (IT’,,.°)4 and the only new parameters 
which occur in the cross sections are the N(N—1)/2 
off-diagonal components of A~', where .V is the number 
of resonance levels which are being considered. That 
the latter fact is so is evident at once from a look at 
Onn, nT, ANd ony, (9) to (12) above, which do not 
involve the partial fission widths. Since on, ;=o@n7—On, y 
—d¢n,n, this fact must also hold for c,, ;. 

To make the new independent parameters more 
perspicuous we shall look at the fission cross section 
itself. We define a vector g,; whose components refer 
to fission channels and are equal to (I.)!, where c 
refers to a fission channel. With this definition the 
nondiagonal terms of A~! are 


(A) y= — (1/2) Bry-Bvry  (AHD’). (13) 


We have neglected the contributions of the capture 
channels te (A~!),, since they are negligible because 
of sign fluctuations. The neutron channel is also neg- 
lected because the value of the neutron widths are so 
small: more precisely, for the fissionable isotopes, 
(T,n)4(C'x-n)! is always small compared to any I’, so 
that the contribution of the neutron channel to the 
off-diagonal elements of A~! is several orders of magni- 
tude smaller than any of the diagonal elements of A. 
Because of this fact we can neglect the neutron channel 
in the off-diagonal elements. Using the vectors g,, to 
write the fission cross section, (10), we obtain 


On, sE¥= (6.52X 10°/2) Da, 0,070 (Tan) (Pan) Gaery 
HergAar Arne, (14) 


Thus precisely the N(N—1)/2 parameters §),/- $y, 
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which occur in the off-diagonal elements of A~ also 
suffice for the description of the fission cross sections. 
The fission channels enter into the cross sections only 
in this way. 

To show that the cross sections discussed above do 
not depend on the signs of the (I’,,.°)! Lor, equivalently, 
on the signs of the (I',,)!], we look, first of all, at the 
signs of the Ay. From (8) and (13) it is apparent at 
once that changing the sign of the vector g,,; simultane- 
ously changes the sign of the components of A~ in the 
Ath row and the Ath column [ (A~!),, does not change 
sign |. Therefore the determinant of A~ does not change 
sign along with g,; but the co-factor of the element 
(A~),,, uv, does change sign. As a result the sign of 
A,, is proportional to g,,-g%,,;. Using this result an 
inspection of the cross sections, (9) to (12), shows that 
as far as signs are concerned the amplitudes (T,,,°)!— 
or (I',,)'—always occur as a product with g,,, and 
since the latter are assumed to have arbitrary signs, 
all the (T,°)! or (T,)! can be chosen to be positive 
without imposing any limitation on the cross-section 
description. No measurement Of on7, On, n; On, s, TnX, OF 
On, Will tell us anything about the sign of the neutron 
reduced width amplitude (I°,,.”)!. 

The N(N—1)/2 new parameters in the many-level 
cross sections are the scalar products, $,;- $,, between 
the vectors g,,. Since the length of these vectors is 
known, | $,;!?=I,,, each of the scalar products $y;- $y, 
can be characterized by the angle, # , between gy, 
and y's, that is, 


817° x" 7= | Bar| | Brxry| COSI’. 


For a set of N levels, and therefore V vectors g,,, we 
can always choose the unit vector g,,/|g,,| for the 
first level to be the polar axis. Then the same unit 
vector for the second level defines a polar angle (from 
its scalar product with the g,, of the first level) and, 
together with the vector of the first level, a plane from 
which the azimuthal angle of the next vector can be 
measured. Continuing in this way the \V vectors gy; 
map out a space of V dimensions, This means that the 
values of the g,/-%,-, determined by fitting an -level 
formula to the cross sections of fissionable isotopes 
can always be described in terms of only J fission 
channels. If it turns out that according to some natural 
definition of the concept fission channel there are a 
great number of such channels, for the purpose of our 
N-level fit we could have chosen V independent linear 
combinations of the original channels. The new linear 
combinations would suffice completely for describing 
the cross sections. Thus with the N-level fit we can 
never tell whether or not there are more than NV 
channels for fission. If there are less than NV channels 
some of the g,,; will be linear combinations of the 
other g);. 

It is important to remember that the N(N—1)/2 
parameters §)/-$,'y are not completely independent of 
each other. For example, if gy is approximately 


(15) 
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parallel to g,-, (that is, #,-~0), then for any third 
vector $,, we must have #)\~d,-,. To make sure 
that the g,,/-$,-, actually correspond to the scalar 
products of a set of N vectors, it is simplest to obtain 
the scalar products by first constructing the vectors as 
outlined in the preceding paragraph. An example of the 
construction is given in Table I of the next section. 

Although the values of the scalar products $y,- $y’, 
are not directly related to the number of fission chan- 
nels, the average size of these scalar products is. For 
example, if there is only one fission channel all the gy; 
are “parallel’’ or “antiparallel,” that is cos#,,=+1. 
For more than a few levels it would be very unlikely 
to find the g,, closely parallel if there were more than 
one channel of importance in the fission process. 
Similarly if the fission process can proceed at an 
appreciable rate through a large number of channels we 
would expect all of the scalar products, $,;-$,- to 
vanish, that is #\,,~-+7w/2 so that the vectors gy; are 
mutually perpendicular. This fact would be true if the 
components of the g,, have random sign fluctuations 
from level to level. If the fission process is assumed to 
occur with equal probability in exactly m channels, 
then the average value of cos, for random sign 
fluctuations of the components and a Gaussian distri- 
bution’ of their sizes is the average value of | cosd 
over a sphere in m dimensions, # being the polar angle. 
The magnitude of the average scalar product calculated 
in this way is 

. (m—1)! 

m odd 


(le080iw l= rae" 


2(m—1)! 1 
ee ae 8 5 
=[2/r(m—1) }}, 





, m even (16) 


m large. 


The variation of the magnitude of the average scalar 
product, (16), with the number of fission channels m 
is shown on Fig. 1. Thus when the interference param- 
eters $,/-$,'y have been computed by fitting the cross 
section, Fig. 1 can be used, with the average of the 
interference parameters taken as in (16), to give a 
rough indication of the number of channels which are 
important in fission. 

To illustrate the effect of the interference terms on 
the cross section, the contribution of the $);-$,-; term 
to the cross section has been calculated, where X is the 
0.29-ev resonance of U*® and X’ the 1.13-ev resonance 
of the same element. The calculation was made by 
taking the difference between the successful four-level 
fit of Fig. 3 to the U** data for the total cross section 
and the values of the total cross section obtained by 
setting $,/-%';=0 for the two resonances, leaving all 
the other parameters the same. Since the value of 
cosd,,, was approximately —1 for the fit of Fig. 3 (see 
Table I) the result obtained in this calculation shows 
the maximum contribution of the interference from two 
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Fic. 1. The average value, (|cos®)-|), Eq. (16), of the inter- 
ference parameters (15) as a function of the number of fission 
channels, m. 


particular resonances in the presence of other inter- 
fering resonances. The result is shown by the dashed 
curve on Fig. 2. As is evident from Fig. 2, the inter- 
ference term between these two resonances makes an 
appreciable contribution to the total cross section of 
U™* even though these resonances are not larger than 
average and are not very close together. 

The important property of the cross-section contri- 
bution from the interference of a given pair of levels is 
that it changes sign very near the resonance energy of 
each of the two levels. Furthermore, the absolute value 
of the contribution has four maxima of roughly equal 
size, one on each side of both resonances. The maxima 
occur at energies differing from the energy of the 
nearest resonance by the half width, [,/2, of the 
resonance. The minimum in the absolute value of the 
contribution midway between the two resonances is 
deeper when the separation of the resonances is greater. 
The sign of the interference contribution is determined 
by the sign of $,7- $y. A rough approximation to the 
interference contribution, ¢,r®*”, of the resonances \ 
and }’ to the total cross section is given by 


ont?) Et = 6.52X 105 cosy, 
(Ey, — E) (Ey — E) (Tan yr T aT x7)! 
x ’ 
[(E,— E)?+ (1/2)? IL (Lx— E)?+ (Py-/2)7] 


which is the approximate formula used by Sailor* if we 
set cos, =1 and Tyy=Ty, Ty-y=Ty-. This approxi- 
mation is not necessarily very accurate, as is shown on 
Fig. 2 by a comparison of (17) with the actual o,7r”) 
as computed above. It can be shown to be a good 
approximation for the interference between a pair of 
levels belonging to a set of well-separated resonances, 
and it can be used to give rough quantitative estimates 
of the importance of the interference terms. 

The interference described on Fig. 2 shows that we 
must always pay a price for the contribution to the 





cross section from these terms. If we choose them to 
contribute constructively at one energy, they will 
always contribute destructively—in roughly equal 
measure—at some other energy. Because of their change 
in sign at resonance energy. the interference terms can 
cause a shift in the position of the peaks from the 
energies F. 

The fact that the approximate treatment of inter- 
ference by means of (17) is only very rough means that 
we must use the complete expressions (9) to (12) in 
the cross-section computations. Although the actual 
number of parameters is not large the computation 
becomes laborious for more than two levels. 


3. ANALYSIS OF U** CROSS SECTIONS 


Of the various low-energy neutron cross sections 
that can be measured, detailed data are available, in 
U5, only for onr and o,, s. Because of the complication 
of Doppler broadening in the higher energy resonances, 
the analysis of this section will limit itself to o,r and 
on,7 below 2 ev in U*, The fact that o,,, OF on, have 
not been measured in detail for U™* is not disturbing. 
A crude analysis of the two peaks below 2 ev in U™® 
shows that for these peaks the neutron width is about 
10* times smaller than the total width so that the 
resonance scattering is at most a small fraction of a 
barn, compared to the potential scattering of about 12 
barns. Thus ¢», » is smooth and fairly constant at about 
12 barns (see Fig. 4) and therefore o,,, and o,x can 
both be deduced from onr and o,, 7. We shall apply the 
method of the preceding section to the analysis of oar 
and o,,s. Figure 3 gives the data of Sailor and Shore! 
for o,, + and o»r below 2 ev, and, in addition, the world 
value” of these cross sections at thermal energies. 
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Fic. 2. The contribution of the interference between the 
0.29-ev resonance with the 1.13-ev resonance to the total neutron 
cross section of U** as a function of the neutron energy, En. 
The solid curve corresponds to the approximation (17), the 
dotted curve to a calculation of the contribution as made with the 
many-level theory in Sec. 2. 

2 At the 1957 meeting of the American Physical Society, L. 
M. Bollinger, reported a thermal fission cross section five percent 
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In describing o,r and o,,; we shall from the outset 
use only one negative-energy resonance. We also note 
that the sharp resonance at 2.04 ev has a small total 
width and from ¢nr/on,7 at resonance, a very small 
fission width so that it doesn’t interfere appreciably 
with any other resonances. It can therefore be treated 
by the single-level formulas, regardless of its spin. The 
contribution of the 2.04-ev resonance to the cross 
section is negligible below 1.7 ev. The analysis was 
begun by assuming that the negative-energy resonance, 
the 0.29-ev resonance, the 1.13-ev resonance, and one 
of the resonances (see reference 1) between three and 
four ev had the same spin. If the former three resonances 
do not all have the same spin, this fact will emerge 
from the analysis inasmuch as it should then be possible 
to choose the g,, for one of the resonances to be perpen- 
dicular to the g),’s of the other two. If this turns out 
to be not possible, this fact is strong evidence that 
these levels actually have the same spin. The details of 
the one high-energy resonance chosen are unimportant 
—we could as well have chosen one level at, say, 8 ev. 
The high-energy resonance was included to illustrate 
the effect it has on the cross sections above the energy 
of the 1.13-ev level. Below this energy it makes no 
appreciable contribution. In the language used at the 
beginning of the preceding section, the contribution of 
the high-energy resonance will tell us how important 
the “external” resonances are at the edge of the energy 
interval whose resonances are being considered. 

First of all, an attempt was made to fit the cross 
sections of U*® with a negative-energy resonance near 
zero energy and therefore of reasonable size. By use of 
the optimum interference between such a level and the 
two positive-energy resonances (below 2 ev) the cross 
sections can be increased sufficiently at 0.70 ev to 
bring them into agreement with the observed cross 
sections. The amount of interference required to do 
this is, roughly, the maximum possible; the g,, of the 
negative-energy resonance is parallel to that of the 
0.29-ev level and antiparallel to that of the 1.13-ev 
level, as in the case of a single fission channel. This 
amount of constructive interference at 0.70 ev is, how- 
ever, balanced by a large amount of destructive inter- 
ference at 0.15 ev and at energies above 1.13 ev. The 
two resonance peaks are then very asymmetrical. This 
fact precludes the possibility that the negative-energy 
resonance is near zero energy and of average size. 

We then put the negative-energy resonance increas- 
ingly further from zero energy and make it correspond- 
ingly larger so as to fit the thermal cross sections. We 
do not have to go as far as is necessary in the single- 
level analysis,** that is up to —1.4 ev, because we can 
now receive assistance from interference. The size of 


higher than the world value used on Fig. 3. If his thermal cross 
section is correct then all the fission cross section data of Fig. 3 
should be increased by this amount since they were normalized 
with the world value of the thermal fission cross section. In turn, 
the fission widths in our analysis of U** should then be increased 
by the same five percent, all other parameters being left the same. 
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the interference terms necessary to fit the cross sections 
at 0.70 ev becomes smaller as the negative-energy 
resonance moves from the origin—because the negative 
energy resonance makes an increasingly larger direct 
contribution. For the same reason the Ty, T),, and Ty, 
of the 0.29-ev resonance become increasingly smaller. 

It was pointed out above that the strong interference 
which is present if there is only one fission channel 
makes the observed peaks too asymmetrical when the 
negative-energy resonance is near zero energy. This 
effect becomes even stronger when the negative-energy 
resonance is placed further from zero energy, because 
the amplitude of the negative-energy resonance be- 
comes larger at the positions of the positive-energy 
resonance. It seems almost certain from this fact that 
U** cannot be analyzed in terms of a single channel for 
fission, as long as one invokes the use of only a single 
negative-energy resonance. 

By the time that the negative-energy resonance has 
gone as far as —0.8 ev from zero neutron energy 
(roughly half the way toward the energy required by 
the single-level picture)* the amount of constructive 
interference required to fit the 0.7-ev cross sections is 
only about half of the maximum possible. As pointed 
out above, the maximum interference was needed when 
the level was near zero energy. For this value of 
E)(=-—0.8 ev) the cross sections onr and on,7 can be 
fitted everywhere up to 1.2 ev to within the one or two 
percent error in the data. However, the interference 
parameters $,;- "7 required to to produce such a fit 
still provide too much destructive interference in the 
vicinity of 1.4 ev. Roughly speaking, it would require 
the optimum interference from several of the stronger 
levels above 2 ev to fit the cross section at 1.4 ev as 
accurately as at lower energies. This is invoking too 
much help from external levels. 

One needs to proceed only slightly further from zero 
energy. Figure 3 shows the fit that is obtained at 
E,=—0.95 ev for the one negative-energy resonance. 
The remaining parameters are given in Table I. The 
calculation was carried out using (9) and (14), pro- 
grammed for the Chalk River Datatron computer. 
No approximation was made in these formulas. One of 
the resonances from above 2 ev was used, interfering 
moderately with the —0.95-, the 0.29-, and the 1.13-ev 
resonances. Thus four levels were employed—the 2.04- 
ev resonance was ignored since no attempt was made 
to fit the cross sections near 2 ev. 

Of the six possible interference parameters, $y: $y-s, 
in the four-level formulas only three independent ones 
were required for the fit of Fig. 3. This means that our 
fit allows the possibility that there are only two inde- 
pendent fission channels, a fact which is brought out 
clearly by the vectors g,; of Table I. The fact that 
such a two-channel fit was possible does not imply, 
even mildly, that there are only two fission channels. 
Its meaning lies in the fact that the other three inter- 
ference parameters, even when they are of moderate 





ERICH VOGT 











| 





0.5 


1.0 


Ee. (ev ) 


Fic. 3. The’data for the total neutron cross section, o,7, and the fission cross section, o»,s, of U*as a function of the neutron energy, 
E,. The solid points (upper set of data) are the data of reference 1 for nr and the crosses (lower set of data) are the data for ons 
from the same reference. The world values of the thermal cross sections (i.e., at 0.025 ev) are also shown. The solid curves are the 
many-level fit to the data, as discussed in Sec. 3. The parameters of the fit are given in Table I. 


size, do not contribute much to the cross section. The 
important interference parameters are those involving 
the scalar product of g,, for the strong negative-energy 
resonance with the vectors of the other three resonances. 
The value of the average (cos#,,-) is 0.530 for the six 
interference parameters, which lies close to the average 
expected for three fission channels (see Fig. 1). 

The fit of Fig. 3 is about as good as the data every- 
where up to about 1.3 ev. In the vicinity of 1.5 ev both 
of the computed cross sections are too low. The cross 
section in that region depends on the resonances above 
2 ev. The contribution from a higher energy level can 
be chosen to interfere so that it makes an appreciable 
contribution at 1.5 ev without affecting the cross section 
elsewhere. The 3.14-ev resonance used in Table I, i.e., 
on Fig. 3, was used in this way. Its contribution at 
1.5 ev is twice the difference between the computed and 
observed cross sections at that energy. Thus only a 
minor contribution from the higher energy resonances 
is required to fit the cross sections up to 2 ev. 

The fit of Fig. 3 is fairly unique. The position of the 
negative-energy resonance cannot be placed much 


further frorn zero energy than —0.95 ev. In the single- 
level fit®* the slope of the computed cross sections near 
zero energy was very small, a fact which was corrected 
by assuming the existence of a second negative-energy 
resonance near zero energy. On Fig. 3 the slope of the 
computed cross sections near thermal energies is much 
greater than in the single-level fit without the addi- 
tional negative-energy resonance. The difference in 
slopes is due to two facts of almost equal importance. 
First, from the fact that the negative-energy resonance 
of Table I is closer to thermal energies than the similar 
resonance in the single-level fit; second, from the 
interference between the negative-energy resonance and 
the 0.29-ev resonance. The interference contributes a 
dip near 0.20 ev. Because of the two facts we get away 
without the additional resonance near zero energy that 
was necessary for the single-level fit. However, if we 
move the negative-energy resonance of Table I further 
out—even by 0.15 ev to —1.10 ev—the decrease in 
slope at thermal energies must be compensated for by 
more interference between the negative-energy reso- 
nance and the 0.29-ev resonance. This, in turn, makes 
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TABLE I. The many-level fit to U* of Fig. 3. The table contains the parameters employed in the many-level fit of Fig. 3. The second 
column gives the level energy, the third column gives the total level width, the fourth column is the reduced neutron width (8), and 
the fifth column gives the fission width. The vectors g,, are defined in Sec. 2. In the table the vector gr, was chosen as the polar axis 
so that it has a component only for “channel 1” (see Sec. 2). Channel 2 was chosen so that g2, had nonzero components only for it 
and channel 1. The components of g3, in channel 3 and gy; in channels 3 and 4 were chosen to be zero since these do not affect the 
cross sections appreciably. (Such a choice makes the fit compatible with a two-channel picture for fission.) Since the length of each 
£,, is connected to Tyy, | $,7|2=Ty,, only three of the seven nonzero components are not derivable from I',,. The interference parameters 
cos®y’, listed below, were defined by (15). I'y,y, which is also given below, is !yy=l—Tyy—T\n~T,—Tyy. Quantities derived from the 
table are cos#;2=0.148, cos#;;= —0.326, cos@14= —0.707, cos#e;= —0.906, cosde,= 0.630, cosé34= —0.452, and thus (|cos0;;|)= 0.53. 
In addition, I"},=0.028 ev, I'2,=0.029 ev, T'3, =0.044 ev, and I'y, =0.031 ev. 


r,.° Ty 


10-*(ev 4 


1.49 
0.00570 
0.0157 
0.0182 


the 0.29-ev resonance too asymmetrical so that we 
cannot make such a change in the energy of the nega- 
tive-energy level without invoking the use of an addi- 
tional state. The size of the important interference 
terms cannot be changed much without disturbing the 
shape. 

The size of the huge negative-energy resonance has 
been decreased by a factor of two from the single-level 
analysis.** This leaves it still a very large resonance 
but quite comparable now to the state at 35 ev in U*. 
The present fit makes it appear almost certain that a 
negative-energy resonance as strong as this is a fact 
of nature for U*®. The one strong resonance could be 
replaced by two weaker resonances, each one-third as 
strong if their mutual interference is optimum. This 
possibility, or the consideration of any larger number 
of negative-energy resonances seems less attractive 
(because it involves more free parameters) and is 
certainly no more probable. 

It seems highly likely that the 1.13-ev resonance 
has the same spin as the negative-energy resonance 
because we cannot move the latter (without invoking 
the use of additional resonances) and at its present 
position it must interfere with the 1.13-ev state to 
describe the cross section. The evidence for the fact 
that the 0.29-ev resonance also has the same spin is 
weaker since this resonance is weaker and its inter- 
ference terms are therefore less important. In the 
present analysis it seemed difficult to avoid using the 
(0).29-ev resonance as interfering with its two neighbors. 

Some independent evidence toward the confirmation 
of the above analysis of U*® is given by the few data 
for the scattering cross section, o,, ». It was pointed out 
in the beginning of this section that the resonance 
scattering from the 0.29- and 1.13-ev resonances was 
negligible compared to the potential scattering cross 
section. However a negative-energy resonance of the 
size needed for the fit of Fig. 3 can contribute appreci- 
ably to o,»,, particularly through the interference of 
resonance and potential scattering. The value of on, n, 
computed from (11) with the parameters of Table I, is 


“channel 1" “channel 2" 


“channel 3" “‘channel 4"’ 


0.411 
0.047 
—0.113 
—0.278 








shown by the solid line of Fig. 4. The most recent data” 
for o,,, are also shown on the figure. The broken line 
of Fig. 4 gives the potential scattering, 42a? computed 
with a radius [a=1.32X (A!+1)X10-" cm) ] chosen 
to make ¢,,,, at 0.27 ev coincide with the experimental 
value at that energy. The large deviation of o,,, from 
4ra’ is caused by the negative-energy resonance. The 
effect of the 0.29- and 1.13-ev resonances on @n,n iS 
clearly evident on Fig. 4. The few experimental points 
on Fig. 4 agree with the computed curve and therefore 
with a negative-energy resonance of the size given by 
Table I. The present data for o,,, are not very com- 
patible with an increase in the size of the negative- 
energy resonance by a factor of two as required by the 
single-level fit.4* The agreement of Fig. 4 would also 
be made worse by decreasing the size of the negative- 
energy resonance by a factor of two. 

When the single-level fits'* to the U*® data were 
made, a few years ago, the old data‘ for c,,, implied 
the existence of a larger negative-energy resonance 
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Fic. 4. The scattering cross section on,, of U* as a function 
of the neutron energy. The experimental data of reference 13 are 
shown as open circles with bars indicating the probable error due 
to counting statistics. The solid line is the value of op, , computed 
from (11) with the parameters of Table I. The broken line, 47a’, 
is the computed nonresonant part of on, n. 


3H. L. Foote, Jr., Phys. Rev. 109, 1641 (1958) 
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than that of Table I: the value of o,,, at 0.27 ev was 
then 18.3 barns instead of 14.7 barns. At that time the 
data for on, were actually strong supporting evidence‘ 
for the large negative-energy resonance of the single- 
level fit. We are fortunate that the new data for on, » 
prefer our picture to that of the single-level fit. 


4. CONCLUSIONS 


The analysis of the cross sections of fissionable nuclei 
was begun to determine whether or not a reasonable 
and simple description of the cross sections could be 
made with the Wigner-Eisenbud resonance theory. 
The preceding sections of this paper have shown that 
the general resonance theory, with one approximation 
(consideration of only a finite number of levels), could 
be used in a straightforward manner for the description 
of the cross sections of these nuclei. The derived 
method does not make explicit reference to the number 
or definition of the fission channels but can yield 
information on the number. Again without referring 
to the fission channels, we can say something about the 
justification for neglecting the distant levels. It was 
shown in Sec. 2 that the sign of the interference term 
between any pair of levels, \ and \’, was given by 
(Tn)? (Pa-n°)*8a-Bxy. From considerable experience 
with the cross sections of nonfissionable nuclei, we 
suspect that the reduced neutron widths, (I',,°)!, have 
random sign fluctuations. Therefore, even if the vectors 
€,, for a large number of levels are strongly correlated 
the signs of the interference terms will still have 
random sign fluctuations. The interference from the 
many distant states will therefore cancel regardless of 
the fission process. Consequently our principal assump- 
tion should be a good one. 

The application of our method of analysis to the U*® 
cross sections has given a good fit to the data below 
2 ev. It has given evidence for the fact that there are 
only several channels important in the fission process 
and that the 0.29-ev and the 1.13-ev resonance have 
the same spin as the large negative-energy resonance 
near —1.0 ev. Many artificial features of previous 
analyses have been removed: only one negative-energy 
resonance was required and no additional resonances 
at positive energies. An equally good or better fit could 
have been obtained by using two negative-energy 
resonances, say one of each spin type. However, such a 
fit would be less desirable (because it involves more 
arbitrary parameters) than the present one and un- 
necessary (because the present fit is about as good as 
the data). 

We are still left with an uncomfortably large negative- 
energy resonance. The I’,,” of this resonance is smaller 
than in previous fits by about a factor of two—which is 
important in the determination of the probability of 
finding a resonance as large as this. According to the 
Porter-Thomas distribution’ the probability that a 
given level has a T',,° of at least this size lies roughly 
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between 0.1 and 0.01%. A level with twice the T},° is 
less probable by several orders of magnitude. 

It has been suspected for some time that the need 
for a huge negative-energy resonance is common to the 
common fissionable isotopes, U**, Pu™*, and U™*, Such 
a fact would be very disturbing. The proof of such a 
fact must await the analyses of the cross sections of the 
former two isotopes by the methods of the present 
paper. A preliminary fit’ of the data? for Pu®® up to 
the second resonance at 7.8 ev did not meet such a 
difficulty. Without interference a huge negative-energy 
resonance was required to describe the cross section in 
the vicinity of 3 ev. With interference one negative- 
energy resonance with a I,,” only three times average 
(therefore a 25% probability, see above) was needed, 
in addition to the first few levels at positive energy, 
to fit the data everywhere up to 7 ev. 
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APPENDIX A. MANY-LEVEL FORM OF THE 
COLLISION MATRIX 


In the usual form of the Wigner-Eisenbud resonance 
theory,®"® the collision matrix is written in matrix 
notation (with all rows and columns referring to chan- 
nels) as 


J = k*(O— RO’ — ROO) (I— RI'— RoI) k-4, 


where the matrices R and 0 refer to the stationary 
states of the compound nucleus which are characteristic 
of the Wigner-Eisenbud theory, and the matrices k, O, 
O’, I and I’ refer to the wave functions of the various 
reaction alternatives or channels. More specifically, 
b is a diagonal matrix whose diagonal components, 6,, 
are the arbitrary set of boundary-condition numbers 
which, together with the Hamiltonian of the compound 
nucleus define the stationary states X, of the resonance 
theory: b, is the negative of the logarithmic derivative 
of X, at the nuclear surface. R is the matrix whose 
components R,-’ are 


Re =>_) yreVne'/(Ex— E), (A.2) 
where 7,- is the reduced width amplitude for the decay 


(A.1) 


«4 FE, Vogt (unpublished). 
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of the state X, into the channel ¢ and £) is the char- 
acteristic energy of the stationary state X,. The sum 
in (A.2) runs over all the states. 

The matrices (k)' and (k)~? are diagonal matrices 
whose diagonal components are, respectively, (&.)! and 
(k.)*, ke being the relative momentum of the channel 
c. I, I' and O, O' are also diagonal matrices. The 
diagonal components, J, and O,, of J and O are, respec- 
tively, the radial wave functions of incoming and 
outgoing waves evaluated at the nuclear surface, r,= dp. 
The diagonal components, /,’ and O,’, of J’ and O’ are 
the derivatives with regard to r, of J, and O,, also 
evaluated at r.=a,. The radial wave functions are 
normalized so that 


O/T —1.'O.=2ike. (A.3) 


For the derivation of (A.1) and a more complete 
discussion of the quantities involved in it the reader is 
referred to the original papers by Wigner and Eisenbud® 
or the review by Lane and Thomas." The expression 
(A.1) is the familiar form of the collision matrix in the 
resonance theory. The purpose of the present Appendix 
is to derive the many-level form of U from (A.1). The 
derivation of this less familiar form of U was first 
given by Wigner." 

To simplify the derivation of the many-level form 
of U we define a diagonal matrix, L: 


L=0'0"'+5b (A.4) 


in terms of which (A.1) may be written 


U=kO(1—RL)“(1— RL*)Ik-}, (A.5) 


where the star implies the complex conjugate. (A.5) 
follows from the fact that 7*=0 and J'*=O’. For a 
large number of channels the matrix inversion of 
(1—RL)“ may be very difficult. The problem of the 
inversion of a matrix whose rows and columns refer to 
channels can be converted into a problem involving 
the inversion of a matrix whose rows and columns refer 
to levels, not channels. To accomplish the conversion 
we define a level matrix A), by 


LIL— RL) Jarre = beret Doan YrerYn'e-LerArn. (A.6) 


To determine what A): is, we multiply both sides of 
(A.6) by (1—RZ)ce and sum over ¢”, obtaining 
DerlSeer— Da rw enrrerLer'/ (Ex — E)} 

Xx {Sco + Dan’ Vre'"Yne' Ler A rr} = See’, 


(A.7) 
which is 


Doan (yrcvnre'Ler)[—byx (Ex— E) + Aaa: 


— Dove Ex Anrn/ (Ex E) J=0, (A.8) 


where 
Exner = Doers YrerVarrerLer. (A.9) 


The components of £ also refer to levels not channels. 
£ is a complex matrix whose real part, —A, leads to 
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level shifts and whose imaginary part $:T leads to level 
widths. 

Since (A.8) must hold for arbitrary values of 7. 
and y,-. we can set the square bracket of (A.8) equal 
to zero for each \ and ’ separately. From (A.8) we 
have, therefore, 


(A) y= (Ex— E) bx — Ew. 
The components of A itself can be obtained from 


(A.10) by simply inverting the level matrix A~. 
We can use (A.8) and (A.6) to obtain at once 


[(1—RL)"(1—RL*) ce 
-_ Seer tL wwYrcyne’A Ary’ (Le —L,*). 


In order to arrive at the desired result for U’...7 we 
define the level width 


(A.10) 


(A.11) 


l'}.= — i(L.—L,.*)yn2, (A.12) 


and note that the radial wave functions normalized 


according to (A.3) yield immediately that 


kfO0. UV whe 


=etlectoel (L.—L.*)/(Le—Le*) }', (A.13) 


where ¢, is the sum of a Coulomb phase shift and a 
hard-sphere potential scattering phase shift. The 
product of (A.13) and (A.11) yields 


U cq = et eet oe Be tid an (Vac)? (Pye) *A aa’ ], 


where 


(A.14) 


(T,.)*=[—i(L.—L.*) xc. (A.15) 


The result (A.14) is the one required in Sec. 2. 

The matrix A to be used in (A.14) is computed from 
(A.10). For the low-energy cross sections of the fission- 
able nuclei we can ignore the real part, A, of € which, 
in general leads to shifts in the energies of cross-section 
maxima from the level energies £,. For s-wave neutrons 
O.'/O,. is imaginary and the proper choice of b, for this 
channel is }.=0. Thus the s-wave neutrons cannot 
contribute to A. For the fission channels (as well as for 
the radiation channels) the definition of O,’/O, is not 
clear. However it should be true that the value of 
O.'/O, does vary much in an energy interval of a few 
electron volts near the neutron binding energy so that 
we can choose the constant }, for these channels to 
make A vanish. The use of (A.9) and (A.15) in (A.10) 
gives directly Eq. (7) of Sec. 2. 

The expression (A.14) for U7 is useful whenever 
the matrix A~' can be truncated so that only a few 
rows and columns of A and A™ are involved in the 
inversion (A.10). This truncation is equivalent to the 
neglect of all but a few of the resonances. It is possible 
to include some of the effects due to the bulk of the very 
distant resonances in an approximate way. For example, 
giant resonances in the neutron strength function 
several Mev away from the energy of interest could 
make an appreciable contribution R,,,% to the diagonal 
element of R which refers to neutron channels. Such an 
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Ran” would change the “radius” of the potential 
scattering in our cross sections. However, for the 
fissionable nuclei, R,,.” is expected to be small compared 
to the radius, a, because these nuclei lie almost halfway 
in between the 4s and 5s peaks in the s-wave neutron 
strength function. Consequently we have not included 
R,.” in the discussion above or in Sec. 2. 

The truncation of the matrix A~ refers actually only 
to the off-diagonal components. We can include, in 
addition to the small set of levels whose interference is 
considered exactly, any number of levels for which 
only the diagonal component of A~ is retained. These 
additional levels then appear in the analysis exactly as 
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they do in the single-level formula. As pointed out in 
Sec. 4, the contributions to the cross section from 
interference between a level close to E and the many 
levels far away will roughly cancel because of sign 
fluctuations. Therefore the contribution to the cross 
section of the neglected levels—the nearest neglected 
levels as well as those very far away—can be treated 
with the single-level formula. These contributions can 
be important. The very distant levels, as discussed 
above, will make a contribution R,,,” to the scattering 
length, which has been neglected. The effect of the 
nearby neglected levels, estimated in the above way, 
is unimportant for U™* but is significant in Pu, 
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Scattering of Low-Energy Neutrons by Deuterons*t 
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Neutron-deuteron scattering lengths are calculated by a new variational method which makes provision 
for polarization (space distortion) of the deuteron. Central Gaussian potentials are employed to represent 
the two-body interaction, and the trial function is also Gaussian in nature. The results indicate that polar- 
ization is not important in either spin state, except for that which is automatically provided by the exclusion 
principle. The calculated scattering lengths are not in good agreement with either of the two experimentally 


allowed sets. 


I. INTRODUCTION 


HE nuclear three-body problem provides a logical 
first test of any conclusions drawn from the 
two-body data concerning the nature of nuclear forces. 
For the description of low-energy phenomena, these 
conclusions are adequately expressed in terms of a 
static potential which is charge-independent, contains 
a tensor component, and has a definite spin dependence. 
The low-energy two-body data do not specify the exact 
shape of the potential and yield no information con- 
cerning the interaction in states of odd parity. They 
are not incompatible with the existence of a repulsive 
core at small separation, which is indicated by experi- 
ments at higher energies. 
Calculations on the three-nucleon bound state are in 
general agreement with these conclusions. It is known, 
for example, that purely central forces, chosen to fit 


* Supported in part by the U. S. Atomic Energy Commission 
and the Office of Naval Research. A preliminary report of this 
research appeared in Bull. Am. Phys. Soc. Ser. II, 2, Mt (1957). 

+A major portion of this research was performed while both 
authors were at Massachusetts Institute of Technology, Cam- 
bridge, Massachusetts. Part of it was submitted by L. Sartori to 
the Physics Department of MIT in partial fulfillment of the 
requirements for the degree of Doctor of Philosophy. 


the deuteron’s binding energy, lead to too much binding 
for the triton, whereas the“inclusion of a tensor force 
brings the calculated binding energy into reasonable 
agreement with experiment.' The addition of repulsive 
cores to the central potentials does not appear to alter 
this result,? although the effect of including tensor 
forces and hard cores together has not been calculated. 
Again, little information is obtained from the triton 
concerning the odd-parity two-body interaction, be- 
cause the ground state is almost completely space 
symmetric.' In the scattering problem, however, the 
spatial wave function must necessarily have an anti- 
symmetric component, so the results may be sensitive 
to the odd-parity two-body potentials even at very low 
energies. 

In the limit of zero energy, the n-d scattering is 
characterized by two parameters, the quartet and 
doublet scattering lengths a, and a2. Unfortunately, 
these parameters have not been uniquely determined 
experimentally. There are two possible sets of scattering 


1N. Svartholm, thesis, University of Uppsala (Hakan Ohlssons 
Boktryckerei, Lund, 1945); R. L. Pease and H. Feshbach, Phys. 
Rev. 81, 142 (1951). 

2H. Feshbach and S. I. Rubinow, Phys. Rev. 98, 188 (1955). 
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lengths, each in agreement with the existing data, viz.,° 


a= 6.4 f 


se I, [1 fermi(f)=10-" cm] 


a.=0.7 f 


a= 8.3 f 


An experimental resolution of this ambiguity is clearly 
desirable, but it requires the use of polarized beams on 
polarized targets. From a theoretical viewpoint, one 
is faced with a three-body Schrédinger equation, in 
which the potential must include a tensor force in order 
to be realistic. If an accurate solution of such an 
equation had been attained, and this solution agreed 
with one of the experimentally allowed sets of scattering 
lengths, then one could conclude with some confidence 
that this must be the physically correct set. A lack of 
agreement with either set would also be significant. 
It could, for example, be interpreted as evidence for 
the existence of three-body forces. 

However, the three-body problem is so complicated 
that a large-scale computational effort is required to 
achieve a solution even if tensor forces and hard cores 
are not included in the potential. For this reason, while 
many attempts have been made to solve the scattering 
problem, each one has assumed monotonic central 
potentials, with a spin dependence chosen to give 
agreement with the deuteron binding energy and the 
two-body scattering data. Such a potential is then 
necessarily in disagreement with the binding energy of 
the triton. 

It is our opinion that the neglect of tensor forces 
a priori precludes any such ambitious goal as a theo- 
retical resolution of the scattering length ambiguity. 
Indeed, there appear in the literature numerous calcu- 
lations and qualitative arguments which point both to 
the scattering lengths of set I°-* and to those of set II”~* 
as being the physically correct ones. 

Christian and Gammel” have concluded that set I is 
correct, after solving numerically a one-dimensional 
integral equation derived from the Schrédinger equation 


3D. G. Hurst and J. Alcock, Can. J. Phys. 29, 36 (1951); 
Wollan, Shull, and Koehler, Phys. Rev. 83, 700 (1951). 

‘In principle, the experiment is straightforward. Since the 
quartet scattering is dominant in set I and the doublet is dominant 
in set II, one need only observe whether the total cross section 
increases or decreases when the polarization of the neutron beam 
is reversed. However, the major problem is that of obtaining a 
sufficiently polarized deuteron target. A group at Brookhaven 
National Laboratory is preparing to undertake the experiment. 
[V. Sailor (private communication). } 

5L. Motz and J. Schwinger, Phys. Rev. 58, 26 (1940). 

*A. S. Davidov and G. F. Filippov, J. Exptl. Theoret. Phys. 
(U.S.S.R.) 31, 340 (1956) [translation: Soviet Phys. JETP 4, 
267 (1957) ]. 

7F. G. Prohammer and T. A. Welton, Oak Ridge National 
Laboratory Quarterly Report, ORNL-1005 (unpublished). 

8M. M. Gordon, Phys. Rev. 80, 111 (1950). 

® A. Troesch and M. Verde, Helv. Phys. Acta 24, 39 (1951). 

” R. S. Christian and J. L. Gammel, Phys. Rev. 91, 100 (1953), 
subsequently referred to as CG. 
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by using the variational principle of Verde." We feel 
that this conclusion is not justified, primarily because 
the calculation is based on unrealistic central potentials 
as discussed above. Moreover, because a kernel in 
Eq. (44) of CG is not correctly evaluated, all the 
scattering lengths calculated with this equation are 
invalid. Consequently, in Table IV of CG, only the 
result for case 1 (Serber force), calculated with Eq. 
(44’), is significant. It is furthermore not clear to us 
how this result constitutes a stationary evaluation of 
the scattering lengths, since the variational principle 
is utilized only in obtaining the integral equation (44’). 
The scattering lengths are subsequently determined by 
extrapolating the asymptotic solution of this equation, 
and would in fact appear to be sensitive to any error 
introduced by the numerical procedure. In view of these 
arguments, we feel that the CG result, while it does 
favor the scattering lengths of set I, constitutes insuffi- 
cient evidence on which to base a definite conclusion. 
It should be emphasized that we are not here arguing 
in favor of the other set of scattering lengths, but only 
pointing out that the ambiguity has yet to be resolved 
in any conclusive manner. 

In addition to assuming central forces, all previous 
calculations have made use of the so-called “no- 
polarization” approximation in solving the wave equa- 
tion. This approximation consists of writing the three- 
body wave function (before antisymmetrization) as 
that of a deuteron in its ground state, multiplied by a 
function only of the position of the incident neutron 
relative to the deuteron’s center of mass. The problem 
is thus reduced to one dimension, and the calculation 
is greatly simplified. 

The adequacy of the no-polarization approximation 
has not been tested quantitatively ; it is our purpose to 
do so in the present work. In this connection it is 
important to realize that some distortion of the deuteron 
is automatically introduced when any “‘no-polarization”’ 
wave function is antisymmetrized in the neutron 
coordinates so as to satisfy the exclusion principle. This 
effect of the Pauli principle may be termed “exchange 
polarization,” and is to be distinguished from the 
distortion already present in the wave function before 
antisymmetrization. The latter is what the literature 
refers to as polarization; to avoid confusion it will be 
called here ‘specific polarization.’’ Of course, only the 
antisymmetric form is determined physically. Any two 
unantisymmetrized forms are equivalent if they differ 
only by a function which is symmetric in the neutrons, 
and yet one of these may resemble the “‘undistorted- 
deuteron” configuration much more closely than the 
other. In this sense the amount of specific polarization 
present in a given wave function cannot be unambigu- 
ously defined. However, if specific polarization is 
important physically then the correct wave function 
can never be written in the undistorted-deuteron form. 


1M. Verde, Helv. Phys. Acta 22, 339 (1949). 
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Fic. 1. Coordinate sys- 
tems. Part (a) shows the 
(r,q,a) system, and part (b) 
the exchange (primed) sys- 
tem. 


The test of what has been called the no-polarization 
approximation is therefore to observe how the phase 
shifts calculated with a wave function which makes 
proper allowance for specific polarization differ from 
those obtained when only exchange polarization is 
included. 

The connection as well as the distinction between the 
two types of polarization is illustrated in the analogous 
three-body problem of electron scattering from hy- 
drogen atoms. It was found in a variational calculation 
by Massey and Moiseiwitch” that the addition to the 
trial function of a specific polarization term had quite 
a large effect on the phase shifts when this trial function 
was not antisymmetrized, i.e., when exchange polar- 
ization was not taken into account. When a properly 
antisymmetrized trial] function was used, the magnitude 
of the specific polarization effect diminished substanti- 
ally. Much of the effect which had appeared to be 
specific polarization can therefore be attributed to the 
Pauli principle. Massey and Moiseiwitch also found 
that specific polarization was much more important in 
the space-symmetric electron state (which corresponds 
roughly to the doublet state in the nuclear problem) 
than in the space antisymmetric state (nuclear quartet 
state). This effect, however, can be attributed to the 
repulsive Coulomb force, which requires the wave 
function to be small when the electrons are close 
together, regardless of the spin state. In the space- 
antisymmetric state, the exchange polarization is 
sufficient to insure that this requirement is satisfied. 
By contrast, in the space-symmetric state the exchange 
polarization, although present, does not reduce the 
wave function when the electrons are close; it is 
understandable, then, that a specific polarization term 
is required to take into account the electron separation. 

Since the nuclear forces are attractive, it is clear that 


2H. S. W. Massey and B. L. Moiseiwitch, Proc. Roy. Soc. 
(London) A205, 483 (1951). 
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the preceding result in the atomic problem implies 
nothing about the relative importance of specific 
polarization in the two states of the n-d system. For the 
quartet scattering it is generally argued that the Pauli 
principle keeps the neutrons apart, and therefore the 
specific polarization should be expected to be small. For 
the doublet scattering, in which all three particles are 
permitted to be close together, it seems reasonable to 
expect that the deuteron be distorted. However, it is 
not clear @ priori how much of this distortion may be 
accounted for by the exchange polarization. The 
relative importance of specific polarization in the two 
spin states, we therefore felt, is not obvious and ought 
to be determined by performing the calculation. 

In the present work, we have attempted to obtain a 
more complete solution of the low-energy scattering 
problem by extending a variational principle recently 
introduced for the two-body scattering.”- For that 
problem, the formulation yields the known scattering 
phases with a very simple trial function (see Appendix 
A). The trial function employed here includes a specific 
polarization parameter. For reasons of computational 
necessity, however, the simplification of using mono- 
tonic centra! potentials is maintained. Consequently we 
do not expect our numerical results to resolve the 
scattering length ambiguity, but rather to provide a 
measure of the adequacy of the central force approxi- 
mation when the correct scattering lengths shall have 
been determined experimentally. [t also seems reason- 
able to expect that such qualitative conclusions as the 
importance of specific polarization and the sensitivity 
to exchange forces may apply also to the solution of the 
more realistic problem which includes tensor forces. 


II. THREE-BODY WAVE EQUATION 


After the center-of-mass motion has been separated, 
there remain six spatial coordinates required to describe 
a three-particle system. Three of these coordinates 
specify the orientation of the triangle formed by the 
particles, and can be taken to be the Euler angles 0; 
of this triangle. The remaining three coordinates must 
then specify the interparticle distances; for the scat- 
tering problem a convenient choice is that shown in 
Fig. 1 (a), in which particle 1 is the incident neutron, 
while 2 (neutron) and 3 (proton) form the target 
deuteron. Thus r is, aside from a numerical factor, the 
deuteron coordinate, g is the distance between the 
incident neutron and the deuteron’s center of mass, 
and a is the angle between them. The relations between 
r, g, a and the interparticle distances are as follows: 


y= 3V3re3, 

gee 3(2(rie?+ris’) —r23° }}, 
112° — Toa" 

ros. 2 (ri? +113") ie ros}! 


18H. Feshbach and S. I. Rubinow, Phys. Rev. 88, 484 (1952). 
4S. I. Rubinow, Phys. Rev. 98, 183 (1955), subsequently 
referred to as R. 


(1) 
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If only central forces are present, the potential energy 
is independent of the 0,, and the Schrédinger wave 
function of the system can be separated in the form 
¢(0,)¥(r,9,a; spin). The separation constant is the total 
orbital angular momentum L, which in this case is a 
good quantum number. The solutions of the g equation 
are then the angular momentum eigenstates g,, which 
are expressible in terms of Jacobi polynomials.” In 
particular, the S-state (L=0) angular function is just 
a constant, so that the total wave function depends 
only on r, g; a and the spin coordinates. 

The WV equation for arbitrary L has been given 
elsewhere.'® For L=0 this equation has the form 


1da/s 4 1 0a 0 eo Fees 
rdar\ drs GF dqX\ Ag r @/sina 


0 0 4m 
x— ( sina) +—(E,— Ea—- n))y =(0, (2) 
Oa da 3h? 


where E; is the kinetic energy of the incident particle 
in the center-of-mass system (3 of the laboratory 
energy), Ea is the binding energy of the deuteron, 
V is the total potential energy, and m the nucleonic 
mass. The n-p mass difference is neglected. 

The dependence of the wave function on the spin 
coordinates can be specified explicitly. The system can 
have total spin $ (quartet state) or 4 (doublet state), 
and the spin functions for these states are well known.!” 
In order to satisfy the exclusion principle, each spin 
function must be combined with a spatial function of 
such a symmetry as to make the total wave function 
antisymmetric in the exchange of the two neutrons. 
Thus, since the quartet spin function Xg is totally 
symmetric, the complete quartet wave function may 
be written as 


Vo=Xe(1—Pis)Po, (3) 


where P, is the neutron space-exchange operator and 
¥q is a spatial function of unspecified symmetry. 

In the doublet state there exist, for each value of the 
z component of the spin, two independent spin functions. 
These can be chosen so that one is symmetric and the 
other antisymmetric in any specified pair of particles, 
in particular the neutron pair. If X;2* and X,9" denote 
these spin functions the total doublet wave function 
can be written as 


V p= XV +Xi2Vi2", (4) 


where 12° and 2° are spatial functions of the indicated 
symmetry, but as yet otherwise unrestricted. 


16 See, for example, E. C. Kemble, Fundamental Principles of 
Quantum Mechanics (McGraw-Hill Book Company, Inc., New 
York, 1937), pp. 230-234. 

16 Curtiss, Hirschfelder, and Adler, J. Chem. Phys. 18, 1638 
(1950). 

17 See, for example, L. I. Schiff, Quantum Mechanics (McGraw- 
Hill Book Company, Inc., New York, 1949), p. 229. 
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The potential energy V is taken to be the sum of 
two-body charge-independent central potentials with 


arbitrary exchange character. That is, we set 


V=VietVist V2, 


where 
Vii= U;;(wtmP;+bB ;+hP Bi), 
wtmt+b+h=1. 


Here B;; is the spin-exchange operator, U;; is a scalar 
function of the distance r;;, and w, m, 6, and h are 
numerical coefficients whose values determine the 
exchange character of the force. The ratio of 1S to *§ 
depth, w+m—(b+h), is specified by the two-body 
data to be ~0.6. 

The differential equations for quartet and doublet 
wave functions are obtained by substituting the forms 
(3)—(5) into the wave equation (2) and summing over 
spins. The quartet equation takes the form 


1da/ 4a 1d0/ 4 1 1\ 1 
Seseede 
rdar\ art Gg dqX\ Aq r @/sina 


0 ta] 
x ( sino ) +h— Ae+a]Cc —P2)¥]=0, (6) 


0a a 


(5) 


where 
Q=2Qy2 +213 +023, 
0;;= (4m/3h?)U;[w+b+ (m+h) Pi; ]. 
In writing Eq. (6) the substitutions 
k?= (4m/3h?)E,, ka? = (4m/3h") Ea, (8) 


have been made. It is convenient to make the additional 
substitution 


(7) 


u=rqy. (9) 


In terms of the function “, Eq. (6) becomes 


(10) 


1 uUu—% 
—(T+P—k? ](u— a+o(—) =0, 
rq rq 


where 


ee 2 t ‘BAe hi 0 
r=—+—+(—+—=)— (sine), (11) 
dP ag \r @/sina da da 
i= (rq/r'q’)u', (12) 
u’= Py.u=r'q (Pi), 
(13) 
r' = Pryor, q’ = Pigg. 


The appearance of the “exchange” coordinates r’ 


and gq’, a consequence of both the Pauli principle and 
the presence of explicit space-exchange forces, is one of 
the major causes of computational difficulty associated 
with this problem. Note that r’ is the “exchange 
deuteron” coordinate while gq’ describes the position of 
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the exchange-scattered neutron [see Fig. 1 (b)]. The 
primed coordinates are expressible in terms of r, g, and 
a through the relations 


r’ =4}(r+3¢?—2rqv3 cosa)!, 
q =3(3P-+¢°+2rqv3 cosa)}, 
3(¢+r*)+2v3rq cosa 
cosa’ = ‘ 
(3¢-+r°—2v3rq cosa)!(g’+3r?+ 2v3rq cosa)! 


(14) 





The definition (12) and the geometrical relations 
(14) indicate the behavior of any barred function for 
very small or very large values of r and g. Thus, when 
r<KQ, 

ti~ (4/v3) (r/q)u’, (15) 
while for gr, 

ti~ (4/V3) (q/r)u’. (16) 
As a consequence of Eqs. (15) and (16), any barred 
function vanishes when either r or g is zero. It follows 
that the boundary condition of finiteness of the wave 
function at the origin, 

u—u=0, gorr=0, (17) 

further implies that 
(18) 


When gq is very large, the system must be left as a 
deuteron in its ground state, plus the usual combination 
of plane wave and outgoing spherical wave in g. For 
S-wave scattering, this condition is that 


in(k 
Fr) gta) _ 


sinn 


u=0, gorr=0. 


w, (19) 


“u— i—— rr 


where F(r) is the deuteron’s wave function and 7 is 
the S-wave phase shift which characterizes all the 
properties of the low-energy scattering. (The factor 
sinn in the denominator merely provides a convenient 
normalization. ) 

Equation (19) furnishes a definition of the asymptotic 
function w, which will be needed explicitly in the 
formulation of the variational principles. If w is written 
out in the form w=w,+w, coty, then w, w:, and w» all 
satisfy the differential equation 


1 w w/rq 
—(T+kR—k?) (=) +u( 1/7) =(. (20a,b,c) 


rg We we/rg 
Application of the operator P;2 to Eqs. (19) and (20) 


gives the boundary condition for exchange scattering, 


=0=Wi+. cotn, (21) 


ri a ae ee 


RUBINOW 


where w, w,, and ez all satisfy 


1 w w/rq 
—(+#—R2)( 1) +( wir ) =0. (22a,b,c) 
rq We W2/71q 


It is clearly immaterial which of the functions 4 and @ 
is used to represent the direct, and which the exchange 
scattering. We shall require that 


yrs 


for gio: 


for u—0; 


u—w. 


u—w, 
u 0 ’ 


The doublet scattering is analyzed in analogous 
manner, although the spin considerations are slightly 
more complicated. Since the deuteron is in a triplet 
spin state, the wave function for large g must be 
symmetric in the spins of particles 2 and 3, the deuteron 
pair. To satisfy this requirement it is necessary to 
express the wave function (4) in terms of X23" and X2;3°, 
the spin functions which are symmetric and anti- 
symmetric in the deuteron pair. Using 


(23) 


X10" = —}Xo3°+-4V3X03%,  X12*=4V3X05°+4X25%, (24) 
Eq. (4) can be written in the form 

WV p=Xo3"(FV3 p12" — B02") — X23° (SY12" + 3V3y12"). 
The boundary conditions then require that, when gq ~ , 


bVi2®+3V3~12"0, (26) 


(25) 


3V3V12" — 3/12/19, 
from which it follows that 


V'—h3w/rq, —>—}w/r9. (27) 
The behavior for g’—>* follows by application of Py». 
In writing Eq. (27) the subscripts have been dropped. 
These equations express the fact that the boundary 
conditions prescribe a relation between the asymptotic 
behavior of the symmetric and antisymmetric parts of 
the wave function. If we define 


v3 u* V3 (u+a) 


1 v* 1 (v—3d) 


27q 2 2 1 


(28) 


then all the boundary conditions will be satisfied if 


u—w, vw for g>~, 


(29) 
iw, tw for g/->~, 


where a and 6 are formed from mu and » according to 
the definition (12). 

The derivation now proceeds as in the quartet case. 
One obtains, instead of (10), two coupled differential 
equations which may be written in matrix notation as 


1 u 
—(T+P—k?)u+-aQ—=0, (30) 
rq rq 


where u and Q stand, respectively, for the column vector 
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and matrix 


—}v° Be Ba 
u=( ( ), a=( ), 
AV3u* Ce 


Qaa= Use wtb+ (m+h) Pe |+ UV is[ w— 

+ (m—th) P33 |+U 23[ w— 46+ (m— 4th) P 2s |, 
Qes=Qea= Urs V3 (D+AP3) ] 

+l loaf — v3 (b+hP2;) |, 

Qe= Uy w—b+ (m—h) P32 J+ U sLw+3b 

+ (m+4h) P33 |]+U 23[ wt+4b+ (m4-3h) Pos |. 
Equations (10) and (30) are equivalent to Eqs. (14) 
and (15) of Verde," if one eliminates the isotopic spin 


coordinates from the latter, and forms appropriate 
linear combinations of Verde’s wave functions. 


(31) 


Ill. VARIATIONAL PRINCIPLES 


The variational principles which we shall construct 
constitute an extension to the three-body problem of a 
method given previously for'*:* the case of two particles. 
The formulation is in terms of an “inside” wave 
function, which is the difference between the wave 
function and its asymptotic behavior. The variational 
principle which follows appears to be the best available, 
judging from a computation of the two-body scattering 
with a simple one-parameter trial function. For a 
Yukawa well the phase shifts obtained were indis- 
tinguishable from the exact solution; the details are 
given in Appendix A. 

The motivation for the formulation utilized is 
discussed more fully in R. For the present problem the 
quartet inside wave functions y, 9 are defined by the 
equations 


y=uw-—u, g=w—U. (32) 
The boundary conditions on y and @ are: 
y=rF(r), g=0; 
y=O(r), g=0; 


ene oe 
for or 


rn 


(33) 
(34) 


for g=0, 
for r=0, 
Tr 


| y—0 


ail (35) 
q = 


and g-0. 


We now express the differential equations for « and 
a in terms of y and g. Equation (10) leads to 


a) 
rq 


1 
—(T+R— 


ke) -a+a( 
rq 


w w 
+223—— 2 3— = 0. 
rq rq 


(36) 


The differential equation for y-g—w,+, is also 
required : 
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1 y—-9—witw 
-(T+#-b2)(y—g—wit 0) +0(7——— “) 
rq rq 


We— Wo We We 
cota] of )- Sete =) (37) 
rq rq rq 


Multiplying Eq. (37) by (y—g—witw,)/rq, [Eq. 
(20b) — Eq. (22b) ] by (2y—29—w,+,)/rq, adding the 
resulting equations, and integrating over all space, 
we obtain 


dr 
fz (y—9—witw,)T(y—J—witw) 
rg 


+ (2y—29—witw1)T (wi— 1) + (RP — ke’) (y— 9)” 


y-J9-Wit Wi 
tn y— j-w.+a)o(* *) + (y—29 


rq 


Wy wy 
— wrt) (Qe —2e— )-cotn(y—g—wrtan) 
rq rq 


We— We We We 
x (2 )-20- —+2s— | =0, (38) 
rq rq rq 
fa-f arf af da r’¢ sina. 
0 0 0 


Equation (38) may be simplified in two ways. First, 
all terms of the form f (dr/r*q?)(476) are eliminated 
by making use of the invariance of the volume element 
with respect to particle exchange. Such a term may then 
be shown to be equal to f{ (dr/r’g*)aTb, which is much 
easier to evaluate since no derivatives of the compli- 
cated barred functions appear. Further, the “volume” 
integrals of (38) can be partially transformed to 
“surface” integrals by integration by parts. When these 
transformations have been applied, the result can be 
written in the form 


B(k cotn)=C+L, 


1 dr We We 
B=- -{- {[ e209) o-2,)—| } 
fh rq rq 

. y Oy 0G Ay OY 
eG bee ares, 
Fe 0q Or Or 0g Og 
1 dy\? dy dg 
“ Ma) * 
at ¢ Oa da da 


y-G-witw, 
+rq| (y—J—witwd,)Q{ ——————_ 
rq 


where 


(39) 


(40) 


(41) 


—) }+@- ké)(y—9)? 


Wy 
+ (2y—29— wrtw)( tx 00") |} (42) 
a FY 
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i= f arf inde [29-92 (gw) > 
dg 


Oy Ow Ow OW)" 
wal a og rena as: 
oq 0g og a 


1 
+same with reat f arf “ao(—+ +) 
ane 


f dy dy 07 

x | sina 2-1 )—— (9-0 te y-—wi)— 
0a Oa Oa 

0 Ow, 

$y] (43) 


0a 0a 


a=() 


In evaluating the surface integral L, special care 
must be taken because the factor g’ (which appears in 
the denominator of the expressions for g and w) 
vanishes over part of the region in question. This 
region must be split off and considered separately. The 
details of this evaluation are found in a thesis by one 
of the authors,'® where it is shown that L reduces to 
the integral 


+ in » krv3 rrv3 
sed [enrol (2) oe (5) 
v3 0 ’ . ais 


A second equation similar to (40) is obtained if one 
multiplies (36) by (w2—wWe)/rg, [(20c)—(22c)] by 
(y—9)/rg, subtracts and integrates over dr. Integrating 
by parts as in the preceding derivation, one obtains 
after some algebraic manipulation the relation 

B+M+D—A(k cotn)=0, (45) 
where 


1 | co 
aig rg 


1 ¢dr We We 
p=- f= |p }Q2s—t+-w213s— 
kJ gi rg rg 


We We] | 
-2,| @- 223)—— (Q—243)— —| ; (46) 
rg rq 


WD, Wi | 
es (47) 
rq rq 


Oy dW 0g 
M= -f arf Tak: (we -y—) ws 
og (0g oq 
+same with reog 


te) 
1 fr” - =. Oy dwe 
or ar f da(—+—)| sin 2( wy) 
k 0 0 r ¢ 0a da 


og =a 


—y oy 


OWe OW? 2 ig od 
+r +9—|| , (48) 
a=() 


la Oa 


181. Sartori, thesis, Massachusetts Institute of Technology, 
1956 (unpublished), 
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and B is given by (41). The surface term M is analogous 
to L and reduces, after similar treatment, to the form 


u=af a| rlF(r) ? 


2 
——+F (r)F(r/2) sin(krv3/2)}. (49) 
vV3k 
A stationary expression for kcoty may now be 
constructed from the relations (40) and (45). Consider 
the variations of these expressions induced by an arbi- 
trary variation dy, subject to the usual restriction that 
the varied function y+éy satisfy the same boundary 
conditions as y. The variations in question are then, 
for Eq. (40), 


1 ; 
5(k cotn) =—8(C+L) -———-2B, (50) 
B B 


and for Eq. (45), 
5(k cotn) = (1/A)6B, 


where 6C, 6L, and 6B are obtained by varying y and 7 
in Eqs. (42), (43), and (41). In all these expressions 
the deuteron function is presumed to be specified 
exactly, so that terms such as 6A, 6M, or 6D do not 
appear. 

With the use of the differential equation (36) and 
integration by parts it can be shown that 


6(C+L)=2(k cotn) 6B, 


(51) 


(52) 


from which it follows that the variations 6 (k cotn) given 
by Eqs. (40) and (45) are proportional to 6B and hence 
are proportional to each other. This fact makes it 
possible to form a variety of stationary expressions 
the simplest of which is that analogous to Eq. (16) 
of R, viz., 


1 [(B+M+D) 
M+DL A 





k cotn= —(C+ 1) (53) 


It may be verified directly that (53) is a variational 
principle, i.e., that the variation of & cotn vanishes to 
first order in the variation of the trial function y. 

A related variational principle results if, in the 
preceding derivation, we replace (40) with the equation 
obtained by multiplying (37) by (w2—We)/rq, [(20c)— 
(22c)] by (y-g—witw,)/rq, subtracting, and inte- 
grating. There results, instead of (45), the equation 


B+N—A(k cotn)=0, (54) 


where JN is a surface term which reduces to the form 
=4 far rCF(r) P. (55) 


We can then obtain, in addition to (53), the equally 
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valid stationary expression 


1((B+N)? 
k cotn= |= : 
N 4 


4 


(56) 


-(c+n)] 


The difference between the two variational principles 
(53) and (56) lies in terms which involve only the 
deuteron wave function. Indeed, if F(r) is the exact 
solution of the deuteron differential equation, it may 
easily be shown that 


N—M=D, (57) 


and the two variational principles coincide. However, 
if an inexact deuteron function is employed, the identity 
(57) is not satisfied exactly and the two variational 
principles will not give the same results. The difference 
between these results may then be considered a measure 
of the error introduced by the use of an inexact deuteron 
function. 

It should be noted that, in both forms of the vari- 
ational principle, & cotn is expressed in terms of integrals 
in which the only functions which occur are potentials, 
the inside wave function y, and the known functions 
w, and we. No implicit dependence on the phase shift 
is contained in these quantities, since y goes to zero at 
infinity. This was the essential improvement achieved 
in the work of Feshbach and Rubinow™-“ over the 
earlier formulations of Hulthén'® and Schwinger” for 
the two-body problem, which carries over to the 
present formalism. 

For the doublet equations the derivation proceeds in 
entirely analogous manner. It is necessary to define the 
symmetric and antisymmetric asymptotic functions 
w'=w+w, w*=w—w, and similarly the symmetric 
and antisymmetric inside wave functions, y’=w*—v’, 
y*=w*—u*. One then obtains equations identical to 
(53) and (56), with slightly different expressions for 
the quantities A, B, C, L, M, N, which are listed in 
Appendix B. 

From the variational principles we have derived, an 
effective range theory is easily constructed by expanding 
all terms in powers of the energy ?: 


A=AoptAik?+:::, B= Bot Bik’+:--, 


Then, by expanding (53) and (56) in power series we 
obtain series for k coty which may be written in con- 
ventional form as 


etc. (58) 


— (1/a)+4pk?+ - (59) 
a being the scattering length and p the effective range. 
The terms independent of & determine the scattering 
length, which is obtained from Eqs. (53) or (56) by 
appending a subscript zero to each term. Expressions 
for the effective ranges are obtained by equating the 
coefficients of #?, and are given in reference 18. 


1% L, Hulthén, Kgl. Fysiograf. Sallskap. Lund, Férh. 14, 257 
(1944); W. Kohn, Phys. Rev. 74, 1763 (1948). 
» yj. Schwinger, Phys. Rev. 78, 135 (1950); 72, 742 (1947). 
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The integrals for Ao, Bo, Co, and Dp are listed in 


Appendix B. 


IV. RESULTS 


The choice of potentials and trial functions which 
can be used in the calculation is greatly restricted by 
the complexity of the three-dimensional integrals to 
be evaluated. (See Appendix B.) This complexity is 
due primarily to the fact that the potentials are func- 
tions of the interparticle distances, whereas the bound- 
ary conditions are expressed in a natural way in terms 
of the (r,g,7) coordinates. The relations between the 
two sets of coordinates involve unwieldy radicals; 
further complication is caused by the exchange coordi- 
nates (r’,q’,a’), which are intrinsic to the problem and 
are also radical functions of r, g, and cosa. 

To perform the necessary three-dimensional inte- 
grations numerically would be a prohibitive task. 
Hence it was considered necessary to choose functional 
forms which permitted at least two integrations to be 
performed analytically. After considerable effort, it 
was decided that this is feasible only with Gaussian 
forms. Accordingly, the calculation was performed 
using a two-body interaction 


(60) 


The deuteron function employed was the accurate one 

given by Christian and Gammel,” 

F(r)=0.02133 exp(—0.04r?)+0.08582 exp (— 0.21337") 
+0.18115 exp(—1.0133r?). (61) 


Ui; = Uo exp(— ri}, 'b*). 


The trial function used in the quartet calculation was 


y=rF (r) expl—Ag—u(s?—2") ], (62) 


where s=r—gq, so that 


(63) 


and \ and yu are variational parameters. The form (62) 
clearly satisfies the boundary conditions (33) and (34): 
the multiplicative factor r is required in order to satisfy 
(34), while (33) is satisfied because s=r when g=0. It 
is not so obvious that the boundary conditions at 
infinity are satisfied, since r, g, and s must satisfy the 
triangle inequality and hence cannot become infinite 
independently. However, for every \ there exists a wide 
range of values of uw for which the trial function does 
vanish at infinity. This range of course limits the 
permissible values of u. 

For the doublet calculations, the symmetric and 
antisymmetric components #* and v* of Eq. (30) were 
both generated from the same trial function y, also of 
the form (62). This ~hoice involves some loss of gener- 
ality since the symmetry properties of y are fixed by 


al This wave function is used in the calculations of reference 10. 
It gives a binding energy which is 99.7% of the experimental 
value, and differs from the exact solution of the deuteron’s 
differential equation by less than 3% to a distance three times 
the radius of the deuteron. 


s'=r+q’—2rq cosa, 
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(62). The choice was made in order to limit the number 
of parameters which had to be varied. 

When u=0 the wave function (62) represents the 
no-polarization approximation, because y, and hence u 
as well, is then given by F(r) multiplied by a function 
of g only. Nonzero values of u produce a definite type 
of polarization. This consists of a radial stretching or 
compression, as represented by the changed dependence 
on r, together with an angular distortion represented 
by the dependence on s, and hence on cosa. The latter 
dependence implies that the deuteron is polarized 
partially into states with angular momentum other 
than zero. 

With F(r) and y given by (61) and (62), the exchange 
functions F(r’) and g have the forms 


3 
F(r’)= > d; exp(— 


i=l 


ar —bige— cis"), (64) 


and 


9= (rq/q')F (r’) exp(—ar’—Bq?—s*), (65) 


where the a;, 5;, c;, dj are constants and a, 8, y are linear 
functions of \ and wu. It is convenient for the actual 
calculation to use s instead of a as the third independent 
variable. The operator T of Eq. (11) has in (r,9,5) 
space the form 


a 2 & =42(— & )+ art): ) 
or dag as? rs Or Os 


f+t—F 
+(—— 
gs 0g Os 


00 


(66) 


The evaluation of the integrals, especially those 
arising from 7, is a laborious task which is described in 
detail in reference 18; a brief discussion appears in 
Appendix B. It finally proved possible to perform all 
the integrations analytically, with the exception of a 
limited number which could only be reduced to one- 
dimensional form. The latter had to be evaluated 
numerically. The computation was carried out on the 
MIT digital computer Whirlwind I. Phase shifts for 
both variational principles (53) and (56) were calculated 
as functions of \ and y, and the stationary points were 
determined by graphical interpolation. 

Results were calculated for the following four sets of 
exchange mixtures: 


I. Ordinary force: w=0.826, 5=0.174, m=h=0 
II. Majorana force: w=b=0, m=0.826, h=0.174; 
III. “Serber” force: w=m=0.413, b= h=0.087; 
IV. Symmetrical (“Rosenfeld”) mixture: w= —0.159, 
b=0.493, m=0.986, h= —0.318. 


All of these force mixtures are in agreement with the 
two-body data. The particular combinations I-IV were 
chosen as representative, and results for any other 
mixture could be obtained, if desired, with slight 
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additional computation. The range of the force was 
taken to be 1.332 f and the depth 86.4 Mev, as in CG. 
Table I gives the scattering lengths obtained with 
each of our two variational principles, as well as the 
optimum values of the variational parameters u and X. 
An additional calculation was subsequently carried 
out using the trial function 


y=rF (r){[p exp(—dg’) 
+(1—p) exp(—A2q) ] exp[—u(s’?—r*)]}, (67) 


with four variational parameters i, A», wu, and Pp. 
Although the polarization part of this function is the 
same as that of (62), the no-polarization part is much 
more general. The result of this calculation was that, 
in all cases, the stationary values of A, and dz were 
practically equal. It is evident that when A,=)a, trial 
function (67) reduces to the original form (62), and 
therefore none of the calculated scattering lengths 
change from their values as given in Table I. 


V. CONCLUSIONS 


The most significant conclusion to be drawn from 
our results is that specific polarization appears to be 
quite unimportant in both spin states. The stationary 
values of the polarization parameter yu are all close to 
zero, and the changes in the scattering lengths from 
their no-polarization values are likewise small. 

Of course, this conclusion is subject to the uncertainty 
common to all variational calculations, that one cannot 
be sure how good the trial function is. Moreover, in a 
variational principle for scattering one does not even 
know the sign of the error. We thus cannot exclude the 
possibility that the physical system may be substan- 
tially polarized in a manner very different from the 
Gaussian form we have prescribed, although this seems 
unlikely. If specific polarization is indeed unimportant, 


TABLE I. Quartet and doublet scattering lengths in units of 
10° cm. The variational parameters are in units of b-*, where 
b=1.332X10~" cm is the range of the force. Variational principle 
A is that of Eq. vaPD 4 B is that of E 4 (56). 
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then the results with trial function (67) suggest that 
we are near the correct solution to the problem. How- 
ever, we are aware that such an apparent convergence 
of successive variational calculations may be spurious.” 

~Further evidence suggesting that the specific polar- 
ization is small is provided by the results of Burke and 
Haas,” who have recently included a polarization term 
in the formalism of Massey and collaborators.“ The 
variational] principle utilized was of the Hulthén-Kohn 
form,” and the Gaussian trial function included a 
polarization term depending on cosa, as in our work. 
However, the polarization parameter multiplied a 
Gaussian of fixed range, whereas our parameters are in 
the exponent. Burke and Haas found almost no effect 
of specific polarization in either spin state, in agreement 
with our results. It appears, then, that the exchange 
polarization introduced by the Pauli principle accounts 
for almost the entire distortion of the deuteron.in both 
the quartet and doublet scattering.” 

It is of interest to note in Table I the difference 
between the results obtained with our two variational 
principles, using the same trial function in each. As we 
have observed, this difference is a direct consequence 
of the use of an inexact deuteron function. The vari- 
ational principles are mof stationary with respect to 
variations in F(r). Consequently, even with the very 
accurate approximation we have used,”! a difference of 
about seven percent appears between the two sides of 
the} “identity” (57), which eventually results in a 
discrepancy of the order of 20% between the predictions 
of the two variational principles. Our results are then 
obviously uncertain to within at least this factor. This 
situation illustrates the fact that a substantial error 
can result from what appears to be a very good approxi- 
mation if the calculation is nonstationary. It would 
also appear that numerical results calculated with less 
accurate deuteron functions are of doubtful significance 
on that score alone. 

The use of different exchange forces leads to some 
variation in the results. However, this variation is 
relatively small, except for the quartet with mixture II, 
which contains an extreme amount of Majorana force. 
The doublet results are quite insensitive to the odd- 
parity potentials. 

In comparison with the result of Christian and 
Gammel” for the Serber force case (mixture III), our 


# Another possibility which cannot be excluded is that the 
trial function may be good for one spin state and poor for the 
other. For example, the assumption that the symmetric and 
antisymmetric doublet functions are generated by the same form 
might be too restrictive. 

*%F, Haas (private communication), We are very grateful to 
Dr. Haas for informing us of his results prior to publication. 

*R, A, Buckingham and H. S. W. Massey, Proc.¢Roy. Soc. 
(London) A179, 123 (1941); Buckingham, Hubbard, and Massey, 
Proc. Roy. Soc. (London) A211, 183 (1952); A. H. de Borde and 
H. S. W. Massey, Proc. Phys. Soc. (London) A68, 769: (1955). 

*® We ascribe no particular significance to the fact that the 
small effect of specific polarization in our results was slightly 
larger in the quartet state than in the doublet. 
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quartet scattering lengths are higher by some 30-40%. 
We do not feel that this difference indicates any 
essential disagreement, in view of the possible sources 
of error we have noted in each calculation. However, 
the discrepancy in the doublet results, a factor of more 
than 3, seems too great to be ascribed to these sources 
of error and remains unexplained. 

Burke and Robertson”® have recently published 
no-polarization scattering lengths calculated with the 
method of Massey. In this method the phase shifts 
are calculated down to an energy of 0.25 Mev and then 
extrapolated to zero; a combination of two Gaussians 
was used for the deuteron function. The results for a 
Serber force and various ranges were a4~6f, a.~3 f. 
Very similar scattering lengths were obtained by 
Skoryakov and Ter-Marterosian,?”? who assumed a 
zero-range potential. One can thus summarize the recent 
theoretical results with the central-force model by 
saying that the model gives quartet scattering lengths 
in good agreement with experimental set I, unless there 
is present an extreme amount of Majorana force as in 
mixture II. The doublet results are in poor agreement 
with one another but in any case seem considerably 
larger than the value for set I. If experiment should 
prove set I to be correct, one would conclude that the 
central-force approximation gives a fairly good repre- 
sentation of the quartet scattering, but is poor for the 
doublet. If experimental set IT turns out to be right, 
the model would appear to be poor for both spin states. 

Judging from our results and those of Burke and 
Haas on the effect of specific polarization, it appears 
that the most fruitful approach for future theoretical 
progress in this problem would lie in an attempt to 
include tensor forces, even if the no-polarization 
approximation has to be made in order to achieve a 
solution. It still remains of great importance, as we 
have emphasized, to achieve an experimental resolution 
of the scattering length ambiguity. 
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APPENDIX A 


The two-body variational principle given by Rubi- 
now, when applied to the S-wave phase shift, takes 
the form 

k coté=k cotég(1+-B)?—C, (A1) 
where 


1 ea) 
oe | dr U sinkr(y—coskr), (A2) 
kJ 


= { (BV i 
c= f ir|-(>) +k y+ Ur(y—coskr)? ? (A3) 
0 


dr 


1 x 
tande=—f dr U sin@kr, (A4) 
kvo 


and y is the inside wave function satisfying the bound- 
ary conditions 
y(0)=1, y(~)=0. (A4) 

As a test of this variational principle, application was 
made to the case of a Yukawa well, using the simplest 
possible one-parameter trial function 
(AS) 
with y being the variational parameter. The integrals 
are all straightforward, and the results can be compared 
with the exact calculations of Blatt and Jackson.” 
Scattering lengths and effective ranges were calculated 
with variational principle (A1) for a variety of well 
depths and range parameters. In all cases the results 
reproduced exactly the values obtained by Blatt and 
Jackson. 


yee, 


@ Voriational principle (Al) 
@ Voriationa!l principle of reference i3 
— Exoct solution 
5 i i | J 
\B 20 2.2 24 26 








Fic, 2. Two-body scattering lengths for the exponential well as a 
function of well depth. The circles show the results calculated with 
variational principle (A1) and trial function (A5). The squares 
are the results of reference 13 with a two-parameter trial function, 
and the solid curve shows the exact results of Blatt and Jackson.” 
The parameters s and 6 are the well depth and intrinsic range in 
the notation of reference 28, and a is the reciprocal scattering 
length. 


28 J. M. Blatt and J. D. Jackson, Phys. Rev. 76, 18 (1949). 
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In addition, calculations were carried out for the 
exponential well in order to compare (Al) with the 
variational principle given earlier by Feshbach and 
Rubinow." In that formulation, it will be recalled, the 
presence of a square root in the variational principle 
prevented a real solution for k coté from appearing in 
the case of large well depths; it was necessary to 
employ a two-parameter trial function e~”'"(1+-yer) in 
order to obtain sensible results. This difficulty is of 
course avoided in the simpler form (A1). With trial 
function (A5), this form gave better results than had 
been obtained with the earlier variational principle 
using the two-parameter trial function. The scattering 
length comparison is shown in Fig. 2; the effective 
ranges showed similar behavior. 

To the best of our knowledge no variational principle 
succeeds in describing the two-body results so success- 
fully with so simple a trial function. For this reason 
the analog of (Al) was utilized in the three-body 
calculation. 


APPENDIX B 

We list here the forms for the integrals in the vari- 
ational expressions for the scattering lengths. Contri- 
butions from U;; and U3 are always equal and have 
been combined. For the quartet case, expansion of 
Eqs. (41), (42), (46), and (47) gives 
gle f dr{Ux(w-+b—m—h)LF()—F(r)} 

+2U | F (r’)— F(r) (w+) (r’) 


+(m+h)F(r’)}}, (Bi) 


dr 
B= f = U12(w-+-b—m—h)LF(r)—F(r) > es 
rg 


r 
wis (re@—Trey) [+2 ‘os[ (w+b)F (r’) 
q 
Week 
+(m+HP)| 9—y+ eR)“ )|, (B2) 
q 


dr 
Co= fe [derivative terms as in (42) ]—ka(y—9)? 
rc 


rq P 
+Uy2(w+b—m— i) G- e+ SF)| 
q 


+2004[ (w+6) (- 7+“r(r)) 
q 
rg rq 
+(m+h)(y—y'——F | >-0+ | 
q q 


rq rq 
=r (0)| (w+ F(t (m+ i) F(79| ) , (B3) 
q q 
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dr rq 
Do= 2f- Unf “PPO rrr} (B4) 
r q 


q 


In writing the preceding expressions we have been 
obliged, as a result of the action of the exchange 
operators, to make the following new definitions: 


(B5) 


"aad = Pose’ = P37, 


q’'= P23q/ = P1439; (B6) 


y*= Posy, (B7) 


7 


y= Pos = (rq/q'") (P2sP 29). (B8) 


We now list the expressions analogous to (41)—(42) 
and (46)—(47) for the doublet scattering : 


1 edr 1 w* V3 we’ 
A=— | ee{ 0 heat pt 


RS 4g oe rq 4 " rg 


1 We Wo V3 we* 
iene (20 a) } ++] -~—°,..-- 
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dr Oy\* dy 0g dy\? 
APLC) 
rg or or Or dg 
Oy OY 1 1 Oy\* dy dg\- 
28ND) 
0q Og r ¢ Ja Ja Oa/ - 


+ (R a kf’) (y+y9+7) +n by = w,? | 


1 yy?" v3 ae W1°\ | 
CE) 
4 rq 4 
i Me y*— wy" 3 
+L] - al ) -—i,, 
4 rq 4 
1 W wD, 
+Lay—m] (2. ——0i3— ) 
4 rg rg 
3 Wy Wy; 
+L2y—wi']| (00 +a) lI, (B11) 
4 rg rq 


D= — } Dauartet. (B12) 


The expansions of these expressions are given in 
reference 18. 

The actual integrals to be evaluated are obtained by 
substituting in Eqs. (B1)—(B4) the forms (60), (61) 
for potentials and deuteron function, and either (62) 
or (67) for the trial function, together with the appro- 
priate forms for the exchange functions. The potential 
energy integrals can all be evaluated using either 
(r,q,s) or (r,q’,s) as independent variables. 

For the “kinetic energy” integrals, it can be seen 
that application of the operator T [Eq. (66) ] to terms 
involving § [ Eq. (65) ] leads to extremely complicated 
forms. In order to perform even a first integration it 
proved necessary to introduce integral representations 
for 1/g' and 1/9”, thus increasing the integrals to four 
and sometimes five dimensions. Subsequent manipu- 
lations reduced these to one-dimensional forms, for 
which numerical integration was employed.'* 
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Neutron Activation Cross Sections at 25 kev* 
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Neutron activation cross sections have been measured at 25 kev for 31 isotopes. An Sb-Be photoneutron 
source was used, and thermal activations served to calibrate the beta- and gamma-detector efficiencies. The 
cross sections were measured relative to iodine. A comparison was made between measured cross sections 
and predictions based on known low-energy resonance parameters. 





INTRODUCTION 


HE energy region of a few kiloelectron volts has 

proved to be a difficult one for neutron cross- 
section measurements. In the case of total cross sections, 
where only a transmission measurement is required, the 
upper energy limit of reactor fast-choppers and the 
lower energy limit of monoenergetic accelerator neutron 
sources overlap, so that the entire region is covered. 
However, the measurements of the partial cross sec- 
tions, which in this region are principally elastic scatter- 
ing and neutron capture cross sections, require neutron 
fluxes an order of magnitude greater. In such a situa- 
tion, antimony-beryllium photoneutron sources com- 
pete favorably with reactor and accelerator neutron 
sources for the measurement of capture cross sections 
at 25 kev, particularly when a cross section averaged 
over a range of energies is all that is needed. 

Capture cross sections in the kev region are important 
both for cosmological studies and for reactor calcula- 
tions. Since current cosmological theories of the forma- 
tion of elements assume temperatures in the range 
corresponding to a few kev,' a knowledge of the capture 
cross sections at these energies is essential in carrying 
out build-up calculations. Some of the fast-reactor de- 
signs also require knowledge about this energy region. 
Measurement of all the required cross sections is a 
difficult and lengthy task; measurement of a portion 
of the list, however, is very useful for two reasons: 
(1) the measured cross sections serve as a test for the 
computation of capture cross sections by means of 
low-energy resonance parameters; (2) if a capture 
cross section is known at one energy, it can be calcu- 
lated at nearby energies.’ 

Determination of capture cross sections by the 
activation technique limits measurements to cases 
where neutron capture leads to a radioactive nucleus 
having a suitable half-life and suitable beta or gamma 
activity. Detector calibration is accomplished by meas- 
uring known thermal cross sections for the same isotope. 
Similar measurements have been carried out by Hum- 


* This work was performed under the auspices of the U. S. 
Atomic Energy Commission. 

t Now at the Ramo-Wooldridge Corporation, Los Angeles, 
California. 

1 See, for example, A. G. W. Cameron, Chalk River Laboratory 
Report CRL-41, Chalk River, Canada, June, 1957 (unpublished). 

2H. W. Newson (private communication). 


mel, Hamermesh, and Kimball,?* and by Macklin, 
Lazar, and Lyon,’ the latter group using absolute 
gamma-ray counting to obtain the detector efficiency. 


NEUTRON SOURCES 


The photoneutron source consisted of an antimony 
cylinder suspended inside a beryllium annulus. The 
initial Sb'™ activity was about 100 curies, with a half- 
life of 60 days, and the initial total neutron production 
was 10° neutrons/sec, as measured with the manganese 
bath technique. The geometry of the source was chosen 
to be similar to that used by Hamermesh,’ since 
measurements have been made to infer the neutron 
spectrum from such a source.® The “‘effective’”’ neutron 
energy is about 25 kev, with an energy spread of about 
+5 kev. A sample holder supported five samples 
adjacent to the beryllium annulus, and it was rotated 
by a motor so that all samples would be equally irradi- 
ated. Neutron scattering from the floor and shielding 
walls was calculated to be small.’ 

Thermal-neutron activations were made using a 
water-moderated Po-Be neutron source. The cadmium 
ratio was determined for each sample, and corrections 
were made for epithermal neutrons. The Po*® source 
has a half-life of 138 days. In making measurements, 
both the Sb-Be and the Po-Be source strengths were 
referred to a fixed time in order to facilitate compari- 
sons. Irradiation times varied from a few minutes to 
a week. 


COUNTERS 


Automatic counting and recording equipment regis- 
tered beta and gamma activities simultaneously. A 
counter wheel handled up to 24 samples at a time, and 
data were recorded photographically. A beta counter, 
consisting of a methane proportional flow counter with 
a 0.7-mg/cm? aluminum-coated Mylar window, was 
placed on one side of the sample, and a 2-in. diameter 
by 1-in.-thick NaI(Tl) scintillation gamma counter 
was placed on the other side; the counters were run on 
plateaus and were periodically checked for constancy 

3 V. Hummel and B. Hamermesh, Phys. Rev. 82, 67 (1951). 

*C, Kimball and B. Hamermesh, Phys. Rev. 89, 1306 (1953). 

5 Macklin, Lazar, and Lyon, Phys. ev. 107, 504 (1957). 

a Culp ‘and B. Hamermesh, Phys. Rev. 93, 1025 (1954); see 

Iso discussion of this point in reference 5. 


OTD. W. vamos’ General Electric Company, Hanford Works 
Report HW-3 Richland, Washington, 1954 (unpublished). 
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NEUTRON ACTIVATION 


TABLE I, Neutron capture cross sections at 25 kev. 


AR 
Isotope ; R (%) 
Na*® 1.386 12 
Ssi® : 0.114 76 
K“ ; 0.125 12 
Sc 0.0172 50 
Mn*® 0.0258 12 
Ni®* 0.0365 15 
Cu® 0.178 10 
Cu® 0.152 15 
Zn* 0.388 30 
Zn* ’ min 0.171 30 
As™ ae 1.072 15 
ys hr 0.150 15 
Mo* hr 5.86 12 
Pd’ 3.6 hr 0.329 12 
Pd? min 
In'5 t min 
In"'3 days 
Sb"! days 
Sb days 

0133 31h 

Ze : 
La’™ 
pritl 
Dy! 
Tals 
wis 
Wise 
Ptir6 
Pr 
Au? 
Bi® 


0.455 
1.018 
0.799 
0.618 
0.243 
0.232 
0.0390 
0.102 
0.00106 
0.441 
1.18 
0.0532 
1.77 
0.406 
0.596 
0.65 
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oth® Aoth Ao (n,7) 
oO 


(barns (% 


0.53 
0.11 
1.15 
22 
13.4 
1.6 
4.3 
2.11 
0.097 
1 
4.1 
1.26 
0.45 
12 


= bo — 
NWNHOOC 


_ 
—— 
Co 


145 


— bos ~) 
mo te 
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_ 
COMmne 


310 
180 
70 
60 
80 
190 
0.7 


oe 
Sow 


3.9 
98.8 
0.019 


_ 
=~ 
—_ 


® These thermal cross-section values, which were used in Eq. (2), are included so that as better thermal cross sections become available the value for 


a(n,y) can be adjusted accordingly. 


of efficiency by Pm™’ and Am™' standard samples. The 
gamma counter had an integral bias set at 12 kev. The 
beta pulse heights were principally proportional to 
dE/dx, since the beta range in most cases was consider- 
ably greater than the stopping power of the_ beta 
counter. This yielded nearly flat operating plateaus. 


PROCEDURE 


Absolute cross sections were not measured directly, 
but, rather, a double-ratio comparison method was 
used. Two isotopes were both exposed to the same 25- 
kev neutron flux, counted, exposed to the same thermal- 
neutron flux, and counted again. The ratio of the 
counting rates of the 25-kev and thermal neutrons was 
independent of counter efficiency, and the ratio of the 
counting rates of isotopes 1 and 2 in the same flux was 
independent of flux. Hence if three of the cross sections 
are known, the fourth can be calculated. The equations 
are: 

R= RipRitn/RewRias, (1) 
where 
Rias= E2N 250225; ete., 
and 
0 225= R(o tno i25/itn), (2) 


where « denotes the isotope whose photoneutron cross 
section is to be measured, i denotes the standard isotope 
(usually iodine), 25 and th refer to the 25-kev and 


thermal neutrons, respectively, R is the counting rate 
extrapolated to saturated activity, EZ is the counting 
efficiency, V is the number of atoms of isotope in the 
target, @ is the effective neutron flux, and o is the 
activation cross section. 

Samples were usually irradiated in the form of 
mixtures—salts, physical mixtures, or isotopic mix- 
tures. This eliminated any effects of flux perturbation 
and flux depression. The only assumption then is that 
the counting efficiency is the same for both thermal and 
25-kev activations. This assumption is good for gamma 
counting; in the case of beta counting, difficulties can 
arise if the sample is not “thin” to neutrons and if the 
beta particles from the two isotopes are not of the same 
energy. The beta-to-gamma counting ratio was a 
valuable check on the “thinness” of the sample. In 
some cases metal foils were used instead of mixtures, 
and then corrections to the data were applied.’ It 
should be noted that absolute flux calibrations are not 
necessary in this method. 

Iodine was chosen as the primary standard, and all 
other cross sections were determined relative to it. In 
each irradiation iodine, or a secondary standard cali- 
brated against iodine, was included. Isotopes were 
identified by their half-lives and measurements of most 

8’T. H. R. Skyrme, British Report MS-91, and Appendix 
(Circa 1943), Atomic Energy Research Establishment, Harwell, 
Berkshire, England (unpublished). 
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Fic. 1. Neutron capture cross sections at 25 kev versus the 
mass number. The data are from Livermore (present work), Oak 
Ridge,* and Argonne.*+ 


activities were extended over several half-lives. The 
experiment was directed principally at the measurement 
of isotopes with long half-lives, since the long irradia- 
tion times required make the use of acclerator neutron 
sources especially difficult. All counting rates were 
extrapolated to saturated activities. 


RESULTS 


Activation cross sections at 25 kev for 31 isotopes are 
given in Table I. Since the measurements yield R, the 
R value with its experimental error is quoted separately. 
Macklin’s value of 0.82+0.06 barn’ for the iodine 
photoneutron cross section was assumed. An iodine 
thermal cross section of 5.50.5 barns was used,’ and 
thermal cross sections used for the other isotopes are 
listed in Table I. Uncertainties in these latter cross 
sections make the error in the 25-kev cross section con- 
siderably larger than the error in the measurement of R. 
The uncertainties in the R value originate from (1) 
statistical uncertainties, (2) uncertainties in the half- 
lives, and (3) reproducibility. 

The results are in general agreement with those of 
Macklin ef al.5 for the activities determined by both 
groups. An exception is Pr, where we differ by a 
factor of 3. The unusually large cross section of 8.5 
barns for In™* to form In" warrants further study of 
this cross section. The Sb™ cross section includes 
activation to the two metastable states as well as the 
ground state of Sb. A search for evidence of the 21- 
minute metastable state was unsuccessful. 

Figure 1 is a plot of the 25-kev activation cross sec- 
tion versus mass number for data available up to the 
present time. The characteristic dips at the magic 
numbers are readily noted. 


*D. J. Hughes and J. A. Harvey, Neutron Cross Sections, 
Brookhaven National Laboratory Report BNL-325 (Super- 
intendent of Documents, U. S. Government Printing Office, 
Washington, D. C., 1955). 
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TaBLE II. Comparison of experimental 25-kev neutron capture 
cross sections with values calculated from low-energy s-wave 
resonance parameters. 


Ta'® Au? Bi20 





Zn*8 Inus 


8.50 
1.06 


Isotope Mn‘ 


0.052 0.032 
0.115 0.034 


1.40 0.89 0.002 
1.41 0.57 0.006 





Texp 
Teale 








COMPARISON WITH THEORY 


Neutron capture cross sections in an energy region 
can be calculated if many resonance levels are con- 
tributing and if the average resonance parameters in 
that region are known. At 25 kev, while a number of 
capture cross sections have been measured, there is 
unfortunately little known about the resonance pa- 
rameters. The question then arises as to whether the 
resonance parameters which have been measured in 
the low-energy region (<1 kev) can be assumed to 
approximate conditions at 25 kev. A definitive answer 
to this question lies outside the scope of the present 
report. However, it is instructive to compare experi- 


very simple assumptions that (1) the low-energy reso- 
nance parameters can be used at 25 kev, and (2) only 
$-wave scattering contributes to the cross section. We 
use the equation?” 





2J+1 “( 2.6X =)2 


f= dL = - 
J 2(2I+1) 2 D 


x[1-nn(1-— f 


where b=T,/(2VoI',°), D=D/(2J+1), and T,°=f,°/ 
(2J+1). J is the total angular momentum, / is the 
spin of the target nucleus, £, is the neutron energy in 
electron volts, and Vo is the penetration factor (equal 
to unity) for zero angular momentum. I',, D, and f,° 
are the experimentally measured®:'"'—* low-energy reso- 
nance parameters—the radiation width, level spacing, 
and reduced neutron width, respectively—which are 
averages over all s-wave resonances. The J-dependent 
quantities D and I,” were used in Eq. (3) to allow for 
the fact that the strength function f',°/D is independent 
of J, but the average level spacing D appears to show 
a (2J+1) dependence.? In addition to assumptions (1) 
and (2) listed above, the validity of Eq. (3) is de- 
pendent on the implicit assumptions that many levels 
are contributing and that the reduced neutron widths 
follow the Porter-Thomas distribution. 


E, 
vb 


exp(—adt) | (3) 


1 E. G. Bilpuch, thesis, University of North Carolina (un- 
published). 

4 Carter, Harvey, Hughes, and Pilcher, Phys. Rev. 96, 113 
(1954). 

2 Harvey, Hughes, Carter, and Pilcher, Phys. Rev. 99, 10 


(1955). 
18 J. S. Levin and D. J. Hughes, Phys. Rev. 101, 1328 (1956). 
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The agreement between calculated and _ experi- 
mental values is shown in Table II. Of the eight cases 
calculated, six were accurate to within a factor of 2. 
This indicates that assumptions (1) and (2) listed above 
probably have at least an approximate validity. On the 
other hand, the agreement for In’ is poor. Whether 
this is due to shortcomings in assumption (1), or in (2), 
or both, cannot be determined from the present work. 
P waves and possibly also D waves should be of some 


PHYSICAL REVIEW VOLUME 


ACTIVATION CROSS SECTIONS AT 25 


112, 


KEV 229 
importance at 25 kev, and a serious attempt to calcu- 
late capture cross sections must include them. This 
will of course require considerably more experimental 
data on resonance parameters than are presently 
available. 

The conclusion indicated by the calculations in the 
present section is that, as far as resonance parameter 
systematics are concerned, nothing radical occurs in going 
from the electron-volt to the kiloelectron-volt region. 


NUMBER 1 OCTOBER 1, 1958 


Directional Correlation of Gamma Rays in Ge”} 


R. G. Arns* anp M. L. WIEDENBECK 
Harrison M. Randall Laboratory of Physics, University of Michigan, Ann Arbor, Michigan 
(Received June 12, 1958) 


Directional correlation measurements have been made on the 0.63-0.835 Mev, 2.20-0.835 Mev, 2.49 and 
2.51-0.835 Mev, and 1.88-1.46 Mev gamma-gamma cascades in Ge™ following beta decay of 14.2-hour Ga”. 
The level at 0.835 Mev has a spin and parity assignment of 2+ and proceeds to the 0+ ground state by 
pure electric quadrupole radiation. The 0.63-Mev transition proceeds from a 2+ level at 1.46 Mev to the 
0.835-Mev level by radiation which is largely electric quadrupole with a small magnetic dipole admixture. 
The correlation data are consistent with spin assignments of 2 or 3 for the levels at 3.04, 3.32, and 3.34 Mev. 


I. INTRODUCTION 


HE decay of Ga™ has been the subject of many 

investigations.' A portion of the decay scheme 
proposed by Kraushaar ef al. is shown in Fig. 1. Im- 
portant features of the level structure of Ge” were 
confirmed by studies of the decay of As™.? 

The first excited state of 32Ge,40” has spin zero and 
even parity. This represents a departure from the usual 
2+ first excited state found in even-even nuclei. The 
only other known exceptions (O'%, Ca“, Zr®, Pb?) 
result when both neutrons and protons form closed 
shells. In view of this peculiarity it was felt that direct 
measurement of the spins and parities of some of the 
higher levels might be of value in establishing the 
relation of Ge” to the systematics of other nuclei in 


this region. 
Il. EXPERIMENTAL METHOD 


A conventional fast-slow coincidence circuit with a 
resolving time of 1X 10~* second was employed in the 
angular correlation measurements.2 A 4-in.X5-in. 
NalI(TI) crystal and DuMont 6364 photomultiplier 
were used to detect the 1.88-Mev gamma ray in the 
weak 1.88 Mev-1.46 Mev correlation. The detectors in 


+ Supported in part by the Michigan Memorial Phoenix Project 
and the Office of Naval Research. 

* Dow Chemical Company Fellow in Physics. 

1 Kraushaar, Brun, and Meyerhof, Phys. Rev. 101, 139 (1956), 
and references cited therein. 

? Brun, Kraushaar, and Meyerhof, Phys. Rev. 102, 808 (1956). 
alr Scharenberg, and Wiedenbeck, Phys. Rev. 99, 691 


(1955 


in all other cases consisted of 2-in.X2-in. NaI(TI) 
crystals mounted on RCA 6342 photomultipliers. 
Energy selection was provided by differential analyzers. 

The Ga™ sources were obtained from Oak Ridge 
National Laboratory as gallium chloride in a dilute 
HC! solution. No interfering activities were present in 
the source material. 

The half-life of the 0.835-Mev level has been meas- 
ured to be (3.20.8) 10-” sec and the half-life of the 
1.46-Mev level is expected to be short. This, together 
with the fact that the source was in dilute solution, 
eliminates the possibility of attenuation of the correla- 
tion function due to extranuclear fields. 

Data were taken in a double quadrant sequence. 
The real coincidence rate was normalized to correct for 
source decay and electronic drift. A least-squares fit 
of the data was made to the function 


W’ (0) =aot+azP2(cos)+a4P4(cosé). 


The resultant expansion coefficients were then norma- 
lized and corrected for finite angular resolution by a 
collimated beam method.’ This yielded a correlation 
function of the form 


W (0) = 1+ (Aotoe)P2(cosé)+ (A ytoy) P4(cosd). 


The o2 and o, are the root-mean-square errors as defined 
by Rose, Eq. (30).® 
‘F. R. Metzger, Phys. Rev. 101, 286 (1956). 


5 A. M. Feingold and S. Frankel, Phys. Rev. 97, 1025 (1955). 
5M. E. Rose, Phys. Rev. 91, 610 (1953). 
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BETA- RAY 
ENERGIES AND ENERGY 
INTENSITIES IN MEV 
0.637 3.34 
(42%) 3.32 


0.959 
(31%) 


3.04 
2.82 


2.51 
2.39 


Ill. RESULTS 
0.63 Mev-0.835 Mev Correlation 


This correlation was measured by accepting all coin- 
cidences in a narrow portion of the scintillation photo- 
peak for each of the gamma rays. However, owing to 
the complexity of the decay scheme, a fair percentage 
of these coincidences result from other interfering 
cascades. It was found that coincidences between the 
0.835-Mev gamma ray and the Compton distribution 
of higher energy gamma rays resulted in 20.5+-2.1% of 
the total real coincidences. Similarly, coincidences 
between the 0.63-Mev gamma ray and interfering 
Compton distributions were found to comprise 23.4 
+2.5% of the total coincidences. The interfering corre- 
lations were measured and subtracted from the main 
correlation function. The resulting expansion coefficients 
were found to be As=—0.145+0.040 and Ay=+0.314 
+0.065. It should be noted that the corrected expansion 
coefficients still contain contributions from coincidences 
between the 0.835-Mev gamma ray and the weak 0.60- 
Mev and 0.74-Mev gamma rays. 

Metzger has shown that the 0.835 level has a spin 
of 2 by studying the angular distribution of resonance 
radiation from this level.‘ It was found that the present 
experimental data could not be fit by sequences of the 
form 4(Q)2(Q)0, 3(D,Q)2(Q)0, or 1(D,Q)2(Q)0. The 
data are in agreement with a 2(D,Q)2(Q)0 sequence in 
which the 2(D,Q)2 transition (0.63-Mev gamma ray) is 
mostly quadrupole with a small dipole admixture, The 


R. G. ARNS AND M. 


L. WIEDENBECK 


SPIN AND PARITY 


PRESENT KRAUSHAAR 
WORK ET AL. 
| og 2- 
3- 2-,3- 


2-),5-) = 2-,3- 


1+, 2+ 


Fic. 1. Partial de- 
2+ cay scheme of Ga” 
according to Krau- 
shaar et al.! Energies 
are given in Mev and 
intensities in percent. 
Some of the uncer- 
tain gamma rays and 
transitions involving 
the 0+ first excited 
state have been 
omitted. The spin 
and parity assign- 
ments of Kraushaar 
et al. are based on 
relative intensity 
2+ considerations. 


1+,2+ 


2+ 


O+ 
(O.3psec) 


experimental coefficients correspond to a quadrupole 
intensity for the 0.63-Mev transition of 020.975. If 
reasonable values are assumed for the maximum con- 
tribution from the interfering 0.60 Mev-0.835 Mev 
and 0.74 Mev-0.835 Mev cascades, the amended coeffi- 
cients still demand a quadrupole intensity of 020.90. 


2.49 and 2.51 Mev—0.835 Mev Correlation 


Hedgran and Lind have successfully resolved the 
2.51- and 2.49-Mev gamma rays and assigned a relative 
intensity of 8 to 5.7 The directional correlation was 
measured by accepting the full-energy peak of the 
combined 2.49-Mev and 2.51-Mev gamma rays in one 
differential analyzer and the 0.835-Mev gamma ray 
in the other. The experimental expansion coefficients 
were found to be A2=+0.163+0.031 and Ay= —0.133 
+0.046. As has been pointed out,! the relative weakness 
of the ground-state transition (although assigned an 
energy of 3.34 Mev, the crossover gamma ray may 
originate from the other level) precludes the possibility 
of a spin 1 assignment for the levels at 3.32 Mev and 
3.34 Mev. Assuming reasonable errors for the relative 
intensities of these cascades, all possible combinations 
of spins 2, 3, or 4 were considered as assignments for 
the 3.32-Mev and 3.34-Mev levels. The experimental 
data were found to be consistent only with spin 2 for 


7 A. Hedgran and D. Lind, Arkiv Fysik 5, 177 (1952). 
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one level and spin 3 for the other (in either order), 
with spin 3 for both levels, or with spin 3 for one level 
and spin 4 for the other. Relative intensities require 
that the ground-state transition be quadrupole radia- 
tion. Hence it must originate from a state of spin 2 and 
the correlation data then require a spin of 3 for the 
other state. 


2.20 Mev—0.835 Mev Correlation 


A portion of the real coincidences accepted in this 
correlation was due to the Compton and escape peaks 
of the 2.49-Mev and 2.51-Mev gamma rays. A fair 
estimate of the contribution (23.742.4%) was obtained 
by moving the window of the differential analyzer from 
the 2.20-Mev photopeak to the valley between it and 
the 2.50-Mev photopeak and comparing coincidence 
rates. Although the assumptions involved are crude, 
the resultant coefficients are not very sensitive to the 
actual contribution. After correction for the interfering 
cascades, the experimental coefficients were found to 
be Ao=+0.250+0.024 and Ay= —0.008+0.032. These 
are in excellent agreement with the theoretical coeffi- 
cients for a 2(D)2(Q)0 sequence. The experimental 
coefficients will also fit a 3(D,Q)2(Q)0 sequence with 
0.23 Q< 0.32 for the mixed transition. 


1.88 Mev—1.46 Mev Correlation 


This correlation was measured by accepting the 
full-energy peak of each gamma ray in separate differ- 
ential analyzers. There were no interfering cascades. 
The resultant coefficients, A2=+0.010+0.051 and 
A,=—0.055+0.074 are consistent with sequences of 
the form 1(D,Q)2(Q)0, 2(D,Q)2(Q)0, or 3(D,0)2(Q)0. 
(The spin of the 1.46-Mev level has been assumed to be 
2 from the results of the 0.63 Mev-0.835 Mev correla- 
tion.) The absence of a strong crossover transition 
eliminates the first possibility. 


CORRELATION 


OF GAMMA RAYS IN Ge? 


IV. DISCUSSION 


The ground-state nuclear angular momentum of Ga” 
has been shown to be 3.8 An odd-parity state is to be 
expected. Kraushaar et al. have summarized the logft 
values of the five known beta transitions to Ge”.! The 
spins inferred from the beta decay are in excellent 
agreement with values obtained above from angular 
correlation measurements. 

Van Patter has recently summarized the systematics 
of even-even nuclei in this region. The energy ratio 
E,/E, of the second to the first excited state was shown 
to be less than 2 over the range 30< V < 40. If the 0+ 
first excited state in 32Ge,4o” is omitted, the energy ratio 
of the next two states is 1.75. Over the range of 
32<N <350, the spin of the second excited state is 2+ 
in all known cases, omitting the low-lying 0+ states 
in Ge” and Ge”. The enhancement of the electric 
quadrupole transition probability in the 2—2 transition 
which was found in the present case is also character- 
istic of the 2—2—0 cascades in other nuclei in this 
region. 

The present work did not include any direct measure- 
ments involving the 0+ first excited state in Ge”. 
However, it has been shown that various features of 
the Ge” level structure are in good agreement with the 
systematics of even-even nuclei in this region if the 0+ 
state is ignored. The probable absence of a low-lying 
state of spin 4 would argue against the possibility that 
the 0+ state arises from the splitting of a degenerate 
level. One might speculate that the ; neutron shell and 
the p; proton shell are filled in Ge” and the excitation 
to the 0+ state may result from raising a proton pair or 
a neutron pair to a higher configuration.'® 
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Further experimental consequences of a beta-decay interaction generated by a conserved vector current, 
as proposed by Feynman and Gell-Mann, are studied. Utilizing the strong analogy between the conserved 
beta-decay current, and the conserved charge current, higher multipole corrections to the usual results for 
allowed transitions are computed, and are related to the corresponding electromagnetic transitions, as was 
first done by Gell-Mann. The effects calculated include corrections to spectra shapes, beta-gamma direc- 
tional correlations, and beta-alpha directional correlations. A multipole expansion of the V-A interaction is 
carried out, including all those terms normally classed as allowed and second forbidden. Applications to 


several interesting transitions are discussed. 





I. INTRODUCTION 


HE concept of a universal V-A coupling has had 
many successes in the description of weak inter- 
actions.’ In particular, if the vector coupling constant 
determined? from the decay of O" [ (1.41+0.01) x 10- 
erg/cm®] is used to predict the lifetime of the muon, one 
obtains a lifetime of (2.26+0.04)10-* sec, as com- 
pared with the experimental value of (2.22+0.22) x 10-* 
sec.’ This agreement is surprising in view of the fact 
that beta decay involves nucleons, which participate in 
strong interactions, while the muon decay involves 
particles with no strong interactions; one would there- 
fore expect large renormalization effects in beta decay 
and essentially no such effects in muon decay. To explain 
this agreement, Feynman and Gell-Mann! have noted 
that the equality would hold rigorously, except for 
electromagnetic effects, if the vector beta-decay coup- 
ling were generated by the interaction of a conserved 
current with itself. Part of this current, 


VnTs VW nr tWer he thir Was, 


would generate the usual Fermi interaction; but in 
order that the current be conserved under the action 
of the strong coupling between nucleons and pions, we 
must add to the expression above the term 


iL $*T.0,6— (0,6)*T +4]. 


In analogy with the conservation of total charge in 
electrodynamics, the conservation of this current im- 
plies the identity of the vector coupling constants in 
beta decay and muon decay. 

In a recent paper‘ Gell-Mann has shown that the 


* This work was supported in part by the U. S. Atomic Energy 
Commission. 

+ On leave of absence from University of Notre Dame, Notre 
Dame, Indiana. 

1R. P. Feynman and M. Gell-Mann, Phys. Rev. 109, 193 
(1958); E. C. G. Sudarshan and R. E. Marshak, Phys. Rev. 109, 
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4 M. Gell-Mann, Phys. Rev. 111, 362 (1958). Weare alsoindebted 
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concept of a conserved vector current has specific 
experimental consequences for beta decay itself. We 
can paraphrase his discussion as follows: designating 
the initial and final nuclear states by |i) and | f), the 
conventional vector beta-decay interaction leads to the 
matrix element (f|Payu7s¥n|i) while the Feynman- ~ 
Gell-Mann scheme would lead to the matrix element 


(f|\ Pars %ntilo*T,0,¢—(3,6)*7 46] i). 


This latter matrix element is the same as that occurring 
in the isotopic vector part of the electromagnetic inter- 
action of the nucleus, 


(f|Varsrn+iLo*T 30,6— (d,6)*T x J] i), 


except for the change in the isotopic spin dependence 
T4173, T,->T;. If charge independence of the nuclear 
states is assumed, the substitution 74-73, Ty->73 
alters the matrix element only by a factor. Thus, up to 
a factor, the vector beta transitions and the electro- 
magnetic transitions from one isotopic multiplet to 
another, involve exactly the same nuclear matrix ele- 
ments; in particular, the multipole expansions of the 
transition matrix elements for the emission of a photon, 
and for vector beta decay, generate the same multipole 
operators. Comparison of the observed decays of the 
different members of an isotopic multiplet leads to a 
test of the theory. Note that only the vector part of 
the beta coupling has been altered; the axial vector 
part is treated as before.* 

As an example, Gell-Mann discussed the decay of 
the T=1, J=1*+ multiplet in the A=12 system, into 
the T=0, J=0* ground state. The electromagnetic 
transition is pure M1, isotopic vector, and according to 
the new theory the observed rate of the electromagnetic 
transition enables one to predict the vector contribu- 
tion to the beta decays of B® and N”. In the conven- 
tional vector coupling, this transition would involve the 


5It has been shown independently by M. Goldberger and S. 
Treiman [Phys. Rev. 110, 1478 (1958) ] and by R. Norton and K. 
Watson (private communication) that the assumption of a con- 
served axial vector current leads to contradictions. The former 
authors show that there would be too large an effective pseudo- 
scalar coupling in the beta decay of the neutron, while the latter 
authors show that the r-u decay would be forbidden completely. 
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second-forbidden matrix element j7,@Xr, which is 
the ordinary magnetic moment operator for a Dirac 
particle. Here the new theory results in the replacement 
of the ordinary magnetic moment operator by the éotal 
magnetic moment operator, Dirac plus pionic. 

The axial vector part of the interaction contributes 
the allowed matrix element 7,0, which in fact domi- 
nates the transition matrix element, as well as further 
second-forbidden terms. The observable consequences 
of the theory are therefore restricted to the small 
corrections to allowed transitions introduced by the 
second-forbidden matrix elements. These corrections 
are, of course, present in the Fermi theory as well as 
the Feynman-Gell-Mann theory; in the latter the 
corrections due to the vector interaction are directly 
related to the electromagnetic multipole moments, and 
can be determined separately. For B® and N® the cor- 
rections to the spectrum have been shown by Gell-Mann 
to be ~10%, and of opposite sign for the two transitions. 

In this paper, we shall extend the calculations of 
Gell-Mann in several respects. Firstly, rather than 
keeping only first-order terms in the momentum trans- 
fer, we will include all the contributions normally 
classed as second forbidden. There seems to be no 
justification in general for considering matrix elements 
like /r47,7; as small compared to matrix elements like 
Jr a¢7;. Elsewhere in the literature these have been 
called “moment” and “velocity” terms, respectively ; 
the first is of order (pR)* and the second of order 
(v/c)pR. The two matrix elements /7rj74 and for sry 
are in fact both replaced by the electric quadrupole 
operator in the Gell-Mann theory, and contribute 
essentially equally. It is important to realize that the 
inclusion of more matrix elements in the analysis makes 
it much more difficult to obtain a clear-cut proof or dis- 
proof of the idea of a conserved current, since there are 
more free parameters in the theory. We shall discuss 
in Sec. ILI the possibility of reducing the number of 
unknowns sufficiently to test the theory. 

Secondly, we shall extend the calculations to include 
angular correlations® as well as beta spectra. Since the 
allowed transitions give rise to no directional correla- 
tions, the observation of a correlation constitutes a 
direct measurement of the effect of the corrections due 
to higher multipole moments. 

Thirdly, we shall include some Coulomb effects in 
the calculations. There is, of course, no rigorous way of 
including electromagnetic effects, since the electro- 
magnetic interaction destroys the validity of the con- 
served beta-decay current, and of the charge inde- 
pendence of nuclear states. However, there is probably 
some meaning to attempting an approximate Coulomb 
correction by using Coulomb wave functions for the 


electrons, rather than plane waves. For example, this 


6 The importance of studying angular correlations in allowed 
transitions as a check on the new beta-decay theory has also been 
stressed by M. Gell-Mann and B. Stech (private communication) ; 
See F. Boehm ef al., Phys. Rev. Letters 77 (1958). 
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correction serves to bring into agreement the ft values 
of decays from different states of the same isotopic 
multiplet even when the multiplet is tilted by the 
Coulomb energy differences; the equality of the ft 
values of the decays of P?8 and Al** provides a case in 
point. 

It seems appropriate to make a few general comments 
on the problem of designing a conclusive test of the 
concept of a conserved current. Since we want to make 
use of the charge independence of nuclear states, the 
applications must be limited to the light nuclei, where 
with few exceptions beta transitions are allowed. 
Transitions along the multiplet do not seem to lead 
to an unambiguous test of the theory; one notes first 
that the corrections due to higher multipole moments 
will be very small due to the low energy transfer and 
the superallowed nature of the allowed matrix elements. 
Second, there seems to be no way, at least insofar as 
the nucleus can be represented as a collection of inde- 
pendent nucleons, of distinguishing experimentally 
between the old and the new forms of the allowed vector 
matrix element. The only difference between them is 
that in the Fermi theory the operator which appears is 
74, while in the Feynman-Gell-Mann theory the opera- 
tor is /,=7,+T7,. Since for a single nucleon these two 
operators have matrix elements which are proportional 
to one another, any difference between them can be 
absorbed into the (arbitrary) coupling constant. Thus 
by appropriate adjustment of the coupling constant, 
the Fermi theory and the Feynman-Gell-Mann theory 
can be made to predict the same over-all rate for allowed 
transitions. 

The only remaining transitions are those in which the 
isotopic spin changes’; the only contribution of the 
vector interaction to such transitions is in second- 
forbidden matrix elements, and we are forced to look 
for small corrections due to such terms. These correc- 
tions are only expected to be discernible when the 
momentum transfer is very high, or the main Gamow- 
Teller matrix element very small, or both. In the dis- 
cussion in Sec. III we have therefore concentrated 
attention on those transitions which have the most 
favorable combination of high momentum transfers, 
and small matrix elements. 

We also note that the most striking difference be- 


7It is interesting to note another distinction between the old 
Fermi theory and the new theory which might be studied experi- 
mentally. In a J-J transition the usual Fermi matrix element 
would involve 7,, the contribution to the isotopic spin from the 
nucleons alone, while in the new theory the Fermi matrix element 
involves /,, the total isotopic operator. Hence in the new theory 
J-J (no) transitions off an isobar are forbidden by the AJ=0 
selection rule. In the old Fermi theory one would have to evaluate 
the matrix elements of r,, which differs from /,, and allowed Fermi 
transitions off an isobar are possible in principle. If the nucleus is 
adequately described by an independent-particle model then the 
same selection rules hold for 7, and J, which is to say, with this 
assumption the old theory and the new one would both imply the 
impossibility of allowed Fermi transitions off of the isobar. A case 
in point is the mass-24 system in which the 4*-+4+ J/=1 to J=0 
transition of Na* could have a Fermi matrix element according 
to the old theory (apart from that due to electrodynamic effects). 
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tween the old and new forms of the vector interaction 
should appear in the M1 matrix element, rather than 
the £2 matrix element, since the anomalous contribu- 
tion to the M1 operator is quite large, and that to the 
E2 operator is probably smail.® 


II. GENERAL THEORY 


As we have already noted, the matrix element appear- 
ing in the vector beta-decay interaction differs from 
that appearing in the electromagnetic interaction only 
in its isotopic spin dependence, and so the multipole 
expansion of these matrix elements contains the same 
multipole operators. This can be explicitly verified by 
constructing the expansions of both matrix elements to 
zeroth order in the meson field. Such a derivation serves 
the purpose of relating the multipole operators to their 
conventional definitions, and of relating the multipole 
expansions of the Feynman-Gell-Mann interaction to 
that of the Fermi interaction. We shall only give the 
results of this procedure. 

Starting with the actual beta-decay Hamiltonian 
written in the notation of reference 4, 


p ns (G, V2) ( Gus” +AGu+4)iLéy,(1+75)¥] 
+Herm. conj., (1) 


with 


Sue” =V (re W+ Herm. conj. 
+i ¢*T,d,6— (0,)*T.¢], (2) 


Sur4=V(rsi7vuvs)¥+Herm. conj. 


and A=—C,4/Cy (in the V-A theory X is a positive 
number), it can be shown that the effective Hamil- 
tonian has the form 


Hest= (G/V2)ue' (p) £(1+-75)u(q), (3) 
£L= | B0-+i p01 k)-E1 


srg ipio Xk -Mi +i(3 W cpio sk j— kik ;) (£2);; 
+ ($W cpio k—§k*) E0’ 


+A( 0: fotink: for- Josbsts [ oo 
int, form f n) | (4) 


Here k=p+4q, where p and q are the momenta of elec- 
tron and neutrino; the isotopic spin dependence has 
been suppressed. We have included all those terms 
normally classed as allowed, first and second forbidden. 
In zeroth order, the multipole operators are given in 


8 See, for example, R. J. Blin-Stoyle, Revs. Modern Phys. 25, 
75 (1956). 
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the nonrelativistic limit as follows: 


n= fi, B= fr, 


1 
Mi-— [rxpte, B2= f (rr—¥), (5) 
2M 


where I is the unit dyadic. Of course, in this approxima- 
tion the Feynman-Gell-Mann theory is identical with 
the Fermi theory. Including higher order meson effects 
changes the explicit form of the multipole operators, but 
does not change the form of the effective Hamiltonian. 

For the particular applications we wish to discuss, 
several of the terms will not contribute. For allowed 
transitions, the parity does not change, which rules out 
the matrix elements £1, /p;, and /o,r;. For transi- 
tions in which the total isotopic spin changes, the matrix 
element 0 vanishes. Finally, the matrix element 20’ 
does not contribute to either the beta spectrum or the 
angular correlation functions, but only to such effects 
as the circular polarization of gammas, and so it 
is dropped. Hence, we consider only the simpler 
Hamiltonian 


Aug= (G 2d ()] iW anes bRik;) (Es); 


~inoxke Mi+a(o- forioik: fox 


tests for) [+m (6) 


The rather tedious derivation of the beta spectra and 
angular correlation functions resulting from this Hamil- 
tonian is discussed in the appendix. The results are as 
follows: 

The beta spectrum has the allowed shape, multiplied 
by the factor 


Liz bo(L,L). (7) 


The parameters },(L,L’) are tabulated for k=0, 2 in 
Table I of the appendix. One may easily check that 
this result reduces to that of Gell-Mann‘ if one drops 
the Coulomb corrections, and terms quadratic in the 
momentum transfer. 

The beta-gamma directional! correlation function is 
given by® (A12): 


W,(@) o 4 5ydy-b, (LL) Fy ( LL’, j1j2) 
kLL’ 
X F(X’, jsj2)Px (cosd). (8) 


Here j;, j2, js are the spins of the initial, intermediate 
and final nuclear states; the quantities F;, are defined 


® We have given the correlation functions only up to constant 
factor; hence the « symbol. 
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in the appendix, and are tabulated in the literature." 
6, is the reduced matrix element for the electromagnetic 
multipole operator of order A, and P; is the Legendre 
polynomial. 

Finally, the beta-alpha directional correlation func- 
tion for a 2*—0* transition is given by (A15): 


Wa(0)~ XS (2k+1)'F, (LL, j12) 


kLL’ 


2 k 
xbu(L,L)( )Pa(cow) (9) 
0 0 


III. APPLICATION AND DISCUSSION 


We have already emphasized that the most evident 
practical test’ of the new theory lies in the small correc- 
tions to allowed transitions, and that these can only be 
measured in transitions with a large momentum transfer 
and/or anomalously large ft values. We will now discuss 
separately the various special cases of such transitions, 
concentrating especially on the A =4mn nuclei. Since the 
relevant gamma lifetimes are not generally available, 
we are forced to estimate them, making use of the em- 
pirical systematics of gamma lifetimes in light nuclei. 
We will assume, in each case, that the gamma widths 
have the average value given by Wilkinson: that is, 
r'(M1)=0.15lw, where T'w is the Weisskopf unit, 
Tw=5.5w*X10-° in units in which hA=>m=c=1. The 
£2 width is much more difficult to estimate, and so no 
attempt will be made to do so. 


A=8 


The highest energy component of the decays of Li, 
B§ are interpreted as transitions from a T=1, J=2* 
state to the first excited state T=0, J=2+ of Be’, 
which then breaks up into two alpha particles. The 
transition is of considerable interest due both to its 
high energy, and its rather large ft value" (log ft=5.6). 
Assuming the gamma transition to have a normal life- 
time leads one to expect large contributions from the 
second-forbidden matrix elements. For example, the 
ratio (||M1||)/(Al/o||), which is just the parameter a 
introduced by Gell-Mann aside from a sign, is esti- 


10 The notation for the various spherical functions introduced 
here and hereafter is that of A. R. Edmonds, Angular Momentum 
in Quantum Mechanics (Princeton University Press, Princeton, 
New Jersey, 1957). The functions 7, have been tabulated for 
even k by L. C. Biedenharn and M. E. Rose, Revs. Modern Phys. 
25, 729 (1953), and by M. Ferentz and N. Rosenzweig, Argonne 
National Laboratory Report ANL-5324 (unpublished). Alder, 
Stech, and Winther [Phys. Rev. 107, 728 (1957)] have given a 
tabulation including the odd & values needed for effects in which 
parity nonconservation is detectable. Our derivation of the corre- 
lation functions follows a rather similar derivation made by the 
latter authors. 

1 The ft values given here and below are quoted from F. Ajzen- 
berg and T. Lauritsen, Revs. Modern Phys. 27, 77 (1955), and 
R. M. Endt and C. M. Braams, Revs. Modern Phys. 29, 683 
(1957), as well as nuclear data cards. 
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mated to be 


- 1371 (M1) ( ft) 
a=|- —X ——— 
(ft) ou 


4 w? 


ey 
| 3X 10-3, 


so that aE becomes as large as ~7.5%. Of course, in 
general, there are three unknown matrix elements 
in the axial vector contribution to the beta spectrum, 
and two additional ones which appear in the correlation 
functions. In this, and in future applications, we must 
carefully consider the number of unknown constants 
and the number of available experimental data; we 
shall see that often it is the case that there are more 
adjustable parameters than there are experimental 
data, so that nothing can be concluded about the 
validity of the new theory. 

For example, in the Li’ beta spectrum, the axial vector 
contribution contains three real parameters, the re- 
duced nuclear matrix elements, which we will treat as 
completely unknown. But examination of the param- 
eters so in Table I shows that the general form of the 
correction factor to the spectral shape is a quadratic 
function of the electron energy, so that there are only 
two experimental constants, the coefficients of the 
linear and quadratic terms. Thus the deviations from 
the allowed shape, insofar as they can be fitted by a 
quadratic function can always be fitted by the contribu- 
tions from the axial vector terms alone, and cannot 
possibly lead to any conclusion concerning the vector 
interaction. The same is true of the B® decay, and of 
the beta-alpha correlation functions of Li® and B§, 
taken individually.” 

If, however, we compare the decays of Li® and B® 
and consider both sets of data simultaneously, the 
situation is quite different, due to the almost complete 
charge independence of the system. The charge inde- 
pendence implies the identity of the nuclear matrix 
elements. Hence the number of parameters remains the 
same, while the number of experimental data is doubled. 
This observation simplifies the analysis sufficiently to 
consider testing the nature of the vector interaction; 
for example, in the spectra of Li* and B® there are now 
four experimental parameters, and if one assumes a 
pure M1 electromagnetic transition, there are only four 
theoretical parameters. 

However, in this case there is a further simplification 
due to the fact that the energy differences along the 
multiplet are small compared to the energy differences 
between multiplets. Here one can compare the spectra 
(or correlation functions) at each energy. There are at 
each energy effectively only two parameters—the total 
contribution of A-A terms and of V-A terms. As Gell- 
Mann has pointed out, the A-A contribution is the 
same for Li® and B8, and the V-A contribution is of 
opposite sign. Therefore the vector contribution can 


2M. Morita and H. Yamada [Progr. Theoret. Phys. ({apan) 
13, 114 (1955) ] have given a calculation of the 8-« correlations in 
Li® on the basis of the old Fermi theory. 
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TaBLeE I. The parameter ,(L,L’) is the product of the reduced matrix element of the tensor operator in the third column of the table, 
times the fourth column of the table, times the reduced matrix element (|lc||). An over-all factor has; been extracted so that so=1 for 
the main Gamow-Teller term. For L¥L’, we have tabulated 6, (L,L’)+0,(L’,L). We have denoted the electron energy, momentum 
by W, #, and the neutrino energy g. 7 ‘ 











Sa ge: oF Tensor operator 





1 1 a ee Cao™ 


1 1 0 1 Cao"? 


TY =Ca 2 Cyoa™o+C 2%? 
T=C4 2 CyoworC 0 
Ts? =Ca > Cyuqa™™o*C2%? 
CyC“r* 


CaipiC"r 


Cvip: = Cyoa™oCi% 
uQ 


Cvipi z Cyqm™ oC Sr 
, 





be deduced directly by comparison of the two spectra 
point by point. 

The beta spectra of Li* and B* may not provide a 
good test of this type owing to the probable existence 
of additional broad excited states nearby. It would be 
very difficult to distinguish the effects of complexity in 
the beta spectra, from the deviations from the allowed 
shape, especially if the states are broad and overlapping. 

On the other hand, the beta-alpha correlation func- 
tion seems to provide a very worthwhile test. The 
essential difference is that one can study the angular 
dependence at a fixed energy, rather than the energy 
dependence. A remeasurement of the correlation func- 
tions for Li® and B® near the upper end point seems 
particularly interesting. Present evidence” on the cor- 
relation in Li® is consistent with no correlation within 
about 3%. If we use our crude estimate of the M1 
lifetime, and neglect completely the £2 contribution, the 
expected correlation in B* at the upper end point is, 
assuming zero correlation in Li*, 


W (0)1+ (10/7)*(8/3)aEF (11,22) P2(6) 
~1+0.10P»2. 


The origin of the sign ambiguity lies in the fact that the 
estimate of the M1 matrix element used above gives 
only its magnitude, but not its sign. 


A=12 


The only possible experiment here is a measurement 
of the spectrum; Gell-Mann‘ has already discussed the 
deviations from allowed shape due to terms of first 
order in the momentum transfer, and has pointed out 
that the additional terms in the axial vector part of 
second order, will cancel out in the ratio of the spectra 


of B® and N®. 


So=l 

So= (2/9){4(p4g/W) —3¢—$°+é[g—3 (OW — p*/W)]} 
S2= (8/27) p°¢/W 

So= (4/9) (4/10)g[E+32°/W ] 

S2= 4 (4/10) (p*/W)[E+4W + (2/9)q] 

S2= (2/4/15) (p?/W)(E— qt (2/15) W 


s2= —}(14/15)4p 


S2= — (4/34/10) (p*/W)[E+39q+4W] 
So= 2[E+4(P?/W) +49] 
P/W) 


52= —$( 
$2= (4/3+/5) (p?/W) 


som —2v2[£+}(?/W) —4¢] 
$2= — (4/3v2)(p?/W) 


The anomalously large ft value of C™ (ft=1.1X 10°) 
might seem to make the mass-14 system ideal for a 
study of the vector contribution. However, Gell-Mann 
has noted" that since the major difference between the 
new and old theories for M1 transitions is in the spin 
contribution to the magnetic moment, which is pre- 
sumably small in /-forbidden transitions, both theories 
should predict the same deviations in the spectra, 
assuming, of course, the validity of the independent- 
particle model. Nonetheless, it would seem to make 
sense to test the theory by measuring the gamma life- 
time in N“, and comparing it with the expected devia- 
tions in the O" spectrum. It appears that the experi- 
mental deviations in the C™ spectrum are certainly less 
than a few percent," and that therefore one might 
expect observable deviations in the O” spectrum. In 
this system, the splitting of the multiplet is by no 
means negligible, nor does the charge independence of 
the nuclear states hold accurately. However, owing to 
the wealth of information about the mass-14 system, 
one can hope to calculate the nuclear matrix elements 
and predict the spectral shape." 


A=20 and 24 


These systems provide examples of transitions which 
should show beta-gamma correlations due to the for- 
biddenness corrections. In the mass-20 system one can, 


13 We are indebted to B. C. Carlson for communicating the results 
of his analysis of the spectral deviations in the mass-14 system 
from the point of view of the Fermi theory. 

4 Such calculations have been reported, see for example W. M. 
Visscher and R. A. Ferrell, Phys. Rev. 107, 781 (1957), and D. T. 
Goldman and R. A. Ferrell, Bull. Am. Phys. Soc. Ser. II, 2, 206 
(1958). We would like to thank Professor Ferrell and Dr. Goldman 
for a discussion of their work. 
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unfortunately, study only the decay of F, and the 
analysis is therefore complicated by the appearance of 
several unknown matrix elements from the axial vector 
part.!© The mass-24 system is of interest due to its 
large ft value (logft=6.1), and large energy release. 
Presumably both members of the multiplet, Na™ and 
Al**, can be studied and compared. It has already been 
established that there is no correlation in Na™ to within 
0.1%.'® One would therefore expect a possible correla- 
tion in Al*; the situation is however different from that 
in the mass-8 case, since the splitting of the multiplet 
is no longer negligible, and the analysis is complicated 
thereby. 


It is of some interest to note that the beta spectrum 
of P* is the only one in which deviations due to higher 
multipole corrections seem well established experi- 
mentally ; deviations linear in the electron energy from 
the allowed shape have been reported, to the extent of 
about 3%.'7 One readily sees that this experimental 
result can be explained by the axial vector matrix 
elements alone, and therefore no conclusion can be 
drawn concerning the vector contributions. 

In conclusion, it is clear that a detailed test of the 
Feynman-Gell-Mann scheme will be quite difficult, 
but several very interesting experiments seem to be 
suggested. 
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APPENDIX 

We shall describe here some of the more important 
steps in the multipole expansion of the transition matrix 
for the V-A beta interaction.’ We write the Hamiltonian 
in the conventional form 


H= V2C av p'ovn . yoy, +\ 2¢ “Wp tipWrve'tipw> 
+V2IC WW o'Ynbe'Vet+V2C wp'ipiovn-Welipioyr. (Al) 


Since we intend to compute only scalars, the replace- 
ment C(1+ys)—>Cv2 has been made. The Hamiltonian 
can be written in spherical, rather than Cartesian, 
form by use of the identity 


1 
6(m—1r)=—0(|r1| “ | r2|) * Yx«°(r) Yx*?(r2). (A2) 
r;? KQ 


15 Professor Gell-Mann has informed us that an experiment is in 
progress at the California Institute of Technology to look for 
B-y correlations in F”. 

16R, Steffen (private communication). We are grateful to 
Professor Steffen i a discussion of the angular correlation meas- 
urements in the mass-24 system. . 

17 See I. Iben, Phys. Rev. 109, 2059 (1958) for a discussion of 
the experimental situation in P® and of the implications of the 
old theory in connection with the spectral deviations. 


INTERACTION 


IN @ DECAY 237 


For example, the first term in the Hamiltonian becomes 


: V2C 4 
(H)=—— ¥ (-)"QK+1) 


4n KLM 


x f dri Vp TL™ (K.P Walri) 


x f doar MY,(2)|\rel}=inl, (A3) 
TM=> Crgu! X4o C2, 
2Q 


r= Zz. Coum* TLC p% yp, (A4) 
uQ 


Here [ is 1 for those terms containing a @, and zero 
otherwise. 

To compute the matrix element, use is made of the 
expansion of the appropriate electron and neutrino 
wave functions into spherical waves. The expansion for 
the electron wave function for momentum p, spin o, 
with incoming spherical wave is 


1/2nW\3 
V6! wend X [2K +1 Poet Hi 
p m xm 


xe tAneti(n/2) Lay mg), 1) (— ¢, —6, 0), (A5) 


P s = sry 
8xXx™ 


use is made of the special representation of the Dirac 
matrices in which 


0 -1 —{ 0 
n-( ), n=( ). 
~~ jj 0 Qo 1 


The radial functions f., g. are given by Rose'®; the 
Coulomb phase shifts are 
—k+iaZ/p 
¢ arg] ———_ 
ytiaZW/p 
with y= (—a2Z")}. 


If we call the initial and final nuclear spins j; and js, 
the density matrix is 


|-arer -+iaz¥/p 
+4e[H(«)+1—Y], 


pPmgme’ & > dQ,(me2 | H | m,)(me! | H | m,)*. (A6) 


™1,0,0y 


Substituting the wave functions and carrying out the 


18M. E. Rose, Phys. Rev. 51, 484 (1937). 
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TABLE II. The multipole expansion of the Feynman-Gell-Mann 
interaction leads to the same parameters 5;(L,L’), with the ex- 
ception of a different identification of the reduced nuclear matrix 
elements, for the vector part of the interaction. The tensors in 
the first column are to be replaced by those in the second column 
to obtain the correct b;. Note also that the constants Cy, C4 are 
to be replaced by G/v2, —AG/v2, as defined by Feynman and 


Gell-Mann. The multipole operators M1, £2 are taken to include. 


the effect of the pions. 


S p(X ri 
S (rit; — 48:77") 


S ip (oir jt+opi— 3 (oe. r)d;;) 


—2/ (M1); 
S (£2);; 
Wof (E2):; 





indicated operations, we obtain 
2k+1 \3 
pam’ EE (—)ierm'(——) 
LL’kw KK’TT 2jot+1 
X Fe (LL, j1j2)d.(LL’) 


X Dyo'*(— ¢, —8, ( 


where 
F,(LL’,j1j2) = (— )art jy-1 
[(2k+-1) (2 j2+1)(2L+1)(2L’+1) }! 


a Bd 4 
Ott de KY 


Faget 
x( 
1 -1 
and 


b= DY (2K+1)(2K’+1) 


, 
ax hy 


(2L-+1)(2L’+1) 
\ heme ‘| 


(21-+-1) (22’+-1)(2j+1)(2j’+1)7! 
eee 
FF” fe 
River £ 
0 NM, -1 J 
K ef (Ae Aa es(e?2) WD (59l|T7(KT)|] j1) 
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The functions F;, have been tabulated elsewhere’; the 
quantities b, are given in Table I for k=0, 2. 

The beta spectrum is given by the trace of the density 
matrix, 


trpmom3’ x >- 7 bo(L,L). (A10) 


The beta-gamma directional correlation is 


W,(0)= > Pmomo!7pmymo’, 


meme’ 


where 


2J+1 


H 
Pmom,/7 = er (—)att™F 7(NN’ j5j2),dy/ 
I’ L272+1 


jo jo J 
x Jou"), (A11) 
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so that 
W,O« SY bd ( LLP (LL, j1J2) 
LL'k 


X Fi (AN’, js j2)Px(cosé). (A12) 


Finally, the beta-alpha correlation function, for a 
2+ to 0* transition is 


W..(6)= >. Pmomo/“*pmom?’, (A13) 


mem?’ 


where 


2J+1\3 ee BF, 
Pmgmo!*= (—) (—yv/( ) 
am \ 44 00 0 


2 2 J 
x( 
Mo — my! M 
so that 


Wa(0)x ¥ (2k+1)!F.(LL’, 712) 


LL'k 
2 

. 
0 


To obtain the multipole expansion of the interaction 
defined by Feynman and Gell-Mann, it is just necessary 
to redefine the multipole moment operators appro- 
propriately; the relevant substitutions are given in 
Table II. 


)rmw, (A14) 
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Gamma Radiation from Al?’-+ and F!°+ p* 


W. A. RANKEN, T. W. BONNER, R. CASTILLO-BAHENA, M. V. HARLow, Jr., AND T. A. RABSON 
The Rice Institute, Houston, Texas 


(Received June 5, 1958) 


Gamma radiations with energies less than 3 Mev have been observed with an intermediate-image lens 
spectrometer when targets of aluminum and fluorine were bombarded by protons. Gamma-ray spectra from 
Al+ were obtained for proton energies of 2.4, 3.0, 4.0, and 4.4 Mev. Gamma radiation with quantum 
energies of 0.845, 1.014, 1.722, 2.216, and 2.992 Mev were observed and are attributed to excited states of 
Al??, Gamma radiations of 1.369 Mev from Mg* and 2.741 Mev, probably from both AI? and Mg”, were also 
observed. Internal conversion electrons from the excited states of Al?? were observed; the conversion coeffi- 
cients indicate that the 0.845-Mev radiation is £2 and that the 1.014-Mev radiation is M1. Gamma radiation 
from F%+- was observed with quantum energies of 1.236, 1.358, and 1.46 Mev. The relative intensities of 
the y rays were observed for proton energies of 3.22, 3.65, and 4.27 Mev. 


INTRODUCTION been investigated by several research workers** using 
scintillation counters. The energies of these low-lying 
states have been accurately measured by magnetic’:® 
and electrostatic? analysis of inelastically scattered 
proton groups. 

The results of the neutron experiments show quite 
different possible decay schemes for some of these 
levels. The present experiment was undertaken to 
obtain more accurate data as to the y radiation from 
the levels in Al*’. 

Gamma rays produced by the bombardment of a 
0.85 mg/cm? Al*’ target with protons were observed 
for proton bombarding energies of 2.4, 3.0, 4.0, and 4.4 
Mev. The aluminum was evaporated directly onto a 
17.7-mg/cm?, j-inch square thorium foil in the belief 
that the close proximity of the aluminum to the con- 
verter would limit the effective size of the photoelectron 
source to something only slightly larger than the 2-mm 
beam spot. That this proved to be the case is shown 
by the fact that the resolution obtained for the spec- 
trometer for photoelectrons from a thin converter was 


HE utilization of the photoelectric effect in con- 

junction with a magnetic lens spectrometer 
provides a method of determining the energies and 
intensities of low-energy (below 3-Mev) y radiation 
with good resolution and a considerable degree of 
accuracy. A comprehensive account of the techniques 
involved in photoelectric spectroscopy has been pre- 
sented by Thomas and Lauritsen.' In the present work 
this method has been used to observe y radiation, in 
the energy range of 0.4 to 3.0 Mev, produced by the 
bombardment of Al*’ and F by protons. 

The intermediate-image magnetic-lens spectrometer 
used to make these measurements has served in the 
past as a pair spectrometer and has been described 
previously.?* The conversion of the pair spectrometer 
to a photoelectron spectrometer consists simply of 
replacing the coincidence detection system of the former 
by a single scintillation counter, comprised of a small 
cylindrical plastic scintillating element mounted on a 
tapered Lucite light pipe 20 inches in length. The light 
pipe is required to transmit light from the focal point 
of the spectrometer, a region of high magnetic field 
intensity, to a relatively field-free region where the 
photomultiplier tube used to detect the scintillations 
can operate effectively. Pulses from the photomultiplier 
are amplified and displayed on a 20-channel pulse- 
height analyzer. The scintillating elements are generally 
made thick enough to stop the photoelectron, since the 
greater pulse-height resolution achieved by this arrange- 
ment provides better separation of the true pulses from 
background pulses. 


TABLE I. Energies and assignments of 7 rays from the reactions 
AF"(p,p’) and AP7(p,a)Mg™. 


Ey 
(Mev) 
(Doppler- 
corrected) 


Level Type 
difference of 
(Mev).> transition 


Ey 
(Mev) 
(observed Assignment 
0.845 +0.005 

1.017 
1.3687¢ 
72 
2 


AF? 0.842 —0 
Al’ 1.013 —0 
Mg™ 1.3687 — 0 


E2 
M1 
E2 

M1 or E1 


1.014 40.007 
22-40.010 
16 +.0.010 
4isoois { 
92 40.015 


/ fs 


2.749 
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* See reference 7. 
> See reference 11. 
¢ Calibration line. 


Al’ +p 
A. Photoelectron Spectra 


*R. R. Day, Phys. Rev. 102, 767 (1956). 

57. L. Morgan, Phys. Rev. 103, 1031 (1956). 

® Rothman, Hans, and Mandeville, Phys. Rev. 100, 83 (1955). 
7 Browne, Zimmerman, and Buechner, Phys. Rev. 96, 725 


Gamma radiation from low-energy states in Al?’ 
populated by the inelastic scattering of neutrons has 


* Supported in part by the U. S. Atomic Energy Commission. 
1R. G. Thomas and T. Lauritsen, Phys, Rev. 88, 969 (1952). 
2 Bent, Bonner, and Sippel, Phys. Rev. 98, 1237 (1955). 
§ Ranken, Bonner, McCrary, and Rabson, Phys. Rev. 109, 917 
(1958). 


(1954). 

§ Porter, Rothman, and Van Patter, Bull. Am. Phys. “oc. Ser. 
IT, 2, 143 (1957). ; 

* Donahue, Jones, McEllistrem, and Richards, Phys. Rev. 89, 
824 (1953). ; 
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Fic. 1. The y-ray spectra from Al*’(p,p’) and Al’(p,a)Mg™ obtained at proton energies of 2.4, 3.0, 4.0, and 4.4 Mev. 


only slightly poorer than the resolution of 2.4% ob- The y-ray spectra obtained are shown in Fig. 1 and 
tained with 0.976-Mev internal-conversion electrons indicate y rays with Doppler-corrected energies of 
from a Bi®”’ source. 0.845+0.006, 1.014+0.007, 1.369, 1.7222-0.010, 





y RADIATION FROM Al1!7?+p AND F?!*+ 5p 


TABLE II. Relative intensities of y rays from Al?’+) as a 
function of the proton energy. 


\ Ey (Mev) 
E»(Mev)\ 0.845 1.014 
30 63 
21 91 6.1 
100 332 180 
416 272 113 


1.369 


1.722 2.216 2.741 2.992 


~16 131 ~7 
270 30 34 


2.216+0.010, 2.74140.015, and 2.992+0.015 Mev. 
The energy scale has been adjusted so that the position 
of the K-electron peak represents the y-ray energies. 
The observed and Doppler-corrected y-ray energies 
are listed in Table I together with the expected energies 
obtained from the work of Browne e/ al.’ The relative 
intensities of the y rays are given in Table II. All y-ray 
energies have been determined relative to the 
1.3687+-0.00005 Mev y ray from the Al*’(p,v)Mg” 
reaction. This y ray is not subject to a Doppler shift! 
and its energy relative to the gammas from Co® has 
been accurately measured, through the use of a Na™ 
source, with a magnetic lens spectrometer." (The 
energy quoted has been corrected for a more recent 
determination of the Co y-ray energies.'®) The cali- 
bration of the spectrometer was carried out at a proton 
bombarding energy of 2.2 Mev to insure that no error 
could be introduced by the presence of a cascade y ray 
from the 2.216- to 0.845-Mev levels of Al*’. 

For the proton energies used in these experiments 
the inelastic scattering and (,a) reactions are the only 
ones which should yield intense y radiation. The level 
schemes for the product nuclei, Al*’ and Mg”, are shown 
in Fig. 2. It is clear that the 0.845-, 1.014-, and 2.216- 
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Fic. 2, Energy level diagrams for Al?? and Mg™ showing the y 
radiation that was observed in this experiment. 


 C, F. Coleman, Phil. Mag. 46, 1135 (1935). 
1 A, Hedgran and D. Lind, Arkiv Fysik 5, 177 (1952). 
2 Lindstrém, Hedgran, and Alburger, Phys. Rev. 89, 1303 


(1953) 
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Mev gammas are ground-state transitions from the 
first, second, and third excited states of Al®’, and that 
the 1.722-Mev gamma is a cascade between the 2.732- 
and 1.013-Mev levels in Al?’. Even for the higher bom- 
barding energies it is probable that the 1.369-Mev 
gamma is primarily from Mg™. From neutron inelastic 
scattering results the intensity of the 2.213— 0.843 
Mev cascade relative to the 2.213-+ 0 Mev transition 
in Al?’ may be variously interpreted to be jess than 
about 0.10 *® or about 0.30.5 The amount of possible 
contribution of this cascade to the peak at 1.369 Mev 
observed in the present experiments cannot be deter- 
mined directly. However, surveys of the y-ray spectrum 
made with a 3-inchX3-inch NaI crystal for proton 
bombarding energies of 3.58 and 4.45 Mev provide 
some indication of the amount of cascading. For these 
measurements the target was a 2.84-mg/cm? Al foil. 
The y-ray intensities obtained in this manner are shown 
in Table III. 

It may be seen that, while the 0.845-Mev gamma 
yield is about the same for the two proton energies and 
the yield of the 1.014-Mev gamma changes only by the 


TABLE III. Yields of y radiation from Al?’+ for E,=3.58 
and 4.45 Mev. 


Ey 105 & (No. of Gamma rays per microcoulomb) 
(Mev) Ey =3.58 Mev E,» =4.45 Mev 


0.845 245 265 
1.014 448 530 
1.369 101 340 
1.722 ~6 92 
2.216 o4 419 


amount of the increase of the 2.732 — 1.013-Mev 
cascade, the yield of the 2.216-Mev radiation increases 
by a factor of 6.5. Since the target was relatively thick 
it seems unlikely that the direct population, by inelastic 
proton groups, of the 0.845-Mev level would decrease 
much over this energy interval and hence it is probable 
that the amount of 2.213 — 0.843 cascade is less than 
0.15 the intensity of the ground-state transition from 
the 2.216-Mev level. 

The y-ray peak with an uncorrected energy of 2.749 
Mev, which was observed for a proton energy of 4.4 
Mev, cannot be definitely assigned since it falls about 
midway in energy between the expected Doppler- 
shifted energy of 2.740 Mev for the 2.732 — 0 transition 
in Al? and the presumably unshifted 4.122 — 1.369 
(E,=2.753) Mev £2 transition in Mg*. The most 
reasonable interpretation is that the 2.749-Mev peak 
represents approximately equal contributions from 
those two y-ray sources. It is interesting to note that 
even if this peak is entirely from Al*’, the branching 
ratio of the 2.732 — 1.013 Mev cascade to the ground- 
state transition is 3.8. Since the ground state of Al*’ 
has a spin and parity assignment of $+ and the 1.014- 
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Fic. 3. The internal conversion spectrum from the 
bombardment of AF’ by protons. 


Mev state a 3+ assignment,™ the spin value of 3 
determined for the 2.732-Mev state by Van der Leun 
et al. requires the same multipolarity for the two y 
rays in question. It is apparent that the spin and parity 
assignments and the observed branching ratio are 
inconsistent with single-particle-model transition proba- 
bilities. A similar situation prevails if the 2.732-Mev 
state is given any assignment other than }. But with 
this spin a strong 2.732 — 0.843 Mev transition would 
be expected, and the present results indicate that the 
intensity of such a transition is less than 5% of the 
intensity of the 1.722-Mev y ray. 

If the parity of the 1.013-Mev level is taken to be 
odd and that of the 2.732-Mev state to be even, then 
the presently accepted spin values give single-particle 
transition probability ratios which agree with the 
observed ratios. However, the assignment of odd parity 
to the 1.013-Mev state is consistent neither with the 
observation that Mg?’(6-)Al’’ transition from the }* 
ground state of Mg”’ is an allowed transition,” nor with 
internal conversion results which appear in this paper. 

Radiation from either the 2.977- or the 3.001-Mev 
level of Al?” has been observed at four different reso- 
nances of the Mg**(p,y) Al” reaction." For the resonance 
at E,=0.339 Mev (7.745-Mev excitation of Al”), 
either the 2.977- or 3.001-Mev level of Al®’ is seen to 
decay by cascade to the 1.013-Mev state (E,=1.97 
Mev) with an intensity twice that of the ground-state 
transition. The angular distribution of the 7.745— 
(2.977 or 3.001) Mev transition indicates a spin of 3 
for the cascading state (3.001 or 2.977). At the 
E,=0.454-Mev resonance the 3.0-Mev y ray appears 
to be considerably stronger than the cascade. The 
present experiment indicates that the cascade from 
the 2.977- or 3.001-Mev level to the 1.014-Mev state 
has an intensity of <0.15 times that of the ground- 


3PM. Endt and C. M. Braams, Revs. Modern Phys. 29, 700 


1957). 
4 von der Leun, Endt, Kluyver, and Vrenken, Physica 22, 1723 


(1956). 
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state transition. If the 2.992-Mev radiation observed 
in this experiment is identified with the 3.001 — 0-Mev 
transition, then the 2.977-Mev level must be the one 
with J=§. Although the limit of error of the observed 
energy of 2.992 Mev does not definitely preclude the 
assignment of the radiation to the 2.977-+0 Mev 
transition, the fact that the 2.977 or 3.001 — 1.013 
Mev cascade was not observed rules out the possibility 
that the observed peak represents a mixture of ground- 
state transitions from both of these states. 


B. Internal Conversion Spectra 


Although the internal conversion coefficients for low- 
Z nuclei and for y-ray energies in the range of 1 to 2 
Mev are of the order of 10~°, it was thought that the 
lead shielding of the magnetic lens spectrometer and 
also the use of a small scintillating element might result 
in a sufficiently low background to make possible 
detection of internal-conversion electrons associated 
with the intense low-energy y rays from Al*’+. Ac- 
cordingly a 2.84-mg/cm? aluminum target was mounted 
without a radiator and bombarded with 3.58- and 
4.45-Mev protons. The resulting internal conversion 
spectrum for 3.50-Mev protons is shown in Fig. 3. For 
the higher energy y rays, just enough points were taken 
to determine the peak height relative to background 
and these are not shown in Fig. 3. The 0.845-, 1.014-, 
and 1.369-Mev internal conversion peaks are quite 
prominent, but the higher energy lines are barely 
distinguishable from background. The internal electron 
yields were determined relative to the number of 0.972- 
Mev electrons from a calibrated Bi*”’ source. 

As mentioned previously, a 3-inchX3-inch Nal 
crystal was used to measure the yield of y radiation 
when the same Al®’ target was bombarded with protons 
of the energies used in the electron yield determinations. 
The measured and theoretical internal conversion 
coefficients are listed in Table IV. The theoretical 
values for the AK shell have been interpolated from 
curves calculated by Rose ef al.* These have been 
corrected for Z-shell contributions through the use of 
K/L ratios obtained for Z=15.'* In computing these 
coefficients consideration must be given to the angular 


TABLE IV. Experimental and theoretical internal conversion 
coefficients for Al?7+-p. 


Internal conversion coefficients X105 
Ey Theoretical 
(Mev) Experimental ai Bi ar B: Assignment 


0.845 3.9 +0.9 1.7 46 6.2 E2 

1014 18204 12 18 #28 3.46 M1 

1.369 132403 059 11 14 2.0 E2(+M1) 
1.722 0.7340.40 0.49 0.75 0.88 1.3 (M1, F1, E2) 
2.216 0.36+0.14 0.33 0.50 0.57 0.77 (Z1, M1) 


16M. E. Rose (unpublished). 

16M. E. Rose, in Beta- and Gamma-Ray Spectroscopy, edited b 
K. Siegbahn (Interscience Publishers, Inc., New York, 1955), 
Appendix IV. 
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distribution of the y radiation and of the internal 
conversion electrons. Theoretical expressions have been 
derived by Rose et a.” for the angular distribution of 
internal conversion electrons relative to the angular 
distribution of the associated y ray and from these 
expressions estimates can be made of the correction 
necessitated by angular distribution effects. In the 
present experiments the y-ray yields were measured at 
0°, 45°, and 90° and all the y rays observed were found 
to be isotropic to within less than 10%. On the basis of 
these results complete isotropy of gammas and electrons 
was assumed and no correction was made. 

The values obtained for the internal conversion 
coefficients appear to provide excellent confirmation of 
the assignments of $* and 3* for the spin and parity of 
the 0.845- and 1.014-Mev states in Al*’. A multipolarity 
of either M1 or £2 is consistent with the coefficient for 
the 1.369-Mev y ray. As mentioned previously, this 
ray is known to be an £2 transition with the possibility 
of a small admixture of M1. The results for the 1.722- 
Mev y ray favor M1 but cannot exclude /1 or £2. The 
fact that this gamma is a strong cascade from the 
J=§, 2.732-Mev state to the 1.014-Mev }* state 
favors £1 or M1 over £2. While the present data do 
not completely exclude an M1 multipolarity for the 
2.216-Mev transition, an £1 assignment is favored. 
For these favored multipolarities to be consistent with 
the J values obtained by Van der Leun et a/.," the spin 
and parity of the 2.216- and 2.732-Mev states must be 
3— and 3, respectively. 


F°+p 


The y rays obtained from the F'*(p,p’y)F" reaction 
have been carefully studied by Toppel ef al.,!* who used 
scintillation and coincidence counting techniques. In 
the present work the photoelectron spectra for this 
reaction were observed with the magnetic lens spec- 
trometer for proton bombarding energies of 3.22, 3.65, 
and 4.27 Mev. 


17 Rose, Biedenharn, and Arfken, Phys. Rev. 85, 5 (1952). 
18 Toppel, Wilkinson, and Alburger, Phys. Rev. 101, 1485 


(1956) 
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TABLE V. Relative intensities of y rays from F"(p,p’y)F™. 
E - 


¥ 
(Mev) Ep =3.22 Mev Ep=3.65 Mev Ep =4.27 Mev 


1.236 30 17 16 
1358 44 83 100 
146 


<4 ~9% 3 


The observation of photoelectrons from low-energy 
inelastic-scattering y rays is rendered difficult by the 
presence of nuclear pairs from the F"(p,ar)O"* re- 
action. The cross section for production of nuclear pairs 
is much lower than that for inelastic scattering, but 
only about one in 10* gammas is photoconverted by 
the. thin radiator required for good spectrometer 
resolution. In order to minimize the number of nuclear 
pairs, the proton bombarding energies were chosen at 
low-yield points in the F*(p,ar)O" excitation curve.” 
The y-ray spectra were obtained by bombarding a 
2.2-mg/cm? thick CaF, target evaporated onto a 16.3- 
mg/cm? Th foil. A correction for pair background has 
been made which amounts to as much as 80% of the 
uncorrected counting rate for the peak at 1.35 Mev. 

The energies of the y rays which were observed in 
the energy range studied are 1.236+-0.010, 1.358+0.10, 
and 1.46+0.030 Mev. These energies are not corrected 
for a maximum Doppler shift of 5 kev. The last energy 
is less accurate than the other two because the presence 
of this y ray was detected by the low value of the K/L 
peak ratio of the 1.358-Mev gamma at the 3.65-Mev 
bombarding energy. The identification of these y rays 
with the energy levels” of F"* has been made by Toppel 
et al.'® The 1.236-Mev y ray is a cascade from the 1.350- 
to the 0.112-Mev state of F'®. The 1.358-Mev peak is 
primarily from the 1.462- to 0.112-Mev and 1.558- to 
0.197-Mev cascades while the 1.462-Mev gamma is a 
ground-state transition from the 1.462-Mev level. The 
intensities of these y rays for the three bombarding 
energies are given in Table V. The values quoted are 
relative to the value of 100 for the 1.36-Mev gamma 
peak at E,=4.27 Mev. 

1 Ranken, Bonner, and McCrary, Phys. Rev. 109, 1646 (1958). 

*” Squires, Bockelman, and Buechner, Phys. Rev. 104, 413 
(1956). 
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Nuclear Spin-Electron-Neutrino Correlation in Forbidden g Decay* 


Apam M. BINCER 
Brookhaven National Laboratory, Upton, New York 
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The distribution function correlating the electron and neutrino momenta with the spin orientation of the 
parent or daughter nucleus is calculated for forbidden transitions with Coulomb effects included. Attention 
is focused on the 8-decay interaction law form and behavior under time reversal. The near equivalence of the 
VA and STP forms is noted and a generalized substitution law relating the VA, STP, and VASTP forms is 
derived. A number of experiments distinguishing between the VA and STP forms are discussed in detail. 
Lastly, experiments testing time-reversal invariance are discussed with special emphasis placed on those 
terms in the distribution function which are not due to Fierz-like interferences and are not obscured by 


Coulomb effects. 





I. INTRODUCTION 


O specify completely a four-body process in which 
all four bodies may have nonzero spin, one should 
specify the linear momentum and polarization tensor 
of each of the four bodies. Because of conservation laws 
following from invariance under proper Lorentz trans- 
formations, it is actually sufficient in the center-of- 
momentum reference frame to specify any two momenta 
and any three polarization tensors. Thus the most 
general distribution function describing 8 decay should 
have these five quantities as arguments. In practice, 
only experiments involving at most three of these quan- 
tities have ever been done. Various such three-argument 
distribution functions (independent of any assumptions 
about invariance under space inversion, charge conjuga- 
tion, or time reversal) have been published in the 
recent past.’ 

The purpose of this paper is to add one more set of 
such three-argument distribution functions to the 
literature, namely the functions correlating the two 
linear momenta with a nuclear polarization tensor. This 
has been given by Jackson, Treiman, and Wyld! for 
allowed transitions ; we consider forbidden (in particular 
first forbidden) transitions. Forbidden transitions in- 
volve in general many unknown nuclear matrix elements 
making the analysis of experiments ambiguous. How- 
ever, for some judiciously chosen experimental arrange- 
ments the analysis can be considerably simplified. The 
interest in this particular distribution function is 
twofold: 


(1) Observation of certain terms in this distribution 
function can answer the question whether the 6-decay 
interaction law is VA or STP. ‘ 


* Work performed under the auspices of the U. S. Atomic 
Energy Commission. 

1 Jackson, Treiman, and Wyld, Nuclear Phys. 4, 206 (1957); 
M. E. Ebel and G. Feldman, Nuclear Phys. 4, 213 (1957); R. B. 
Curtis and R. R. Lewis, Phys. Rev. 107, 543 and 1381 (1957); 
M. Morita and R. S. Morita, Phys. Rev. 107, 1316 (1957); 
Berestetsky, Ioffe, Rudik, and Ter-Martirosyan, Nuclear Phys. 
5, 464 (1958); A. Z. Dolginov, Nuclear Phys. 5, 512 (1958); S. B. 
Treiman, Phys. Rev. 110, 448 (1958) ; Frauenfelder, Jackson, and 
Wyld, Phys. Rev. 110, 551 (1958); R. R. Lewis and R. B. Curtis, 
Phys. Rev. 110, 910 (1958); Morita, Morita, and Yamada, Phys. 
Rev. 111, 237 (1958). The above list is not claimed to be compiete. 


(2) Observation of other terms can answer the ques- 
tion whether 8 decay is invariant under time reversal 
or not, provided the interaction law is mainly VA or 
mainly STP (as is most likely). 


We note that other three-argument distribution 
functions are usually not suitable for testing both 
questions (1) and (2). Thus the distribution function 
correlating neutrino momentum with the electron’s 
momentum and polarization is suitable for testing 
question (1); however, it cannot test question (2) if the 
interaction law is pure VA or pure STP. On the other 
hand, a measurement of the beta-gamma angular 
correlation for decays from oriented nuclei will test 
question (2) but not question (1). 


II. FORMULAS 


We take for the 6-decay interaction Hamiltonian the 
expression given by Lee and Yang.’ The calculations are 
done explicitly for the process in which an electron and 
an antineutrino are emitted. To obtain the results for 
positron emission (or K capture) one should make the 
following substitutions in all formulas: 


(Cv,Cr,Cs',Cpr’,Ca‘)—(Cv,Cr,Cs' Cr’,Ca’)", 
(Cy’,Cr’,Cs,Cp,Ca) ee (Cy’,Cr’,Cs,Cp,Ca)*. 
For proton emission, in addition Z—— Z. 


We choose as the two independent linear momenta 
the electron momentum p and the antineutrino momen- 
tum q. These symbols are used throughout this paper 
to denote unit vectors in the specified directions. The 
nuclear polarization tensor may be chosen to be either 
that of the initial or of the final nucleus. In the latter 
case one might in an actual experiment observe instead 
the circular polarization of a subsequent yy quantum. 

For the distribution in electron and antineutrino 
momenta for decays from oriented nuclei, we find (the 


2 These statements are exactly valid for allowed, and approxi- 
mately valid for first forbidden, transitions. 
*T. D. Lee and C. N. Yang, Phys. Rev. 104, 254 (1956). 
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TABLE I. The factor hy(Jo,Mo) defined by E 4. (A-13). 











he (I0,Mo) 











1 


Mo 


Tet la} 


3Me—Io(Io+1) 
[(2%o+3) (Zo+1)J0(2Zo—1) }* 


(/5)X 





Mo[SMeP—3lo(Io+1) +1] 


/7 am . 
[ (To+2) (20043) (To+1) o\ 2%o—1) (Fo—1)] 


(/7)X 





SMeALIMe— —GLo(Lot+ 1) +5J+3 lot2) (loF 1) Io(Io—1) 


[2le+9) +2) (2Io+3) (o+1) To(2Io—1) (Io—1) (29-3) }? ‘ 








TABLE II. The factor r Onl (k.,ky) defined by Eq. (A-15). 








On (Re ky) 





> -& £& WD Www wwwnr dH NH NH WH DH HW 


4(5)4(3(p-q)*—1] 
Pj 

qj 

(})MiqXp-j 

—(1/v2)(3p-q p—q)+1 

— (1/v2)(3q-p aq—p)-j 
(15/2)4ip-q pXq-j 
§[3(p-j)?—1] 
$[3(q-j)*—1] 

— (y0)*(3p-j a-3—p-@) 

(3/v2)ip-j aX pj 
(3/v2)iq-j aXp-j 

— (3/5) {4p-alS(p-j)*—1]—p-j a-3} 

— (3//5){4p-al5(q-j)?—-1]—p-j a-3} 
(5/14)*(3p-j(pXq)- (jXq)+3q-j(aX p)- GX p)+3p-4q(pXy)- (GXj)—2] 
$p-j[S(p-j)*—-3] 
$q-j[5(q-j)*—-3] 

(3//7) {4[3(p-j)?—1]a+p-j aX (PXj)} 3 

(3/7) {$13 (q-j)*—1]p+a-j pX (aXj)} +3 

fiqX p-j[S(p-j)?—-1) 

tiqX p-j[S(a-j)*—1) 

(3/2) (5/14)4ipX q-j(Sp-j a-j—p-@) 

(4v3)—1{Sp-j q-jC7(p-j)*—3]—3p-ql5(p-j*—1]} 

(4v3)-*{Sp-j q-§L7(q-j)*—3]—3p-qlS(q-j)*—1]} 

RS/MIMN SSI j)*(q-j)*—20p-q p-j a-3—5(p-j)?—S(q-j)*+2(p-q)*+1} 


no CO we NR KF OK LH 


— 
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TABLE ITI. The enanauaaness x(0,0 0; eke ). These vinteeneuanannns contnbute to AJ =0 transitions. 


i Relas Kr+2[4qRase-ter 1M, i+ [h(oR)" *a55+ 
tank Re las tag ison sprog JK + [eR 2a55+ ew +a 


be (0,0; ke, ky) 


Sins +ae: Ik 1 1f 
JMui-1} 





TABLE IV. 


The samananeed u(G,15 Rese) ) and 5; (1,0; k.,ky). These parameters contribute to AJ =0 banearil 0-0) transitions. 


bz (0,1; ek p) Fee(L; ke,ky) 


—} 1 Re| [8se+8e1 Mn+ [28s1—Bs mh. +E IR GutbistBu ~ Bs.) + Birt Bat Belk 1 


+([4qR (2851 


— B54) +2821 —Bos JK 1-2 +3 (gR)*(Bs1 — Bsa) +49gR (B21 — Baa t+ 


Bs6) +826 ]M_1-1} 


—%} Re{[Bss+8s1 JKiurt+[4¢qR (3851 +815 +Bas) +812+Bi2+Bs6 )Mi_i+ $[(gR)*8s1+-QR (38214856) +3826 K-11} 
& (%) 4 Im { [2 (sets) Mit [ess — 2a) Myo +[4qgR (2045+ 2a15—3as4) +2 (ai2+e42+e56) JKi-1 


+[4qR (ass— 


2a151) +224 — Zara, JK 1-2 — $[ (GR) *a54+- QR ( — 2erse-+3er24) — Gara ]M_1-1} 


—$(1/v2) Re{[Bs1—2851 ]K1-2+[4gR (8s4— 2851) +B21— 2821 JM_1-2} 


2 $(1/v2) Wha adticnbdaaeata setanseitenatilnanalideaatanin s+2B2 oie 1-1] 





TABLE V. 











k ke 








The parameters };,(0,2; ke,k,) and 6, (2,0; hark). 1 These seems: contribute to AJ =0 iononpt 0-0, 4) transitions. 


be (0,2; ke, ky +e G,0; ke,ky) 


to (3)# Re{3a53Ki_2+[qRass+3az - 1-2} 
- (a)! Re { qRas3M\_1+ }gR[qRas3+3a23 JK 1-1} 
—(1/12)(%)# Refass[gRK11+3Mi_2 ]+-4[gRais+3e0, |[gRM_1-1+3K_1-2]} 
*2 to (4)4¢ Im { 853K 1-2+-4$[gRB53 +3823 |M_1_2} 
*2 to (4) )4i Im| nbatind vheiattint pe 1-1} 





details of this calculation can be found in Appendix A) 
p,q)d2.d0,=4F (Z,E)dQ.4Q, 

XD (=) he (To Mo) Fe( LL! Ly To) 
i XD di(L,L’; Reskr)On(Reykr), (2) 


keky 


W (Io! 


the absolute transition rate being given by 


N (Jo| p,q,£)dpd0.dQ, 
= (29) W (Io! 


Here Jo and J; are the nuclear spins before and after 
B decay; F(Z,E) is the Fermi function‘ with E=the 
total energy of the electron. The functions /,, FP, and 
Q, are of geometrical nature whereas }, is the char- 
acteristic parameter of the 6 process, independent of 
geometry. It is assumed that the initial nucleus is in a 
definite substate with magnetic quantum number Mo, 
the entire dependence on Mo being contained in the 
factor 4,.(Io,Mo). In general a weighted average over 
hy.(1o,Mo) with respect to Mo should be taken. The 
entire dependence on the electron’s and antineutrino’s 
angular variables is similarly contained in Q;(k,,k») 
The exact definitions of Ay(Jo,Mo) and Q,(k.,k,) are 
given in Appendix A, Eqs. (A-13) and (A-15), and they 


p.q)p'q’dpdQ.dQ,. (3) 


4 See, e.g., J. M. Blatt and V. F. Weisskopf, Thesretical Nuclear 
Physics (John Wiley and Sons, Inc., New York, 1952), p. 682. 


are tabulated in Tables I and II for values of arguments 
of interest for allowed and first forbidden transitions. 
F,(L,L’,I;,[o) depends on the multipole orders L and 
L’ of the 8 radiation as well as on the initial and final 
spin values Jo and J;. It is symmetric in Z and L’ but 
not in J; and J». It has been tabulated for most values 
of the arguments of interest. Its exact definition is 
given by Eq. (A-14), Appendix A. 

Similarly, the distribution in electron and anti- 
neutrino momenta in correlation with circular polariza- 
tion of a subsequent yy quantum is found to be 


W (py,77| p,q)d2.dQ,=4F (Z,E) (21,+1)- 
X LD (H7y) by Fe AN 70) Pe (LL 10,1) 
kA LL’ 
x by (L,L’; Reykr)On(Re ky), (4) 


keky 


dn dQ, 


the absolute transition rate being given again by Eq. (3) 
with W(Io|p,q) replaced by W (py,rv|p,q). Here Zyy is 
the nuclear spin after the y transition, py is a unit 
vector in the direction of the y quantum momentum 
and ry is +1 for right- and —1 for left-handed circular 
polarization. The y may be a mixture of multipoles » 
and \’ with amplitudes 6, and 6). The other symbols are 
the same as in Eq. (2). 


is 5 Alder, Stech, and Winther, Phys. Rev. 107, 728 (1957) and 
references cited therein. 
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TABLE VI. The parameters 5;(1,1; k.,ky). These parameters contribute to AJ=0 (except 0-0) and AJ=1 transitions. 


be (1,1; kek,) 


7 Re{ [aust 2a41 tan |Ki - 2C4qR (ass—aai T1473) —ayg—arig |My ia [444 —2a41+2a11 |K_2-2 


r \ F > , — 
T [3 (gR)?( Saggtans — qR (cxs6 — 16) +acee |K-1- 1} 


i 7K 
ps (4)! Re{ [ass + 2agitan |Mii- 2 GR (ass + qi Tai47TQa11)— ase—ang |K 1—1 


+ Af agg 2argi targ— 2a) ]Mi-2 
— [4as4— 2041+ 201; ]M_» 
(4) Re { Coass— ergs + 2a14— 4a: GRM_1-2} 
Re{[Ba+28+8u JM i—2[4qR Bu-BatBu- 
+[Bsa— 2841 +814— 2811 J Mi_2—([4qR (Bas 
+(48s4—Bait+Bir JM 2-2 
[4¢R(Bast+28.t+8114+28) 


— 
T 
1 
6 


1 [ f f 7 
§ Re{[Bast28a1 +8 JKu 


— 3¢R (Bsa —BatBu—Bi)Ki-n 

—4(4)$¢ Im | [ergs — Zerg terig— 2e11 |Mi_ot+4qR (gat 2c 
-[4qR (ergs — v4: — 2014 +4011) — 64+ 2er61 JK 1-2 
1(1/V2) Re{[Bss—28+Bu—281JKi 


- 2[¢R Fass ~4, —14T 2011) +2a64—4061 |JK-1-2 
o+[(gR)*(Fasst+ans) —2gR (ase+ere) +c066)M_1- 


B11) —Bas— Bre ]K1-1 
~ 2841 — Bis +2811) —Bos +2861 |K-1~2 
+-[4(gR)?(484s—Bar) — 3GR (Bas—Bie) +86 ]M_1 
2846—2816]Mi1 
Bat B11) K_2-2+[4(qR)*Ba 
terg+2a11)Ki-1 
- [8 (QR)? (cg +2er41 — 14 — 2011) — 3gR (eat 2e61) JM_1-1} 
iia [qRi 3844 -Ba1) — Best 2B: 1IM_y ~2 +-[4844— 2841+ 2B11 |K-2-2} 


gRBis+Bee|K-1-1} 


1 
=" 4P44 


-3(1/v2) Re{4qR} (Bas + 281t+Bis + 2811)K1 1 + 4Bus— Bar t Bis : 2811) K-12 


~C¢R ($8445 +84a1) —Bos— 2861 ]M_1_1}} 


4 (3's) #¢ Im | 4gR (Fass a14—2a31)M_}_2} 


} Re{[au— a4: +ay4— 2a JK o— [4qR (as4— 2agi—arg T 2a11 — (M64 T 


2ae: |M 1.3 (tags- a4it a1) K_2_9} 


j Re{49R{ Laut 2e41 +-ayqt Qe JMi_1+[(qR) (fas —a11) —aga- 2ae: |JK-1 1} } 


3s 4(8)4 Re{ [aa + 2a) +e IMii—[gR (Fars — M41 + dees aii) ass 
3 


r 
t 


ag — ea + $a JMi_2—| 

— 3 faus—anrtar |M_22 
4(1/v2)i Im| [Bis — 2841 +814— 2811 JK 
-$(1/v2)i Im {4qR{ [Bas +2841 +814 +2811 1K 1-1 


=~e 
2aie Ky 1 
4 


2any) + haves pe ae |K- 1—2 


[qR Gau— bagi tans 
+[%(qR)* (au Sa +an1) —gR (Fass—arig) +c |M_1_1} 
o—[gR(4841—B41) —Bos +2861: 1M_1-2} 
—[484s—Bait+Bis— 2811 |K-1-2 


—[4qR (Bas +284:—Bis— 2811) —Bes—2Be. JM_1-1 }} 


$)3 Re} 4(qR)*Lhasstagi tan JM_1-1} 
7 


)4 Re | 4gR[ haga a4) —@14— 2a) |M 1 2} 


III. PARAMETERS },(L,L’; k.,k,) 


The dependence on the physical (as opposed to 
geometrical) structure of the 8 process is contained in 
the parameters },(L,L’; k.,k,) and the main contribu- 
tions of this paper lies in the calculation of these },. 
They are given for a transition of arbitrary order of 
forbiddenness by Eq. (A-16), Appendix A. For first 
forbidden transitions they are displayed explicitly in 
Tables III-VIII under the assumption that the 6-decay 
interaction law is VA. If the interaction law is of the 
most general VAS7P form, the parameters 0}, will have 
additional terms due to STP as well as due to VA-STP 
interferences. In Appendix B a substitution law is 
formulated which allows one to obtain the contribu- 
tions due to STP and VA-STP interferences once the 
VA contributions have been calculated. 

The following are the physical quantities that enter 
into the makeup of the parameters 6,: the 6-decay 
coupling constants, the nuclear reduced matrix ele- 
ments, the electron’s radial functions and Coulomb 
phase shifts, and the antineutrino’s radial functions. 
In the tables the dependence on the coupling constants 





and the nuclear reduced matrix elements is given in 
terms of the combinations a,, and ®,,, the dependence 
on the electron’s radial functions and Coulomb phase 
shifts is given in terms of the functions K,,, and My, 
and the dependence on the antineutrino’s radial func- 
tions is exhibited explicitly. 

The combinations a,, and £,, are defined by 


deg =T LHI Ty *, Beg =TMy*+TVT,*, 


(5 
r.=C. f0.°**, r,’=C,' f0,°**-. ) 
We note that aye=aey*, Bye=Beq*; hence a, and By are 
real if C=C, ° and in addition a,, is non-negative. The 
JS 0,©*"*: are the nuclear reduced matrix elements given 
in the familiar Cartesian notation. The operators 0,°*"* 
are exhibited explicitly for first forbidden transitions 
in Table [X. This table also gives the relation between 
C., C and the coupling constants in the notation of 
Lee and Yang.’ The presence in the 5; of terms contain- 
ing 8, indicates violation of space inversion invariance 
6 We assume, for simplicity, Im(/O°*"t-)=0, which implies 
that the nuclear wave functions are eigenfunctions of a Hamil- 
tonian invariant under time reversal. 
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TaBLeE VII. The parameters 5;(1,2; ke,ky) and 5, (2,1; k.,ky). These parameters contribute to AJ=1 (except 01) transitions. 








k ke ky 


be (1,2; Rey) +b (2,1; Re ky) 





0 4(10/3)# Re{ [64s +813 Mi_2—[4qR(Bss—Bis) — Bos JK -1-2— $ [4843 — B13 }M_2-2+$(gR)*[48is+Bis |M_1-1} 
1 4(10/3)4 Re{4$qR[Bist+81s )Mi_1+[4843—Bis |K-2-2— 4qR[40R (3843 — 28:8) — Bes }JK-1-1} 
1 — (1/12) (5)44¢ Im { (43-13) (Mi-2+$qRKi-1) — [4g (Gaus—arsi + fass) —ares JK 1-2 


—$qR(4qR (a43— 313) —ar63 ]M_1-1 + 3 Laas — 2a13 |M_2-2} 


} (15)-# Re{ (84s +813) Ki-2—[$qR ((9/2) Bas +6813 + Bs: — 48s) —Bos ]M_1-2+[Bas— 2813 ]JK-2-2} 
4(15)~# Re{ $gR { (Bas +812) Kis — (4813 +813 +7831 — $824) K 1-2 — [4 qR (2843 +813) — Bos ]M_1-1} } 
(1/20)é Im { gR ($a43-+-013—a31 + $0234) M_1_2} 

—4$(3%5)# Re{ (a4st+a13)Ki-2—[4gR (a43—cr1s) — ares | M_1_2+ (443-213) K_2-2} 
$ (x95)? Re{ 4¢R[ (estes) M11 — ($gRou3—a63)K-1-1 J} 
4 Re{ (asters) (Mi_2—$qgRKi-1) —[4gR ($aus—as1 + Fars4) — args JK-1-2 


— vs (Bt Re { (a4s—2e13) M_2_2} 
— ps (3)? Re{ $(qR)*(a43 +2013) M_1-1} 


# (ss) Re{ (84s —2812) M_2_2} 
—i (ss)! Re{3(¢gR)?(843 +2613) K—1-1} 


3 
a | 
*3 


- (3/40)4i Im{ (a4s— 2a13)M_2_2} 


No KF eK DH OC WN KK WH & KO 
wwe HK WON WS SK WH 


(3/40)4i Im { } (gR)*(a43+2e13) M11} 
Ps (21)44 Im { 4gR (40x43 +0213 —0'31 + Farz4) M_1_2} 


+ (haus— Fors) M_2_2+4qgR[4gR (2043-112) — 63 JM_1-1} 


4(15)~#4 Im { (84s +813) Ki-2+[gR ($843 +2813 +821 — $834) +863 )M_1-2+ (2843—4813)K_2-2} 
—43(15)-44 Im {$gR | (843 +813) K 1-1 — (3843-3813 +5831 — $824) K —1-2—[gR (Bi +Bis) —B03 )M_1-1} } 


— (21)#(40)— Re{ $g¢R (aust+2c13— 2a31 +034) M_1_2} 


— (7/30) Re{ [64s +813 ]JK1-2—[4gR (4843 —Bis— 821 +4824) — Bes ]M_1_-2— (4842—4813)K_-2-2} 
rm (7/30)+ Re{$qR{[843+813 JKi_1 — [4gR (4813—Bis) — Bes |M 1 1+4[3843+ 68134 2831 —Bss JK 1-2}} 











in the £ process, the presence of terms containing Re(§,,) 
or Im(a,,) indicates violation of charge conjugation 
invariance, and the presence of terms containing Im(a,,) 
or Im(f,,) indicates violation of time reversal invariance. 

The functions K,,, and M,, are obtained by taking 
the upper sign in the defining Eq. (6): 


Kw 
( )=teacetso-serns.s(—0)S(—«) 
La! 
X fiafaeit4o-4-#1} /F(Z,E), 


(6) 
Mw | 
- )=tS(— ee eetoscen 
ES (—x) fegere"4 0-41} /F(Z,E). 


If the #-decay interaction law is VA, the functions 
Ly. and N,,, defined by the lower signs in Eq. (6), 
do not appear. The notation in Eq. (6) is standard: 
S(x)=sign of x, A(x) is the Coulomb phase shift, and 
g. and f, are the radial functions of the electron (see 
Appendix A). Since g,, f, are real we have Kye= Kee, 
Leu=Lie*, Mer=Mee*, and Nee=—Nyw*. In par- 
ticular Kye, Lex, Mex, and iN, are real, as well as M,_. 
and N,-_,. The relation of these functions to other com- 
binations appearing in the literature, as well as their 
values under certain approximations, are given in 
Appendix C. 


The following properties of the parameters }, are 
useful to note: 


be(L,L’; Rokr) =(—)*t*thb *(L',L; kek), (7) 


bi. (L,L’; ke,0) =5(k,k-) bx (L,L’), (8) 
where },(L,L’) are the parameters tabulated in refer- 
ence 5 (except for the cases L=2, L’#2, which those 
authors omit). Each of Tables III-VIII gives the 
parameters b, for a given pair of values of the multipole 
orders L and L’; within each table the parameters are 
further classified according to the values of , k,, and k,. 
Thus for unique transitions one needs only Table VIII 
for which L=L’=2; for 0-0 (yes) transitions one 
needs only Table III for which L= L’=0, etc. 


IV. FORM OF INTERACTION LAW 


It follows from the substitution law formulated in 
Appendix B and summarized in Table X that the VA 
and STP forms of the §-decay interaction law may, in 
principle, be distinguished whenever a measurement is 
performed which selects from the Tables I[I-VIII terms 
proportional to 


(a) aepM ce and aK, (except that for «=n it is 
sufficient to observe just aM,x°), or 


(b) BegM cx? and BegK er. 





NUCLEAR SPIN-ELECTRON-NEUTRINO CORRELATION 


TABLE VIII. The parameters 5; (2,2; kek»). These parameters contribute to AJ=0 (except 0-0, $4), 


AJ=1 (except 0-1) and AJ =2 transitions. 








ky 


be (2,2; keh) 











0 Ys Re {ass K_2-2+4$(¢R)*K-1-1]} 


1 (V3 /80) Re {ass M_2-2+ (10/3)gRK-1-2+§ (gR)?M_i-1 J} 
2 — (40\/5)"4 Re(assgRM_1-2) 


a 
— 


4 
4 
4 


1 
1 
1 
2 
2 
0 
2 
1 
1 
2 
1 
3 
2 
0 
3 
1 
2 
2 
1 
3 
2 


— #5 Re{Bss[$M 22+ (¢R)!?M_1-1 J} 
fs Re{@ss[K_2-2+ (15)"(qgR)*K_1-1]} 
Ps (6)4¢ Im (agsqgRK_1_2) 
(3/40) (1/v2) Re{Sss[K-2-2+¢RM_i-2]} 
— (3/40) (1/V2) Re {BssgR[K-1-2+$9RM_1-1]} 
(40) (3%)4i Im (assqgRM_; _2) 
(21/80) Re(assK—2-2) 
(21/80) Refass} (gR)*K_1-1] 
(7/40) (3%5)4 Re {ass M_22+ (5/3)gRK_1-2+ $(qR)*M_1-1}} 
(7/40) (1/v2)i Im (B33gRM_1-2) 
— (7/40) (1/2) Im (8s3gRK-1-2) 
(9/80) (4)# Re(assM_2_2) 
(80)~1(4)4 Refass(gR)*M_1_1 J 
— (40)-*(7/10)# Re(assgRM_1-2) 
— (9/80) Re(@33M_.2) 
(80) Re[B33(qR)*K_1-1] 
(3/80) (7)# Re{8ss_K-2-2—§gRM_1-2]} 
— (74/80) Re{8ssgR[4qgRM_1_1—2K_1_2]} 
(20) (7/10)4é Im (a33gRM_1-2) 
— (9/80)v3 Re(as;M_2_2) 
— (v3/80) Re[ass(gR)*M_1-1] 
— (3/20) (7/10)4 Re(assgRM_1_2) 














Observation of both a term proportional to M and a 
term proportional to K is needed to establish the phase 
of a, OF Bey. This phase depends on the unknown (in 
the absence of a theory of nuclear structure) relative 
phases of the nuclear matrix elements and, in the case 
of f.,, also on the relative phase of C, and C,’. The 
exception noted in (a) follows from the fact that a. is 
always non-negative. 

As mentioned in the introduction, forbidden transi- 
tions involve in general a multitude of nuclear matrix 


Tasie IX. The tensor operators (in spherical and Cartesian 
notation) and coupling constants in the §-decay interaction 
Hamiltonian. 
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elements. In this section we shall discuss in some detail 
those cases for which the analysis can be simplified. 
The general case can be obtained from Eq. (A-16) and 
from the Tables ITI-VIIT. 


1. 0-0 (yes) Transitions 


We briefly consider this well-known case because of 
its simplicity although it does not properly belong in 
this paper since no nuclear polarization is involved. 
We see from Table III that 59(0,0; 0,0) (which meas- 
ures the simplest of all properties of 8 decay, namely, 
the spectrum shape) can distinguish between VA and 
STP. Specifically, 


bo(0,0; 0,0) =4| fie-r|? 
X{P(asatarr)+$el (p/E+9—3x)aaa 
+ (p?/E—q)arr—3(#/M) (Re arp) }} 
—}3| Sio-r|?{ (P/E) (Re aar) 
+ (&/E)[x(Re aar)—(#/M)(Re aap) ]}. (9) 


Equation (9) was obtained by evaluating the Coulomb 
wave functions in the approximation of Appendix C 
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TABLE X. The substitution law relating p(VA), p(STP), 
and p(VA-STP). 





p(VA) 
TD y*Kex’ 
DD y*Lee’ 
TD," Mex’ 
TD y*V en’ 


p(VA-STP) 


(PT ,*+0. 2%) Lee’ 
(PT ,*+l. 0.) Ka’ 
(P.0,*-T LN 
(f,*- Pr. ,*) Mex’ 


p(STP) 

Pie! 

PL tLe’ 
—P 2M 
—P PV. 














and keeping only terms of order & and &é, where 
&=(aZ)/(2R) (R=nuclear radius). The aga, etc., 
differ from the as; [Eq. (5)], etc., by the reduced 
nuclear matrix elements (i.e., a44=CaCa*+Ca'Cy"*, 
etc.). p and g are the magnitudes of the electron and 
antineutrino momenta, respectively, and x= (Jf ys5)/ 
(fie-r). (We use units such that h=c=m=1.) 

For heavy nuclei £>1 and so the major contribution 
to Eq. (9) comes from the # terms which do not dis- 
tinguish between VA and STP. One must therefore 
look at-the terms which are, unfortunately, a small 
correction. Since for heavy nuclei (#/M)=~1, where 
M=nucleon mass, the contribution from interferences 
with the pseudoscalar covariant is of order £ and we 
have included it.’ The second curly bracket in Eq. (9) 
contains contributions due to VA-STP interferences 
and displays the 1/£ dependence characteristic of 
Fierz terms. If one assumes the Fierz terms to be 
absent, the dominant & terms as well as the 7-P inter- 
ference will give rise to an allowed spectrum shape and 
a measurement of the deviation from allowed can decide 
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between the A and T covariants. The lighter the nu- 
cleus, the more favorable the situation. 

The remaining parameter in Table III, 60(0,0; 1,1), 
measures the electron-neutrino angular correlation. 
Here it is the leading & term that distinguishes between 
A and 7. This leading term is 
bo(0,0; 1,1) 


i 


(44/4) | Sie: r|?2(p/E)(asa—arr). (10) 


To this order there are no Fierz-like terms, nor are 
there any contributions from the fy; nuclear matrix 
element. If we write the electron-neutrino angular 
correlation in the standard form 

1+A(v/c) cosO,,, (11) 
then A=1 for A and A=—1 for 7 (only # terms 
included). 


2. Unique Transitions 


Another case not obscured by the nuclear matrix 
elements is that of unique transitions for which the 
spin change equals »+1 where n is the order of for- 
biddenness. Since & is equal to the rank of the nuclear 
polarization tensor, if no nuclear polarization is meas- 
ured only the }, for which k=0 can contribute. For this 
case we have in Table VIII three parameters : 6o(2,2;0,0), 
bo(2,2; 1,1) and bo(2,2; 2,2). The first of these measures 
the spectrum shape; in contrast to the 0-0 (yes) case 
it does not distinguish between VA and STP. The 
second and third measure the electron-neutrino angular 
correlation and do distinguish between VA and STP. 
Specifically, 


DX bo(2,2; Resk»)Qo(Reyky) = (1/240) | SiBi;|2{5(p?+9°) (asatarr)— (p/E) 
xlie+ 10gE+@)aa age (p- 10gE+@*)arr | COSO ey + (p/E)pq(aaa—err) (3 cos’9,.y— 1)} 
+ (1/240) | fiB;;|?(1/E){10(~?+-¢) (Re aar)—[20pq(Re aar)+aZ(p?+2q*) (Im aar) ] cosbey 


keky 


(12) 


where the second curly bracket contains the Fierz-like terms, the Coulomb functions have been evaluated in the 
approximation of Appendix C and the Qo(&.,k,) have been taken from Table IT. 

When nuclear polarization is measured (either by having the initial nucleus oriented or by observing the circular 
polarization of a subsequent gamma‘) one also has contributions from the ), with k#0. The electron angular 
distribution relative to the nuclear polarization is measured by 6,(2,2; 1,0), b2(2,2; 2,0) and b3(2,2; 3,0) ; the corre- 
sponding antineutrino angular distribution is measured by },(2,2; 0,1), b2(2,2; 0,2), and 63(2,2; 0,3). Using Table 
VIII we find (in the approximation of Appendix C) 


b:(2,2; 1,0)Q;(1,0) = — (1/48) | SiBi;|*L(¢+-¢°) (p/E) (844—Brr)+ (8f"+2¢°) (aZ/E) (Im Bar) ]p-j, (13e) 
by (2,2; 0,1)Q1(0,1) = (1/48) | iB; |2(8¢?+-p?)[BaatBrrt (2/E) (Re Bar) ]a-j, (13y) 
bo(2,2; 2,0)Q2(2,0) = (7/240) | fiBi;|*p’Lasatarrt (2/E) (Re aar) [3 (p-j)?—-3), (14e) 
bo(2,2; 0,2)02(0,2) = (7/240) | SiB;;|°@’Lasatarr+ (2/E) (Re aar) I[3 (q-j)*—4), (14y) 
bs (2,2; 3,0)Q3(3,0) = — (1/160) | f'iB;;|?9L(p/E) (844—Brr)+(aZ/E)(Im Bar) [5(p-j)*—3p-j], — (15e) 
b3(2,2; 0,3)0s(0,3) = (1/160) | Bi; |’¢’[B4at+B8rrt (2/E) (Re Bar) I[5(q-j)*—3q-j]. (15y) 


$aZ pq(Im ar) (3 cos’O,,—1)}, 


7 See discussion at the end of Appendix B. a is at : 
8 It is, of course, understood that for even & all of our formulas apply equally well if instead directional correlation with the 
gamma is measured (or the initial nucleus is aligned and not oriented). 
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Here j is a unit (pseudo) vector in the direction of the nuclear polarization axis. Thus the combined information 
obtainable from, for example, an experiment of the type performed by Ambler et al.’ [Eqs. (13e)—(15e) ] with that 
obtainable from an experiment of the type performed by Goldhaber ef al.!° [Eqs. (13v)—(15v) ] can decide between 
the A and T covariants. 

Finally there remain to be discussed in Table VIII the parameters 6, with all three of the arguments &, k,, and k, 
different from zero. It is these 6, that describe a truly three-argument distribution function since they will con- 
tribute only if one measures simultaneously the electron momentum, the antineutrino momentum, and a nuclear 
polarization tensor. An experiment measuring these b, is accordingly more difficult to perform than the “simple”’ 
experiments measuring any of the previously discussed 6,’s. For 8*-emitting (or K-capturing) nuclei several of the 
“simple” experiments have been carried out and they indicate that the interaction law is VA." Although there 
is no reason to believe that 8~ emitters behave differently from 8* emitters, as yet no “simple” experiments on 8 
emitters giving unambiguous results have been performed." Accordingly, we complete this section by listing (in the 
approximation of Appendix C) the remaining 6; (2,2; k.,k,)Qx(k.,k») involved in a first forbidden unique transi- 


tion with k=1: 


b, (2,2; 1,1)Q,(1,1)- 
b, (2,2; 2,1)Q,(2 


= Ps | SiBi;\?(g/E)[aZ (3E?2+4) (asatarr)—2p(Im aar) lpXq-j, (16) 
)=— (1/80) | fiB;;|\*[(4+¢9/E)p'Bsat (4—9/E)P'Brr 

+2(p°/E)(Re Bar)+ 
b, (2,2; 1,2)Q1(1,2) = (1/80) | fiB,;|*L(1+49/E)gp8sat (1—4¢ 


}qp(aZ/E)(Im Bar) |(3p-q p-j—q-j), (17) 


E)qp8rr 


+2(gp/E) (Re Bar) +3q?(aZ/E) (Im Bar) |(3q:p q-j—p-j), . (18) 


Ab 2,2)Q,1(2,2) 2) (3 320) S iB;; *gpaZ (aaa 
It is clear that the above J; distinguish between the 
{ and T covariants. The structure of the remaining 
b.O, with k>1, k.#0, k,~0 is not essentially different 
and we omit them here. It should be noted that al- 
though in Table VIII entries for k <4 are listed, in any 
particular case not all these & values need appear. 
The value of & is limited not only by the order of for- 
biddenness n [by the relation k<2(n+1)] but also 
by the nuclear spin J (by the relation k€2/). Here 
I=I [Eq. (2)] or =I; [Eq. (4) ]. Thus, if one deals 
with a nucleus for which /=}3, ‘all the entries in Table 
VIII with &>1 may be ignored. Finally, in the case of 
Eq. (4), & is also limited by the multipole order of the 
gamma radiation (by the relation |A—\’| <k<A+)’). 
In order to apply our results to an experiment of 
the type performed by Goldhaber e/ al.° (however with 
a B-emitting, not A-capturing, nucleus), one must 
integrate over the electron and antineutrino variables 
subject to the constraint that the recoil momentum be 
held fixed. Since qXp is perpendicular to the recoil 
momentum, terms proportional to qXp-j will vanish 
and the only remaining dependence of the d; on aZ will 
be in the terms proportional to Im aar or Im Bar. We 
shall ignore these terms as very small (if not zero) be- 
cause (a) they are proportional to aZ, (b) they require 


® Ambler, Hayward, Hoppes, Hudson, and Wu, Phys. Rev. 106, 
1361 (1957). 

10 Goldhaber, Grodzins, and Sunyar, Phys. Rev. 109, 
(1958). 

1 Hermannsfeldt, Maxson, Stihelin, and Allen, Phys. Rev. 107, 
6A1 (1957). 

2 With the excepcion of the spectzum shape measurement of 
Pr'*, D. A. Bromley in Proceedings of the Rehoveth Conference on 
Nuclear Structure (North-Holland Publishing Company, Amster- 
dam, 1958), p. 457. 
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—arr)q-P aXp°j. (19) 


time-reversal-invariance violation, and (c) they require 
the interaction law to be a mixture of VA and STP. 
Thus all Coulomb effects are contained in the Fermi 
function F(Z,£). It is shown in Appendix D that if one 
sets F(Z,E)=1 the necessary integrations can be per- 
formed analytically, with the curious result that if the 
interaction law is T the gamma will be circularly polar- 
ized but if the interaction law is A the circular polariza- 
tion will be exactly zero (for unique transitions only 
T and A are relevant). This result is valid for any 
unique transition indepe nde nt of order of forbiddenness. 
In practice, since the Fermi function differs from unity, 
the above result is only approximately true; neverthe- 
less the observation of a large circular polarization in 
light nuclei would necessarily imply that the interac- 
tion law is T. In any case the sign of the circular polari- 
zation, in light or heavy nuclei, can distinguish between 
A and T (see next section). 


3. Coulomb Transitions 


In this section we consider transitions that are domi- 
nated by Coulomb effects. All forbidden transitions 
involving heavy nuclei fall into this category except 
unique transitions. Let us take as representative a 
0-1 (yes) Lor 1-0 (yes) ] transition for which only 
the entries in Table VI are needed. A glance at this 
table shows that even if the interaction law is pure VA 
(or STP), six different products of nuclear matrix 
elements appear. Thus an analysis of these transitions 
is virtually impossible unless some additional approxi- 
mations, beyond those of Appendix C, are made. We 
shall assume that it is sufficient to keep for each nuclear 
matrix element only the terms of highest order in &; 
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for heavy nuclei the error involved in this approxima- 
tion is only a few percent.” Furthermore we shall ignore 
entirely contributions due to VA-S7P interferences 
(Fierz terms). 

We define, in analogy to Eq. (5), the following com- 
binations of coupling constants and nuclear reduced 
matrix elements: 


ayvay(va) =a way*+T ay T way; 
Bwayvay=T wal way *4T way Twa", 
acsr)(sT)=T srl (s7)*+T sr) Tisry)*; 
BesryisT)=T srl sr) *+T s7)'Tis7*, 

where 
Twway='(CafoXrt+Cy Sir) +Crv S ys, (21) 
ism =t(CrSoXrt+Csfin+CrS pre, 


and Ivy)’, sr)’ are obtained by replacing in Eq. (21) 
every C by C’. If one takes in Table VI k=0, one ob- 
tains the spectrum shape 

bo(1,1; 0,0)=F(awaywaytaysry(sr)), (22) 
and the electron-neutrino angular correlation 
bo(1,1; 1,1) = (fev 3) (P/E) (av.ayevay—a¢s7)(s7)) (23) 


Thus the spectrum shape is insensitive to the form of the 

interaction law whereas the electron-neutrino angular 

correlation [when expressed in the standard form— 

see Eq. (11) ] gives A= —3 for VA, A=+4 for ST. 
For k=1 and 2 we have 


> 6, (1,1 ; keskv)Qi(Reyky) 


kek» 
=$[q-j(Bvayvayt8csr)(s7)) 
—p-j(p/E) (Bvayvay—Bsr)(87)], 
y i 62(1,1 ; kk) Oo(Re ky) 
kek» 
=} (3p-jq-j—p-q)(p/E) 


X (avay(v a) —@(87)(S7)). 


(24) 


(25) 


Clearly the k=2 term distinguishes between VA and 
STP; it measures the electron-neutrino angular distri- 
bution either from aligned nuclei [Eq. (2) ] or in corre- 
lation with the direction of a subsequent gamma 
[Eq. (4)]. The two parts of the k=1 term measure 
separately the antineutrino and electron angular dis- 
tributions either from oriented nuclei [Eq. (2) ] or in 
correlation with the circular polarization of a subsequent 
gamma [Eq. (4) ]. To apply our results to an experi- 
ment on a # emitter of the type performed by Gold- 
haber et al.® we again assume that the Fermi function 

13 Unless an accidental cancellation occurs among these leading 


terms, as for example, in RaE; the present analysis does not apply 
in such a case. 
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may be replaced by unity. Then, as in Appendix D, we 
get circular polarization for ST but not for VA. Now 
in the present case it is a very poor approximation to 
set F(Z,E)=1, and in fact the circular polarization can 
be very nearly as large for VA as for ST. However, 
because of the preceding argument we can now de- 
termine the sign of the circular polarization. For 8 
emitters the Fermi function emphasizes the q-j term 
over the p-j term in Eq. (24) and if we ignore the p-j 
term Eq. (24) goes over into the corresponding equa- 
tion for K capture except for an over-all minus sign 
[see Eq. (1) ]. Hence, if the interaction law is VA we 
should get the opposite sign, and if it is ST the same 
sign, as the actual sign observed in the K-capture” 
experiment. For 8* emitters the situation is unfavor- 
able because the Fermi function emphasizes instead the 
p-j term over the q-j term, with the result that circular 
polarization of the same sign is predicted for both VA 
and ST. 


V. TIME REVERSAL 


As stated before, noninvariance under time reversal 
manifests itself in the presence of terms containing 
Im a, or Im 8,,. There are many such terms in the 
Tables III-VIII and various experiments can be 
designed to measure them. However, because the 
Coulomb functions are complex, an experiment designed 
to measure Im a, or Im f,, will usually also measure 
contributions from Re a,, or Re ,,, and unless the latter 
can be regarded as small the results of such an experi- 
ment will be ambiguous. An examination of the Cou- 
lomb functions in the approximation of Appendix C 
reveals an important difference between those involved 
in pure VA (or pure STP) terms (the functions Ky’, 
M,,-) and those involved in Fierz-like terms (the func- 
tions Lyx, Nx). For the former the imaginary parts 
are at most of order aZ compared with the real parts. 
For the latter this is not necessarily the case.'® Thus, 
if the interaction law is pure VA (or pure STP) one 
can make the (unwanted) contributions from Re a, 
Re £,, to be of order aZ compared with the contributions 
from Im a», Im 6.., by measuring only the entries 
marked in Tables III-VIII with an asterisk. In this 
section we consider just those terms (for simplicity we 
approximate the Coulomb functions as in Appendix C, 
and write out the VA contributions only). 

The entries marked with an asterisk are those for 
which k+k,+k, is an odd integer. The corresponding 
Q.(k.,k») are the only ones to change sign upon reversal 
of direction of all three vectors p, q, and j. Thus the 
experimental arrangement that will pick out the 
asterisk-marked terms consists in measuring the differ- 
ence in counting rates between a given orientation of 


14 We assume here that either C,’=C, and the interaction law is 
VA or C.’=—C, and the interaction law is STP. 

16 This statement remains correct for the contributions from the 
P covariant even though all four functions, K, L, M, and N con- 
tribute to STP terms as well as to Fierz-like terms. 
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Pp, 4, j, and its reverse. We note that the effect will be 
largest if p,q, j are taken mutually perpendicular and it 
vanishes if p, q, j are coplanar. 

One sees immediately that 0-0 (yes) transitions, as 
well as unique transitions, cannot test time reversal 
invariance. In fact, this is true regardless of any assump- 
tions about the Coulomb functions and follows from 
the observation that Im a,,=Im 8,,=0 if C.=C,. In 
other words, if the interaction law is such that there are 
no interferences between the five covariants V, A, S, 7, 


SPIN-ELECTRON- 


NEUTRINO CORRELATION 253 
and P it is meaningless to ask questions about time 
reversal invariance. Since 0-0 (yes) transitions are 
caused by A, 7, and P and unique transitions by A and 
T, the assumption of pure VA automatically eliminates 
all interferences between different covariants. 

The other first forbidden transitions, i.e, AJ=0 
(except 0-0) and A/J=1 with parity change, can test 
time reversal invariance. We take as representative the 
case 0—1 (yes) or 1-0 (yes). For this case we need the 
asterisk-marked }, from Table VI only. They are 


bs(1,15 1,1) =—s(4V/4) (p/E) (Im aav){LE(Q—-3E)— PG Vit (Qt ES 1) Soot 
~i(dsV/}) (oZ/E) aa alt(3E2+1)—3q(E2+3) + PE] Sox)? 
+4(Re aay) [(32°+1)(Syso—t fir) +p? (3q-—E) Sir] foXr 


—avvl(32+1)(Sysott Sir) +2qg(E+1) fir+pe£S irl ir}, 
b,(1,1; 2,2) = —i(x/s4s) (9P?/E) (Im aav) Sir SoXr+i(dy/sh)opaZ[tara( Sox n)—avv( Sir), 


(26) 
(27) 


bo(1,1; 2,1) = —i(3x/3)(p?/E) (Im Bay) [(3E+E—-g) Sitt+S ys0]foxXr 
+i(}y/3)(p/E)aZ{Baa(tE—4gE+hp (Sox r)? 
+(Re Bay) [E(Sys0—tS it) + (Eq—4p’) Sir) SoX r— 2BvvLE(S yeti sint+ipy irl ir}, (28) 
bo(1,1; 1,2) = —i(4y/4) (¢p/E) (Im Bay) (E+ E—-g) Sir—S y00 | foXr 
ti(dy/3)(q/E)aZ[AB 4 4(3+E)(SoXr)?+(Re Bav) foxr Sir—iBvvp (Sir). (29) 


If neither the initial nor final spin is zero we have 
additional terms from Table VII. Their structure is 
similar to Eqs. (26)—(29). They involve interferences 
with the nuclear matrix element /7B;; of unique 
transitjons and may be ignored whenever /%B,; is ex- 
pected to be small. If the transition is AJ=0 (yes) 
(except 0-0), we have in addition to Eqs. (26)—(29) a 
single contribution from Table IV which can give large 
effects as well as contributions from interferences with 
JS iB; (Table V). 

It is seen that no detailed quantitative statements 
can be made because of the large number of nuclear 
matrix elements involved. However, in all cases the 
time-reversal testing terms are at least by a factor 
(aZ)~ larger than the unwanted terms. Hence observa- 
tion, in light nuclei, of a reasonably large effect would 
imply violation of time reversal invariance. 
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APPENDIX A 

We write the 6-decay interaction Hamiltonian in a 

multipole expansion"® as follows: 


16. C. Biedenharn and M. E. Rose, Revs. Modern Phys. 25, 
729 (1953), and reference 5. 





H=H(VA)+H(STP), (A-1) 


© L 8 
A(VVA)=X YL (-) 4", #02 MY) 


L=0 M=—L el 
XK [y.*0.2"(C.4C.'15)¥>], 


ea) L 8 


(A-2) 


H(STP)=X XD Y (-)4™"(y,*80.2 Yn) 


L=0 M=—L e=1 


x [y.*8 O. sand eC. + C.ys)r]. 


Not all values of € contribute to transitions of given 
order of forbiddenness. In fact, in standard 8 theory 
e=7 and 8 are always neglected as small corrections.’” 
The operators 0“™ are listed in the second column of 
Table IX in the notation of reference 16. The next four 
columns of Table IX give the relation between the 
coupling constants in our notation and in that of Lee 
and Yang.’ In the last two columns the operators 04¥ 
involved in first forbidden transitions are given in the 
Cartesian notation according to the following definition: 


N.S 0.o8* = (448200 +1)-KTy|| 04 ||T0). (A-4) 
The spherical wave expansion of the electron wave 
function is given by® 
| pr) = (4ar)) S> [(20+-1) (27+1) }(—) *" 


am 


(A-3) 


XV (hj; 07-1) Dyei(p) | am), (A-5) 


17 See, however, M. Gell-Mann, Phys. Rev. 111, 363 (1958) and 
B. C. Carlson and G. B. Henton, Bull. Am. Phys. Soc. Ser. IT, 2, 
358 (1957). 





M. 


an a 


xe 2D (—)e(es+1)! 
m'+m’'=m 
XV (hj; mm! —m)xy""'Y ™", 


—K+iA 
) —arg!'(y.+iAE) 


vetihE 
+3n[l(—«)—ve], 
ve=[it—a2Z"} 


A(x)=3 are( 


A=aZ/p, 


Here /=/(x), 7 is the spin component along p, and 
Dm? (p)'® describes the rotation from a fixed coordinate 
system to one whose z axis is along p; X,"" and Y,”” are 
the usual two-component spinor and a sperical har- 
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monic; V is the vector addition coefficient in the nota- 
tion of Racah.” Finally g, and f,, the electron radial 
function, are (up to a phase) the same as defined by 
Rose” normalized in a box of unit volume. The wave 
function of the antineutrino is similar, with A(x,)=0. 

Any information desired about the 8 process may be 
obtained from the density matrix p: 


p=p(VA)+p(STP)+p(VA-STP), — (A-6) 


o(VA)= (yMypr| H(VA)|IoM gr) 


X (UM y'pr'| H(VA)|ToMogr,)*, (A-7) 
and p(STP) is obtained by replacing in Eq. (A-7) both 
of the H(VA) by H(STP) whereas the interferences 
p(VA-STP) are the sum of the two terms obtained by 
replacing first the first H(VA) and then the second 
H(VA) by H(STP). Explicitly, p(V A) is given by 


p(VA) = (4m)? 3 (—) eM ay My Ht s'+0-3'—1 (Dh4-1) (2k +1) (2k, +1) 
XL (201) (2, +1) (2741) (Qj +1) (20 +1) (ly +1) (27 +1) (2jp’ +1) PW (jel 5 Gl) 
XV (Rebel! ; 000) V (13; Or— 7) V (Ej; Or’ —7')V (jhe; 7-1’) 
XV (kkk, ; we!’ —p’)V(L'LR; —M'M—p")V (jlo; —MyMo—M)V (LyloL’; —My/Mo—M’) 


j’ je 


where the summation is over L, M, «, k, ky, Re, ky, k, 
L’, M’, é, x’, ky’, uw, w’, w’, and s, and 

BE («xy = (Ty|| OF||Io)(x!| O28 (C.AC.ys)|| x»), 
all reduced matrix elements being defined according to 
(J'M’|07™| J" M"’) 

= (—) WV (I'S; —M'M"M) 
x (J"||07|| 7”). 

W is the Racah coefficient’® and the 9-7 symbol is 
given by 


( A-9) 


(A-10) 


ju jie jis| 
jn jJroz Jr r=>5 (27+1)W ( jrrjorjssjs23 JaJ) 
ja justifies 

X W (jr2js2joaJor; J22J) 


XW (jeosJssji2jis; Jisj). (A-11) 


The phases of the lepton wave functions have been so 





hy(Io,M 0) = (279+ 1)4(2k+1)!(—)? MoV (IokIo; M,0—M)), 
FALL’, Tyo) = (2T0+1) (2k+1) (2L-+1) (2L'+1) }(—)“4W (RL Tol; Lo) V(LL'R; 1—10), 
Qu (heyky) = (2ke+1)*(2k, +1)! Do, (—)**V (Rokk, ; — 308) Dyo**(P) Dio'*(—Q), 


k, k ky 
dj L fy PDus**(p) Dyo*"*(—Q) BE (xn) Be ”*(x'x,e@-4), — (A-8) 
ui) 


chosen that (x|!O,“||x,) and (x||O.ys||x,) are real. Simi- 
larly, an appropriate choice of phases will make 
(J;|O||Io) real if the nuclear wave functions are 
eigenstates of a Hamiltonian invariant under time 
reversal. 

The distribution function correlating the electron 
momentum, the antineutrino momentum and the spin 
orientation of the parent nucleus is given by 


W (Io|p,q) = 2. 5(rr’)5(M;My')p 


tr’ My; My’ 


=4F(Z,E) ¥ 


LL’ kekyk 
Xhi(To,Mo)Fr(L,L’ 14,10) 
Xe (L,L'; Reykr)Ou(Reskr); 


_ \L+L'+k 
(=) 


(A-12) 


where the z axis of the coordinate system has been 
taken along the orientation axis and 


(A-13) 
(A-14) 
(A-15) 


18 See, e.g., A. R. Edmonds, Angular Momentum in Quantum Mechanics (Princeton University Press, Princeton, New Jersey, 


1957), Chap. IV. 
19 Giulio Racah, Phys. Rev. 62, 438 (1942). 


2 M. E. Rose, Phys. Rev. 51, 484 (1937). For finite nuclear size effects see, e.g., M. E. Rose and D. K. Holmes, Phys. Rev. 83, 190 


(1951). 
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% (2j,’+1) (20 +1) (2L,’ +1) }'V (Rell! ; 000) V (ely, ; OOO)W ( 77’ ; ReR)W (jo js'bols’ ; Red) 


When either Z or L’ equals zero, V(LL’k; 1—10) 
vanishes; the 0, in Tables III-VIII were computed for 
this case as if V(OL’k; 1— 10) = V (LOR; 1— 10) = (—)**, 

The same parameters 5; are involved when a correla- 
tion with the spin orientation of the daughter nucleus is 
observed. In practice this means a correlation with a 
subsequent gamma ray. Alder, Stech, and Winther® 
give for the density matrix py of the gamma transition 


2k+1\! 
>. (——) (ry)*( —)¥ My 
kr’ \2T;+1 


XV Tylpk; Mp—My'0)F (ANT y7,T7)6y5y,  (A-17) 
with the z axis of the coordinate system taken along the 
direction of propagation of the gamma. Then the dis- 
tribution function correlating the electron momentum, 
the antineutrino momentum, and the direction and 
circular polarization of the gamma ray is given by 


W (p,,7>/ p,q) = (27o+1)" pz 


MoMyMy'rr’ 


(21, +1)7 


5(rr’) pp, 


=4F(Z,E) ¥ 


LL’ kekyk 


XK (— ry) "bby Fe (AN LD y,Dy) 
KF, (L,L’ ToT 7)be(L,L’ ; ReRs) 


XOx(keky). (A-18) 


APPENDIX B 


In Appendix A a formula was given for p(VA). It is 
clear that p(STP) and p(VA-STP) differ from p(VA) 
only in the reduced matrix elements B.“(kx,) Be “’*(x'k,’). 
For example, for p(STP) these reduced matrix elements 
must be replaced by B.“(xx,)Be”’*(x’ky’), where 

BE (Kir) = (p||B0"|| To) (x||80.4(C.+€.'75)||x,).  (B-1) 

The nuclear matrix elements are in general unknown, 
and the only thing that can be said about them without 
resorting to models is that, if 8 commutes with 0,/, 
then it is an excellent approximation to ignore it in 
(I,||80."||Io) (this is the case for «= 1, 3, 4, and 5). The 
lepton matrix elements, on the other hand, can be 
evaluated explicitly. One finds 


k 
Xij jp L 
j 


eS 
BE (nk) Be” *(K/e,/)e-i8@), (A-16) 
, jy L’} 


(x!]O, Ll, = X E(k, ky) ge fay 
+X.4(—Kk, —Kk») feger, (B-2) 


(k||Oeys|| kK») = Vee (k, ky) gear 
—YV4(—K, —K,y) fefer, (B-3) 

where X,"(x,x,), Ve(x,«,) are independent of the 
radial functions f and g. Since gx, and f-—«, are equal 
to each other (up to a sign) and the coefficient of 
BE (xk,) Be®'*(x'x,’) expiLA(x)— A(x’) ] in the expres- 
sion for p(VA) [Eq. (A-8) ] is invariant (up to a sign) 
under the substitution (x,x,,«’,«»/)—>— (k,K»,«’,ky), it 
follows that the dependence of p(VA) on the electron 
radial functions can be expressed in terms of the four 
functions K, L, M, and N defined by Eq. (6). 

Since 8|pr) is the same as |pr) with f, replaced by 
— f, [see Eq. (A-5) ], we can formulate a substitution 
law relating p(VA), p(STP) and p(VA-STP) as follows: 
whenever p(VA) contains a combination of coupling 
constants, nuclear matrix elements, and electron radial 
functions given in column one of Table X, p(STP) 
contains the corresponding entry given in column two, 
and p(V A-STP) contains the corresponding entry given 
in column three. Furthermore, the same substitution 
law holds if either one I or both in column one is re- 
placed by I’ (with corresponding replacements in 
columns two and three). ’, and I,’ are defined by Eq. 
(5); the corresponding definition for T, and ff,’ is 
given by 


P.=C. feo,.c; P/=E/ fp6,.2. — (B-4) 


Several special cases of this substitution law have 
been given in the literature.’ Thus, if a given experi- 
ment involves, for specified values of ¢ and n, only the 
entries in the first row of Table X, or only’the entries 
in the third row, then it will not distinguish between a 
pure VA or pure S7P interaction law for 8 decay.” 
This, for example, is the case in experiments involving 
allowed 8 transitions in which the neutrino momentum 
(i.e., recoil) is not observed.* This particular result, 
as well as some more general ones relating p(V A) and 
p(STP), follows much simpler from the observation: 


2 R. R. Lewis and R. B. Curtis, Phys. Rev. 110, 910 (1958) 
and references cited therein. 

2 See Sec. IV for a more rigorous statement. 

*3 Tt should perhaps be emphasized that in forbidden transitions 
observation of the neutrino momentum is not necessarily required 
to distinguish between VA and STP; see, e.g., 0-0 (yes) transi- 
tions, spectrum shape. 
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By,(q)=y.(—q). The advantage of the present formula- 
tion consists in permitting one to relate in a simple 
manner the interference p(V A-STP) to the pure p(V A) 
and p(STP) in addition to relating p(VA) to p(STP). 

The substitution law, as formulated so far, would be 
rigorously correct if both 0,°*™- and 80,°*"* could be 
treated in the same manner, i.e., as adjustable param- 
eters independent of the lepton variables. This is true 
to a high degree of accuracy except in first forbidden 
transitions with e=2.™ Although the axial vector con- 
tribution sys can be treated as an adjustable parameter 
independent of the lepton variables, the corresponding 
pseudoscalar contribution / By; cannot. By application 
of the Foldy-Wouthuysen* transformation, /Bys5 can 
be transformed into 1(2M)"fe-¥, where M=nucleon 
mass and the gradient operator acts on the lepton wave 
functions only. Thus, in the absence of Coulomb correc- 
tions, the contribution of the pseudoscalar to first for- 
bidden transitions is of the order of magnitude of third 
forbidden transitions. Coulomb effects change this result 
and one finds that in order to obtain from P contribu- 
tions of the same order as those from 7 or A, it is 
necessary that (Cp/Cx)~(M/t) where X=A or T. 
In the present work we assume instead that Cp~Cr~C 4 
and consequently the pseudoscalar’s contribution is in 
general ignorable. In those few cases where the pseudo- 
scalar’s contribution is of the same order as other terms 
considered, it was evaluated separately and not by use 
of the substitution law. 


APPENDIX C 


Since in 8 decay the assumption pR<1, gR<1 
(R=nuclear radius) is well justified, we shall calculate 
the radial functions in that approximation. For the 
antineutrino we have (omitting the subscript v on x 


and /) 





K_m—n—S mn(2pR)!—™"—™ [4mn + 21d (m—n) P/E], 
Lam—2—S mn(2pR)'——+!—™) damn / E, 

M_m-n—-Smnn(2pR)"—™+"—")[ demnp/E+2iM (m—n)p)], 
N —m—2—>S mn(2PR)'—™MF4—™ 254 (m-+-n) p/E, 


—& 22mn 


[ m—n 
Qn $$ 


M. 


m—% p 
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g«= (1/V2)j.(gR)—>(1/v2) (gR)!/(21+1) 11, (C-1) 


f_«= (1/V2)S(—x)jr(gR)—> 
(1/v2)S(—x)(gR)'/(2/+-1) 11, 


where (2/+1) !!= (2/+-1)(2/—1)--- 
of x. 

For the electron we take the radial functions as given 
by Rose,” except that they are multiplied by S(x) 
and normalized in a box of unit volume. If one ignores 
finite-nuclear-size effects (and in the approximation 
pR<1), the combination of radial functions and 
Coulomb phase shifts of interest is given by 


Se\ . IF E\ IT (y.—idE£) 
( )esa(apRyres( ) 
gx 


2B) P(Qye+2) 
Xexp{ (w/2)[AE+i(I-1—7,) } 
X {(1+-2y.+ipR)(—«+iA) 
F (1+2y.—ipR) (y¥.—iAE)}, 


(C-2) 


3-1 and S(x)=sign 


(C-3) 


where the notation is the same as explained following 
Eq. (A-5). 

From Eq. (C-3) the functions Kee, Lew, Meaty Nex’ 
defined by Eq. (6) may be obtained for any values of 
the subscripts that may be needed. In many cases it is 
sufficient to have these functions in the approximation 
(aZ)*«1 [but = (aZ)/(2R)21] and we therefore list 
them explicitly in this approximation. Three cases have 
to be distinguished: (1) both « and x’ are negative 
integers, (2) « (or x’) is a positive integer and x’ (or x) 
is a negative integer, and (3) both «x and x’ are positive 
integers. In the first case we have only terms propor- 
tional to the zeroth power of £, in the second case the 
first power of £ appears, and in the third case the second 
power of £ also appears. 

Let m and n be positive integers. Then 
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*M. E. Rose and R. K. Osborn, Phys. Rev. 93, 1315 (1954). 
25 |, L. Foldy and S. A. Wouthuysen, Phys. Rev. 78, 29 (1950). 
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where 
(m—1)!(n—1)! 


calle i, ‘L¥i(m)—ya(m) }}, 


(2m) !(2n) ! 
¥i(m)=I"'(m)/T(m), 


Certain of the functions discussed in this appendix 
can be found in the literature in various notations. The 
relation between our notation and, for example, that 
of Rose* is 


Lyai=R a ee 
M,.1=R-** Kix, 
Nee =— R'-*k§M_ ip, 


Py-1 = R 
Qri=R 


*L nk, 
** Dek, 


Ry-1 =—R' Na, 


(C-18) 


and for the additional functions of, for example, 
Curtis and Lewis,! 
Ly-1' = R***M_42, M,1'=R™* Mx, 
Ny! =— R'** Re Kix, Re’ = R* Im K un. 
APPENDIX D 


Consider the 8 interaction in the approximation 
Z=0. The density matrix p summed over the lepton 
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(C-17) 
spins is readily obtained by the standard trace e methods. 
For example, for a pure A interaction law one has 


=i844M(e)XM(e)- (q—pp/E) 
+a44[M(o)-M(oe)(p-qp/E—1) 
—2M(e)-q M(o)-pp/E 
—2M (ys)M(o)- (q+pp/E) 
—M(ys)M (ys) 


(p-qp/E+1)]. (D-1) 


Equation (D-1) contributes to all orders of forbidden- 
ness, no retardation expansion having been carried out. 
The nuclear matrix elements M(e), M (ys) are assumed 
real®; they are defined by 
M(0)=(Y,*| Oc'?**|y,), 
(D-2) 
M (0)= (,*| Oe **| Pn), 


where P is the recoil momentum. 
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Only the Baa term of Eq. (D-1) contributes to a 
resonance fluorescence experiment of the type per- 
formed by Goldhaber e/ al.* More generally, if the inter- 
action law is pure VA or pure ST the following terms 
can contribute: 


i{ BvyM(a)XM(e)+6844M(o) 
XM(e) ]- (q—pp/E)— (BvatBayv) 


(LM (ys)M(a)+M (1)M(e) }-(q+pp/£), (D-3) 


or 
—i8rrLM (8a) X M(8e)+M (8e) 
XM (6e) ]- (q+pp/E)+ (8sr+8rs) 


<M (8)M(8e)-(q—pp/E). (D-4) 


For application to a 6 emitter, Eqs. (D-3) and (D-4) 
must be integrated ever the lepton momenta for a fixed 
direction and magnitude of the recoil P, followed by an 
integration over P subject to the resonance condition. 
For these purposes it is convenient to write the phase 
space factor as 


(2r)-*P*d PdQ pdw, 
(D-5) 
dw=@?(dq/dW)dQ,=@ E(W— Ep+P cos6,)~'dQ,, 
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where W is the total energy available, Ep is the total 
energy of the recoil, and @, is the antineutrino angle 
measured relative to the recoil. Expressing all quanti- 
ties in terms of @, and P, we find”® 


S qdw= J p(p/E)dw 


T 2m? 
-"pw—Ep| 1+ - —] 
3 (W—Ep)?—P? 


m* P 
x|1- Saas =| . (D-6) 
(W—Ep)?—-P 


Hence, for example, unique transitions will give 
vanishing circular polarization for the resonant fluores- 
cent gamma if the interaction law is V A, large polariza- 
tion if the law is ST. On the other hand, allowed transi- 
tions in which the Gamow-Teller-Fermi interference 
dominates the Gamow-Teller part would give the 
opposite result. 

In practice Coulomb effects should be taken into 
account and the considerations of this appendix ap- 
propriately modified, as discussed at the end of Sec. IV. 

26 In this appendix only, to avoid confusion, we do not set the 
electron mass m equal to unity. 
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U**(n,2n)U”’ Cross Section from 6 to 10 Mev* 
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Los Alamos Scientific Laboratory, University of California, Los Alamos, New Mexico 
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The cross section for the U™*(n,2n)U*7 reaction has been measured with incident neutron energies from 
6 to 10 Mev and at 16 Mev. The (n,2n) cross section at each neutron energy was obtained by multiplying 
the ratio of U*’ atoms to fission events, measured radiochemically, by the appropriate U** fission cross 
section. These data, together with the data of other investigators for the 13-15 Mev region, are used to 
outline an (,2n) cross-section curve from threshold to 16 Mev. 


INTRODUCTION 


N the past few years a number of measurements have 
been made of the cross sections for the nonelastic 
reactions of intermediate-energy neutrons with U™®, 
The total nonelastic cross section has been measured 
over the energy range 0.15-7.0 Mev’ and at 14 Mev.‘ 
The neutron radiative capture cross section has been 
measured at energies up to 4 Mev,° and the fission cross 
section at energies up to 21 Mev.®? 

From these data, it is possible to account for the 
contributions of the various types of nonelastic re- 
actions at neutron energies up to about 6 Mev. Above 
this region, the (7,2) reaction begins to constitute a 
significant part of the nonelastic events. To date, it has 
not been possible to determine the (m,2m) events satis- 
factorily by purely physical techniques. The neutrons 
emitted are obscured by those from fission and the 
scattering process, and the end-product, U™"’, is difficult 
to detect in the presence of the radiations from the 
fission products and UX,;-UX, also present in the 
target material. 

The present work consists of a measurement of the 
U™*(n,2n)U™" ‘cross section over the neutron energy 
range from threshold to 10 Mev and at 16 Mev by 
radiochemical isolation and absolute beta counting of 
the U*? produced. The procedure employed was essen- 
tially the following: small samples of U** were exposed 
to neutrons from the D(d,n)He’ reaction [or in the case 
of the 16-Mev irradiation, from the T(d,n) He‘ reaction ] 
and analyzed radiochemically for fission-product Mo” 
and for U*’. The Mo” production per fission was deter- 
mined in separate experiments at representative neutron 
energies by measuring directly the number of fissions 

*Work performed under the auspices of the U. S. Atomic 
Energy Commission. 

1R. Batchelor, Proc. Phys. Soc. (London) A69, 214 (1956). 

? Allen, Walton, Perkins, Olson, and Taschek, Phys. Rev. 104, 
731 (1956), and Los Alamos Report LA-2099, April 29, 1957 
(unpublished). 

* Beyster, Walt, and Salmi, Phys. Rev. 104, 1319 (1956). 

4Los Alamos unpublished work, cited by Coon, Davis, 
Felthauser, and Nicodemus, Phys. Rev. 111, 250 (1958). 

§ Published and unpublished work in this field has been sum- 
marized by R. C. Allen and R. L. Henkel, in Progress in Nuclear 
Energy, Physics and Mathematics Series I (Pergamon Press, 
London, 1958), Vol. IT. 

*R. W. Lamphere, Phys. Rev. 104, 1654 (1956). 

7Smith, Henkel, and Nobles, Bull. Am. Phys. Soc. Ser. I, 2, 
196 (1957), and private communication, 


in thin U%* foils exposed back-to-back with thick 
samples which were subsequently analyzed for this 
fission product. The (m,2m) cross sections were then 
obtained by multiplying the observed (mn,2m)/fission 
ratios by the fission cross sections previously measured 
at this Laboratory.’ 


EXPERIMENTAL METHODS 


Neutron Sources and Irradiations 


The neutrons were produced by deuteron bombard- 
ment of deuterium or tritium gas at the large electro- 
static accelerator at Los Alamos. The gas target*® and 
uranium sample arrangement are shown in Fig. 1. The 
deuterium gas targets were 9 mm in diameter and either 
10 mm or 30 mm long, and were filled to absolute 
pressures of 160-300 cm Hg. The tritium gas target 
was 10 mm long and was filled to 257 cm pressure. The 
bombarding deuteron beam, magnetically analyzed and 
collimated to 0.1-inch diameter, entered the target gas 
through a pair of hydrogen-cooled end windows made 
of 0.1-mil nickel or 0.3-mil molybdenum. 

The uranium samples consisted of metal with a 
U*8/U™* atom ratio approximately 3000/1, fabricated 
in the form of disks 0.125 inch in diameter and 0.040 
inch thick. For each run, two of the disks were stacked 
together with their axis that of the deuteron beam and 
with their mid-plane 12 mm from the end of the gas 
target. In order that the required neutron fluxes might 
be obtained. without excessive energy spread, the 
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Fic. 1. Gas target and uranium sample arrangement. 
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§ The gas targets, intended for high-current use, were designed 
and built by R. A. Nobles, and are described in Rev. Sci. Instr. 
28, 962 (1957). 
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uranium samples were exposed only at the position 
described, and a separate run was carried out for each 
neutron energy. The deuteron beam current at the 
target was adjusted to 4-8 microamperes, at which 
rate about 2-4 hours of machine time were required 
per run. 


Radiochemical Analysis and Calibration 


The irradiated uranium disks were dissolved sepa- 
rately and analyzed for U*’ and Mo”. The aliquots 
taken for uranium analysis were of a size such that the 
final purified sample contained 4-8 mg of uranium; the 
purified uranium was mounted as U;0, on platinum 
plates and beta counted. 

Inasmuch as the uranium was free of the U** decay 
products UX; and UX, at the conclusion of the chemical 
analysis, the U*? counts had to be corrected for these 
beta-emitters as they grew back in. In practice, the 
U*7 numbers were usually based on counting data 
taken during the first two days after preparation of 
the sample. UX counts were taken several months 
later, after disappearance of the U™’; these latter 
counts gave a more reliable measure of the quantities 
of uranium than were obtained by weighing, and were 
used to determine the effective weights of the counting 
samples. 

The calibration of the U™’ beta counts in terms of 
atoms was established by two different methods. The 
first involved a comparison of counting rate under the 
adopted standard conditions with counting rate at 4r 
geometry; the second was derived by allowing a large 
sample of U*? to decay to Np™’ and alpha counting 
the Np”? at known geometry. The U*’ and Np*” half- 
lives were taken as 6.75 days and 2.20X10® years, 
respectively. 

The calibration of Mo” beta counts in terms of 
number of U™* fissions was conducted at 7.0- and 9.0- 
Mev neutron energies with the aid of a comparison 
fission counter. The uranium for radiochemical analysis 
consisted of a disk 1 inch in diameter and 0.040 inch 
thick, placed back-to-back with a second disk from 
which the fissions were measured directly; the second 
“disk” consisted of 2.955 g of U** deposited as U;0s 
over a 1-inch diameter circular area on a platinum foil. 
The fission counter was positioned so that the foils were 
normal to the axis of the deuteron beam and at a dis- 
tance of 6 inches from the end of the gas target. 

The final calibration factor, fissions per count/min 
Mo”, was taken to be a linear function of neutron 
energy over the range 6-10 Mev; it varied from 
2.26X 108 at 6.0 Mev to 2.34X 10° at 10.0 Mev. 

The calibration factor at 14.1 Mev had been obtained 
earlier at this Laboratory by comparison fission counter 
measurements similar in principle though different in 
experimental detail. From this third calibration factor, 
which had a value of 2.56 105, it was evident that the 
assumed linear relationship is no longer a good approxi- 


SMITH, 


AND WARREN 


mation in the 14-Mev range. The factor employed for 
the 16-Mev point, 2.69X 10°, was estimated by extra- 
polation; relative to the others, it is probably accurate 
to +3%. 

Of the two different types of calibration described 
above, that for U™" is considered to be the less accurate. 
The combination of U*? and Mo” calibrations which 
enters into the ratio (m,2n)/fission is estimated to be 
uncertain to +10%. 


Measurements 


From the separate analyses and beta counts per- 
formed on the two uranium disks irradiated in each 
run, two (,2n)/fission ratios were obtained. Although 
the more distant disk was shadowed slightly by the 
one in front, the (m,2m) and fission numbers were 
assumed to be equally affected; accordingly, the 
(n,2n)/fission ratios of front and rear disks were 
averaged. 

The neutron energy is a direct function of deuteron 
energy and the angle between the incident deuteron 
and the emitted neutron traversing the disks. The 
deuteron beam had an energy spread due to straggling 
in the entrance foils and to degradation in the target 
gas; the latter was somewhat variable because of beam 
current effects. The angular spread of the neutrons 
traversing the disks was determined by the finite 
dimensions of both the disks and the deuteron beam, 
as well as by the initial angular spread of the deuterons 
due to Coulomb scattering in the target entrance foils. 

Although an exact calculation of the effective neutron 
spectra at the disks is rather involved, graphical ap- 
proximations have shown that the distributions in 
energy are approximately trapezoidal, with a skew 
toward the high-energy side. The neutron energy 
spectrum characteristic of each run was estimated 
graphically in terms of three quantities: an average 
energy, an exact upper energy, and effective lower 
energy. At the higher neutron energies with deuterium 
targets, it was necessary to take into account another 
effect: the production of additional fissions by a low- 
energy neutron component from the D(d,np)D re- 
action. This effect was canceled out in the computations 
by the use of the “apparent” fission cross sections of 
Smith ef al.,” i.e., the preliminary cross sections before 
correction for the low-energy neutrons. 


RESULTS 


The experimental data and the cross sections derived 
from them are summarized in Table I. The neutron 
energy spreads shown are those defined by the upper 
and lower limits described in the previous paragraph. 
The error limits assigned to the (m,2m)/fission and 
(n,2n) cross-section values are relative, and refer to the 
analytical and counting data for each run; they are 
presented in this form to provide an indication of the 
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Fic. 2. U**(n,2n)U*" cross section versus neutron energy. 
Bracketed vertical lines represent uncertainties in individual 
analyses; over-all uncertainty in (,2n) cross-section calibration 
is 15%. Horizontal lines represent total effective neutron energy 
spreads. Fission curve was obtained by smoothing out data of 
Smith et al.? 


amount of error in individual determinations, as dis- 
tinguished from the absolute error in the fission cross 
sections and the (n,2n)/fission ratio calibration. Thus, 
the over-all uncertainties in the (m,2m)/fission ratios 
are represented by the sum of the errors shown and 
the 10% uncertainty in the U*’/Mo™ calibration. 

The uncertainties in the fission cross-section values 
are stated to be about 5%, of which about 3% is in 
the neutron flux determinations.’ Since the Mo”/fission 
calibrations were performed with the same U™® foil 
with which the fission cross-section measurements were 
made, a small part of the error in the latter has already 
been taken into account. However, in view of the fact 
that the redundant portion is small, the over-all 
uncertainty in the (m,2m) cross sections will be con- 
sidered to be 15% plus the data uncertainties listed in 
Table I. 

The final (,2m) cross-section data, together with 
the smoothed-out fission cross-section curve from 


CROSS SECTION FROM 6 


TO 10 MEV 


TABLE I. Summary of U™* (n,2n)/fission and (n,2n) 
cross-section data. 








Apparent 
ssion 
cross section® 
(barns) 


(n,2n) 
cross section 
(barns) 


<0.01 


Neutron energy 
(Mev) 
average spread 


5.98_o.19*?-? 
6.42_0,25*°- 3 
6.49_6.1770-11 
6.80_o.16*?-2 
6.96_0.42*2? 
7.00_0.24*°-2 
7.20_0.4:7-%5 
7,25_o.4,7% 
7.45_0,23°°” 
7.58_0,40°° 
7.82_0, 49°? 
7.88_0,147° 
8.49_6.137°- 
8.96_0,327° 9 
9.48_o, 29°? 16 
9.97_0.197°-4 


16.00_0,3 *°4* 


(n,2n)/fission 
ratio» 





(—0.02) +0.03 
0.08 +0.04 

<0.018 
0.30 +0.02 
0.56 +0.04 
0.485 £0.03 
0.51 +0.04 
0.79 +0.05 
0.88 +0.05 
0.97 +0.05 
1.09 +0.05 
1.05 +0.05 
1.17 +0.05 
1.30 +0.05 
1.33 +0.05 
1.30 +0.05 
0.23 +0.02 


Smesesssecses 


CMmOnaQNNK 


0.32+0.03 








® T (d,n)He‘ neutrons. 
b Average of front and rear disks. 
¢ Includes fissions produced by D(d,np)D neutrons. 


reference 7, are plotted in Fig. 2. In addition, there 
have been included some data by other investigators® 
for the 13-15 Mev region. These latter, as may be seen, 
appear to be consistent with the present measurement 
at 16 Mev. 
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The decay of Gd'® has been studied with the aid of a thin magnetic lens beta-ray spectrometer and 
coincident scintillation spectrometers. Two principal beta-ray groups, with the end-point energies 580+10 
and 940+15 kev have been observed to decay with the 18-hour half-life of Gd!*, revealing energy levels in 
the residual nucleus, Tb’, at 56, 136, and 361 kev. The coincidence measurements gave evidence of a third 
beta component, with the end-point energy of 880+:20 kev, coincident with the 56-kev gamma ray. The 
intensities of the three components (580+ 10, 880+ 20, and 940+15 kev) have been estimated to be approxi- 
mately 20, 6, and 74%, respectively. Internal conversion coefficient measurements indicated the 361-kev 


gamma ray to be a mixed (M1 and £2) transition. 





INTRODUCTION 


HE systematics of the nuclei with mass numbers 
lying between 150 and 190 have drawn consider- 
able attention because of the remarkable agreement 
between the theory of deformed nuclei! and the unified 
shell model? and the experimental results, especially for 
the low-lying states. In some cases the low-lying states 
or the so-called rotational states studied by Coulomb 
excitation have not been observed in the radioactive 
decay process. 

Gd'® has been studied previously with differing re- 
sults, by various workers, and was found to decay with a 
half-life of 18 hours*-” to Tb. As many as five gamma 
rays and two beta groups were assigned to the decay of 
Gd'*, The levels in Tb'® have also been studied by 
Coulomb excitation experiments." The first two levels 
at 56 and 136 kev were found to exhibit the perfect 
rotational characteristics. The crossover transition of 
136 kev between the second rotational state and the 
ground state was not observed in the radioactive decay 
process. Moreover, the existence of the third beta group 
to the 56-kev level was not ascertained. In any case 
there appeared to be certain characteristics of the decay 
of this isotope which required further study. 


EXPERIMENTAL INVESTIGATIONS 


The sources for Gd! were obtained by the (n,y) 
reaction, using as targets quantities of Gd,O; enriched 
in Gd!**, The samples were irradiated in nuclear re- 
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actors, at Brookhaven and Oak Ridge National Labo- 
ratories, for periods of about 12 hours each and then 
dissolved in a few drops of HNO. Nitric acid was 
removed by gradual evaporation (almost to dryness), 
and the material was then dissolved in water. No other 
radioactive periods were present because of the isotopic 
enrichment and short time of irradiation. 

The sources used for the measurement of the beta 
spectra and the internal conversion lines in the beta-ray 
spectrometer were then acid-free and were mounted on 
thin films of ‘“Nu-Skin.” The baffle system of the 
spectrometer was adjusted to give a resolution of about 
1.7%. The measured beta spectrum is reproduced in 
Fig. 1. The Fermi-Kurie analysis of the beta spectrum 
is shown on the side of Fig. 1. The complex beta spec- 
trum can be resolved into two principal groups having 
end-point energies of 580+10 and 940+15 kev. The 
intensities of the two groups were estimated as ap- 
proximately 78 and 22%. Also present are the conversion 
lines. The interpretations of the lines are given in 
Table I. 

The unconverted gamma-ray spectrum measured 
with a scintillation spectrometer using a 4}-in. thick, 
4-in. diameter NaI(T]) crystal is depicted in Fig. 2. The 
energies of the photopeaks are indicated in the figure. 
The 361-kev gamma ray is evidently much more intense 
than the other gamma rays so that little information 
could be obtained regarding the intensities of these 
other gamma rays. 

The internal conversion coefficient of the 361-kev 
gamma ray was determined by a comparison method” 
in which the internal conversion lines from similar 
sources of Gd, Hg*, and Cs'*7 were measured in the 
beta-ray spectrometer under the same conditions. Sub- 
sequently, these same sources were employed to measure 
their respective unconverted gamma-ray spectra with a 
scintillation spectrometer using the 4}-in. thick NaI(T]) 
crystal. In these later observations a collimator was 
employed so that a pencil of gamma rays fell at the 
center of the crystal. Taking the value of the K-shell 
internal conversion coefficient of the 662-kev gamma ray 
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(1958). 


262 





DECAY OF Gd!59 














E x 107? (kev) 





i 





3000 


Hp GAUSS x cm 


Fic. 1. Internal conversion lines of the gamma rays and Fermi plots of the beta spectra of Gd!*, 


of Cs'*7 to be 0.096 as measured by Azuma” and that of 
the 279-kev gamma ray of Hg as 0.16 as measured by 
Nordling et al., the K-shell internal conversion coeffi- 
cient of the 361-kev gamma ray was estimated. How- 
ever, the value of ax thus measured has a considerable 
uncertainty because of the presence of the beta spec- 
trum. This experimentally determined value of the K- 
shell conversion coefficient is (3.9+0.8)10-*. The 
measured K/(L+M) ratio for this gamma ray was 
found to be 4+1, corresponding to a K/L ratio of about 
5+1. The theoretical K/L ratios taken from Rose’s!® 
tables of internal conversion coefficients indicate the 
361-kev quantum to be emitted in a mixed transition 


TABLE I. Gamma rays of Gd!® (conversion lines). 





Interpretation (gamma- 
ray energy in kev) 

56 L 
80 L 

136 K 

225 K 

305 K 

361 K 

361 L+M 


Electron energy 
(kev) 





Hp 
(gauss-cm) 


756 48+1 
935 72+1 
1030 86+1 
1530 217542 
1905 25543 
2150 31143 
2330 355243 








8 T, A. Azuma, J. Phys. Soc. Japan 11, 921 (1956). 
( “ae Siegbahn, and Sokolowski, Nuclear Phys. 1, 328 
1956). 

16 Rose, Goertzel, and Swift, “Table of conversion coefficients” 
(privately circulated). 


(~70% E2 and 30% M1). From the same tables, the 
theoretically computed value of ax is 4.1 10-*. 

To establish the decay scheme of Gd'* and to obtain 
some other information regarding the intensities of 
different gamma-ray transitions, gamma-gamma coinci- 
dence measurements were undertaken utilizing a fast- 
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Fic, 2. Spectrum of unconverted gamma rays of Gd!®, 
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slow coincidence circuit with resolving time of about 30 
millimicroseconds, and a hundred-channel analyzer. 
Two scintillation counters consisting of (1) 35X40 mm 
and (2) 25X10 mm Nal(TI) crystals mounted on 
RCA-6342 photomultiplier tubes were placed at an 
oblique angle with each other with copper intervening so 
that no part of one crystal could “‘see” any part of the 
other crystal. The larger crystal has a resolution of 8% 
for the 662-kev gamma ray of Cs’ and was connected 
to the hundred-channel analyzer, while the smaller 
crystal has a resolution of about 9% for the same 
gamma ray and was associated with the single-channel 
analyzer. Gamma-gamma coincidences were taken by 
placing the channel of the single-channel analyzer at 
different photopeaks of the gar. a-ray spectra. In Fig. 3 
are reproduced the gamma-gamma coincidences. Gamma 
rays not clearly observable in the unconverted gamma- 
ray spectrum appeared prominently when gamma (x- 
ray) coincidences were measured. Gamma (x-ray) coin- 
cidences are plotted as a function of energy at the upper 
left of Fig. 3. No coincidences were observed with the 
361-kev gamma ray, while the 305-kev gamma ray is 
seen to be coincident with a peak of about 50-kev. This 
peak is assumed to consist of x-rays and 56-kev gamma 
rays, because it was not found possible, even by the 
critical absorption method, to separate the x-rays and 
56-kev gamma rays, suggesting that the intensity of the 
unconverted quanta of the 56-kev gamma ray is very 
low relative to the x-ray intensity. The 225-kev gamma 
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ray is seen to be coincident with the 80- and 136-kev 
gamma rays together with a combined peak of x-rays 
and 56-kev gamma ray in the region of low energies. 
The coincidences with the 136-kev gamma rays also 
show that this gamma ray is in coincidence with the 
225-kev gamma ray. 

The coincidence relationships between the various 
gamma rays having been established, careful beta- 
gamma coincidences were undertaken. The beta rays 
were detected by using a thin anthracene crystal, while 
gamma rays were detected in a crystal of NaI(TI). In 
Fig. 4 are presented the observed 6—v coincidences, 
obtained by placing the channel of the single-channel 
pulse-height analyzer at the photopeaks of various 
gamma rays. It could be seen from the data of Fig. 4 
that the 361-, 305-, 225-, 136-, and 80-kev gamma rays 
are in coincidence with a beta group having an end- 
point energy of (580+ 20) kev. The coincidences with 
the 56-kev gamma ray were obtained by placing the 
channel of the single-channel analyzer at the combined 
peaks of the x-rays and 56-kev gamma ray and by 
introducing enough absorber (0.8 mm of Al) to absorb 
the 580-kev 8-ray group. After applying the absorption 
correction in energy, the end-point energy of the beta 
group coincident with the 56-kev gamma ray was 
estimated to be (880+ 20) kev. The Fermi-Kurie plots 
of the various coincidence measurements are shown 
along with their respective coincidence spectra. 
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Fic. 3. Gamma-gamma coincidence curves in the decay of Gd, 
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Fic. 4. Beta-gamma coincidence curves in the decay of Gd'®, 


DISCUSSION 


The foregoing measurements were combined to give 
the disintegration scheme of Fig. 5. The gamma-gamma 
coincidence measurements indicated levels at 56, 136, 
and 361 kev in the residual nucleus Tb’, while beta- 
gamma coincidence measurements indicated two beta 
groups with end-point energies of 580 and 880 kev 
feeding the 361- and 56-kev levels, respectively. These 
data and the beta-spectrometer measurements of Fig. 1 
lead to the conclusion that Gd!” decays by beta emission 
with three components having end-point energies of 
580+ 10, 880+-20, and 940+-15 kev. 

‘To determine the transition probabilities of these beta 
groups, the relative intensities of the various gamma-ray 
transitions were calculated. Gamma-ray transition in- 
tensities could be obtained from the areas under the 
conversion peaks of Fig. 1 and from a consideration of 
the several internal conversion coefficients. The con- 
version coefficients of the 56-, 80-, and 136-kev gamma 
rays have been obtained from an analysis of Coulomb 
excitation experiments, in which the 56- and 80-kev 
quanta have been adjudged mixtures,'* 1.3% E2 and 
98.7% M1. The 136-kev gamma ray has been assumed 
to be emitted in a pure £2 transition.’® As previously 
stated, the 361-kev gamma ray has been shown to be a 
mixture, 70% £2 and 30% M1. From a consideration of 


16 Alder, Bohr, Huus, Mottelson, and Winther, Revs. Modern 
Phys. 28, 430 (1956). 


spins and parities which will be discussed later, it has 
been assumed that the 225- and 305-kev transitions are, 
respectively, M3 and £2. From these admixtures, the 
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Fie. 5. Disintegration scheme of Gd!®, 
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TABLE IT. Relative intensities of the gamma-ray transitions. 


MALIK, NATH, AND MANDEVILLE 


TABLE III. Beta transitions, values of log ft. 











Gamma-ray 
energy in kev 


Approximate 
relative intensity 





End-point energy 
of beta group (kev) Log ft 





361 65 
305 
225 
136 
80 
56 








quantum energies, and the areas under the conversion 
lines, the relative intensities of the gamma-ray transi- 
tions have been estimated as shown in Table II. From 
the intensity estimates of Table II, the beta-transition 
probabilities of Fig. 5 can be calculated. These transition 
probabilities lead finally to their associated values of 
log ft given in Table ITI. 

The measured spin’’ of the ground state of Tb'® is 3, 
and the nuclear shell model predicts an orbital of 
d; for the sixty-fifth proton. Taking the deformation 
parameter to be 80.4, a spin of § and positive parity is 
predicted for the sixty-fifth proton by the Gottfried* 
model. The first and second excited states at 56 and 
136 kev, respectively, belong to the rotational band 
having K=$ so that their spin and parity assignments 
are, in ascending order of energy, $+ and $+. The 
measured conversion coefficient of the 361-kev transi- 
tion, the value of log ft for the 560-kev beta transition, 


17H, Schiiler and T. Schmidt, Naturwissenschaften 22, 730 
(1934). 


580+ 10 7.0 
880+ 20 7.8 
940+ 15 6.8 








and shell-model considerations, are compatible with a 
spin and parity assignment of }+ for the 361-kev level. 
This assignment is also consistent with Gottfried’s 
calculations? which indicate spin } and positive parity 
for the first excited intrinsic particle level. The foregoing 
spin assignments suggest the 225- and 305-kev transi- 
tions to be E2 and M3 in character. Shell-model assign- 
ments for the orbital of the ninety-fifth neutron of Gd!” 
are fz/2 or p;, and the Gottfried model predicts spin 
values of }—or4— for the ninety-fifth neutron for 8~0.4. 
The measured ground-state spins'* of Gd!®” and Gd!*® 
are each $, and since these isotopes differ in neutron 
number from Gd'® by 2 and 4, a ground-state spin and 
parity assignment of $— is favored for Gd'®. The esti- 
mated values of log/t of the several beta spectra are 
consistent with all spin assignments of the disintegration 
scheme. 
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The corrections to muon decay due to electromagnetic interactions have been recalculated. Our results 
differ from those of Behrends, Finkelstein, and Sirlin, because those authors used an inconsistent method 
for handling the infrared divergences which arise separately in the real and virtual processes. The disagree- 
ment is especially significant near the end of the electron (positron) spectrum where our results indicate 
that the radiative correction to the Michel p parameter is approximately 1% larger than previously sup- 
posed, a result in the direction of increasing agreement between experiment and theory. With the radiative 
corrections to muon decay given here, the predicted value of the muon lifetime using the universal theory 
is (2.27+0.04) X 10~* sec. As a preliminary to studying the decay of particles with structure, the 8 decay of 
the neutron is examined. This leads to an increase in the Coulomb F factor independent of the nuclear charge 


and of amount approximately 2.6 


%. As a result the universal coupling constant obtained from the decay of 


O" is decreased to G= (1.37+0.02) x 10 erg cm* and increases the value of the muon lifetime to (2.33 


+0.05) x 10~® sec 


R® ts in experimental techniques 

make it Hh 2h to observe the effects of radiative 
corrections on the electron (positron) spectrum in 
muon decay. These corrections have been calculated by 
Behrends, Finkelstein, and Sirlin' and their results 
have been used in interpreting the experiments, espe- 
cially in determining the Michel p parameter. The 
fact that there appears to be a discrepancy between 
theory and experiment warrants careful scrutiny of 
this situation in order that any disagreement be clearly 
understood. Since the effect of electromagnetic inter- 
action is proportional to e? the radiative corrections to 
the probability of decay will be of order of a few percent. 

In charge retention order, the decay of the muon (1) 
into an electron (2) and two neutrinos (3) and (4) with 


9 


electromagnetic coupling has the interaction Lagrangian? 


Lint = 2V2G (Wry save) (Vsyuads) +e (Wir uj) 
+e(p,j,2)+Herm. conj., (1) 
where 
ya=vy,(1 +175), 2 


is the form of the universal beta interaction introduced 
by Feynman and Gell-Mann® and j, is the usual four- 
vector electromagnetic current. Applying perturbation 
theory, the decay process with electromagnetic inter- 
actions may be described to order e’G* by the six dia- 
grams of Fig. 1. 

The corrections to the spectrum of the emitted elec- 
tron arise partly from the virtual processes described 
by diagrams II through IV and partly by the process 
of inner bremsstrahlung described by diagrams V and 
VI. Using the form of the beta interaction given in 
Eq. (1), the probability of finding the electron with 


1 Behrends, Finkelstein, and Sirlin, Phys. Rev. 101, 866 (1956). 
2 We choose h=c=1. 
08) P. Feynman and Murray Gell-Mann, Phys. Rev. 109, 193 
1958). 


energy 7 in the interval 7 to y+dn may be expressed as 


(a+b) Ian, (2) 


mG? e 
P(n)dn= | 4n?(3— 2)|1 +— 
(27)*48 


us 


where we have used the notation of Behrends, Finkel- 
stein, and Sirlin,! hereafter referred to as B.F.S. 

The portion 1+(e?/2x)a; arises from the coherent 
addition to the contributions of diagrams I throuzh IV 
and the part 0, arises similarly from diagrams V and VI. 

We have limited our calculations to the case of vector 
and axial vector interaction. We are in complete agree- 
ment with B.F.S. on the contributions a; to the spec- 
trum arising from virtual processes ; however, the value 
obtained here for 8; is different from that obtained by 
these authors. This point is discussed in more detail 
below. 

Prevention of an infrared divergence arising in the 
integration over photon momenta in the virtual process 
is accomplished in a covariant manner by giving the 
photon a small mass Amin.* For the complete spectrum, 
the differential transition probability for inner brems- 
strahlung integrated over real-photon momentum must 
be added to the contribution from virtual photons. 
An infrared divergence arises here also; and since the 
inner bremsstrahlung is part of a radiative correction, 

diagrams for muon 


e v 
decay with electro- 
magnetic corrections. z X Y 


WI 


Fic, 1. Feynman 


‘R. P. Feynman, Phys. Rev. 76, 769 (1949). 
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Taste I, The function A(m). 
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100 h(n) 24.68 9.69 5.54 3.43 2.01 


+0.85 
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the elimination of this divergence should be done in a 
manner consistent with the virtual process. This means 
that in calculating the inner bremsstrahlung we must 
also consider the photons to have a small mass Awin. 
The sum a;+5), will, of course, not depend on Amin. 
The differential transition probability of decay with 
the emission of a photon with mass Amin has been calcu- 
lated and is in agreement with that of B.F.S. Eq. (17b), 
provided we sum over the 3 directions of polarization 
of the photon of mass Amin and neglect terms propor- 
tional to Amin®. Since the photon has a mass Amin, to be 
rigorous we must sum over 3 directions of polarization 
compatible with e-K =0, where e and K are the polariza- 
tion and momentum four-vectors of the massive photon. 
In such a case, a sum of the form }>(M-e)(M-e) where 
the sum is over 3 directions of polarization may be 


expressed as 
> (M-e)(M-e)=—M*+ (MK). 
pol 


min 


(3) 


If M-e is the matrix element for inner bremsstrahlung, 
M-K is of order min? so that for small Amin we may 
neglect the second term on the right of Eq. (3).° It is 
interesting to note the similarity between Eq. (3) and 
the propagator for a spin-one particle with mass Amin. 

The quantity d, has been calculated by integrating Eq. 
(17b) of B.F.S. over all photon momenta consistent 
with conservation of energy and momentum. We obtain, 
in the limit of small mass mo, 


4n(3—2n)bi=n(3—2n)X+§ (Inn +w—1)(1—n) 


X[(S/n)+17—34n]+ (5/6)n(1—n)*, (4) 


where 
X= (Inn+o—1)[2 In(1—9+An/e)—Inn+w—2w<] 


« n* r 1—n 
ST" ce-oer nici iakiene-tiea. 
k= 2 6 n 


As is required, 5 is positive for 0< <1. The difference 
between our result and that of B.F.S. is contained in X 
above and the expression V in Eq. (25d) of B.F.S.*’ 


5 To be completely consistent, one should add, in the virtual 
processes, the extra terms arising from using the propagator for a 
neutral spin-one particle with mass Amin. However, since the 
source of these “vector mesons” is conserved no_additional con- 
tributions will arise. am 

6 The integration of the differential transition probability over 
photon variables is done by using K-K=)mia? and a lower limit 
of zero on the momentum. If instead we set w*= k? and integrate 
k with a lower limit Amin, the X would be replaced by V and we 
would obtain the results of B.F.S. But this latter procedure is 
not consistent with the method of handling the integrals used in 
calculating the contribution a; from virtual photons. 

7 A copying error made in Eq. (4) in the preprint of the present 


The effect of replacing V by X is most important 
near the end of the spectrum where it tends to depress 
the results even further than those of B.F.S. We express 
the spectrum in a manner similar to Eq. (27a) of 
B.F.S., namely, as 


P(n)d aed 2(3—2n)[1+h(n) a 
” ~Oaus” —2n)[1+h(n) ]}dn. 


The function 1004(n) is tabulated in Table I and may 
be compared with the vector case in Table I of B.F.S. 

The result stated by B.F.S. that the three h func- 
tions (scalar, vector, tensor) average to approximately 
the vector A will still be valid here since the 0’s for 
other interactions will have essentially the same 
correction. 

Since we believe the interaction to be given by Eq. 
(1) and since the average h is approximately the vector 
h, the quantities A; and A: defined by B.F.S. are given 
for this interaction. These numbers are insensitive to 
the choice An appearing in the logarithms of Eq. (4) 
as long as it is small compared to the experimental 
widths, so that we set An=O for A; and Ao. We obtain 


A, =0.0138; B.F.S. gives A,;=0.046; 
A2=—0.0220; B.F.S. gives A2=0.016. 


These quantities are used in Eq. (28) of B.F.S. in order 
to find the best parameter for fitting the experimental 
results. The interpretation of experiments using this 
equation must be reconsidered in light of the above- 
mentioned error. 

As a further consequence there is a radiative correc- 
tion to the lifetime of the » meson. It amounts to an 
increase of 0.44% (B.F.S. found 3.5% decrease). With 
this correction the value predicted from the universal 
theory, using the value of G= (1.41-+0.01)X10-™ erg 
cm* given by the beta decay of O", is (2.270.04) x 10-* 
sec, while the experimental value is (2.22+0.02) 
X10- sec. 

In order that a precise value be assigned to the 
universal coupling constant G, some consideration 
should be given to those effects of electromagnetic 
origin which could modify the lifetime of O". Before 
entertaining the problem of the nucleus as a whole, we 
have taken as a simpler example the calculation of the 


(5) 


paper led, us to believe incorrectly that B.F.S. had made a com- 
putational mistake. The author wishes to thank Dr. Sirlin for 
calling this to his attention. 

* The effect on the p value of the radiative corrections given 
here as compared to those of B.F.S. has been determined by 
Dudziak [W. F. Dudziak, University of California Radiation 
Laboratory Report UCRL-8202 Suppl., 1958 (unpublished) ]. The 
result obtained is to increase the experimental p value by 1%. 
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radiative corrections to the 6 decay of the neutron. 
Ordinarily these corrections would be expected to be 
quite small, of order e/x (1/4%); however, we have 
found that large coefficients of e?/z arise which are of 
order In(M/m), where M and m refer to the mass of 
the nucleon and electron, respectively. Also investigated 
is the question as to whether the inclusion of anomalous 
moments can give surprisingly large coefficients such 
as (up—un), where uw, and yw, are the anomalous mo- 
ments of the proton and neutron, respectively. It is 
found that this latter type of coefficient appears divided 
by large numerical factors that depress its effect. These 
problems are now discussed in more detail below. 

First let us consider the problem in the approximation 
of neglecting the anomalous moments, in which case 
the electromagnetic corrections to the neutron 8 decay 
may be described by diagrams A, B, and C of Fig. 2. 

If the limit of large mass M is taken, it would be ex- 
pected that diagram A would give rise to the usual 
Coulomb correction factor F, to order e?. However, in 
this limit, we find that in addition to a term 2 In(A/M), 
A being the cutoff, diagram A has a contribution of the 
form 4 In(M/m), where we have neglected constant and 
energy-dependent terms relative to In(M/m). The mass 
and wave-function renormalization pictured by dia- 
grams B and C have the effect of adding another 
i ln(M/m) and furthermore do not compensate for 
the In(A/M) arising from A. If we neglect the constant 
and energy-dependent factors and estimate the size of 
the logarithmic terms by taking A~ M, then the main 
effect of A, B, and C is to multiply the original spectrum 
by (3e?/2x) In(M/m), producing an increase in the over- 
all rate and an electromagnetic renormalization of the 
8-coupling constant by 2.6%.° 

The reason why diagram A in the limit of large M 
does not correspond to the usual Coulomb factor F to 
order e? may be explained as follows: 

As is well known, the electromagnetic interaction may 
be divided into the instantaneous Coulomb potential 
and the transverse-wave part. For an infinitely heavy 
nucleon the transverse-wave parts, in diagrams of type 
D and E of Fig. 3, do not contribute and the whole 


-3m 
-8m 


A B c 


Fic. 2. Feynman diagrams involving virtual photons 
in neutron decay. 


* Since the result is independent of transverse waves and comes 
from the limit of large M, the same amount of In(M/m) should 
result if we treat the nucleus as a spin-zero particle and take for 
the “8” coupling (f:+)2)uevu¥>, where p: and 2 refer to the 
momentum of the “nucleus” of charge Z and charge (Z—1), re- 

tively. We have calculated this as a check and indeed find 
same amount of In(M//m) term as before. 


NEUTRON 


DECAY 


Fic. 3. Feynman 
diagrams showing 
Coulomb interaction 
accompanying # de- 
cay. 


effect must come from the Coulomb interaction. If we 
use second-order perturbation theory for a nucleus of 
charge Z—1 undergoing a f decay to a nucleus of charge 
Z, the matrix SN to be evaluated between electron and 
neutrino states may be expressed, in the case of a heavy 
nucleus, as 


@KE (exta-K+m) 
m= tne f —[z 
(2) 2(e—ex)ex 





ex—a-K—8m)) 1 
2(et+ex)ex Io K)? 





( 
+(Z—1) 


where ¢ and ex are the energy of the electron in the 
final and intermediate state, respectively. 

The two terms of 9M are equally logarithmically 
divergent but of opposite sign; hence, if it were not for 
the fact that (Z—1) instead of Z multiplies the negative- 
energy contribution, SM would be finite and lead to the 
F function to order Ze’. But we see that the usual F 
function neglects the fact that it is a charge (Z—1) 
that contributes to diagram E and a charge Z that 
contributes to diagram D. Therefore, when (e|31| v) is 
calculated, there appears a logarithmic divergence in- 
dependent of the nuclear charge Z. In addition, there 
will be a logarithmically divergent term from the effect 
of transverse waves in the electron self-energy, diagram 
C, as mentioned above. 

Besides all the logarithmic factors discussed there 
are energy-dependent corrections from diagram A and 
from the process of inner bremsstrahlung. These have 
been calculated in complete detail and we find that in 
addition to the usual Coulomb factor they make an 
average modification of the probability of decay by 
about 3%. Since this is presently below the limit of 
experimental resolution, we do not include these terms 
here. 

The second possibility of large coefficients comes from 
including the anomalous moments of the proton and 
neutron. If we attempt to compute the radiative cor- 
rections by treating the nucleons as bare point particles 
with anomalous moments, we find that the electro- 
magnetic effects introduce quadratic as well as loga- 
rithmic divergences. It is necessary, in order that finite 
results be obtained, to cut off the integrals over virtual 
photon momenta by including the nucleon form factor. 
There are two problems that arise in this connection. 

First, even with form factors the complete end result 
would not be finite as there remains the logarithmic 
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divergence from the wave function renormalization of 
the’electron (diagram C). (However, if only the energy- 
dependent correction is desired this is of no significance 
since the result is just to provide an electromagnetic 
renormalization of the 6-coupling constant.) Second, 
the only form factor that is known is for the interaction 
between electron and nucleon, but the complete electro- 
magnetic corrections would require the form factor for 
the interaction of the neutron moment with the proton 
charge and moment. This latter form factor is, of course, 
unknown. However, a reasonable calculational pro- 
cedure would be to include the effect of the moments 
by using only the Stanford form factor.'° 

For the purpose of estimating the kind of corrections 
introduced by the moments as well as the order of 
magnitude, we have considered the problem without 
form factors and using a cutoff A. The moments give 
rise to four additional diagrams, two from the inter- 
action of the electron with the neutron and proton 
moments, and two from the interaction of the neutron 
with the proton charge and moment. The last type, the 
neutron-proton moment interaction, is quadratically 
divergent, whereas the other three types are logarith- 
mically$divergent. 

We find that the main effect, when A is large com- 
pared to M, is that the unperturbed § interaction y,a@ 
evaluated between proton and neutron states becomes 


32 
Vu8+— —nbtp—y7p4. 
32 7 M? 


This leads to an interference term in the energy spec- 


trum and the anisotropy from polarized neutrons, of 
the form 


3G? A* 


ae 
327 M? 


1 
+o(—)ta- P-q+g¢-¢—9pz] 
+qeded(cos0,)d(cos8,), 


where we have taken the neutron as polarized in the z 
direction and where g, q are the energy and momentum 


10 A further difficulty is that the nucleons appearing in diagrams 
A and B are not free, as compared to the nucleons in the Stanford 
experiments which are free. Hence the experimental form factors 
are not necessarily relevant. 
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of the neutrino. The interaction y,@ is the only new 
type of operator which arises when the anomalous 
moments are included. 

Since we have calculated the corrections assuming A 
large compared to M, it would: certainly not be legiti- 
mate to use the results of the Stanford experiments 
which indicate that A is of order M. However we have 
taken A~M in order that a rough estimate be given for 
the magnitude of the moment corrections. In that case 
the effect is approximately a {% change in the proba- 
bility of decay and the isotropy. 

We summarize the results of the neutron problem,as 
follows. There is an increase in the Coulomb F factor 
independent of the nuclear charge Z and electron energy 
of amount (2.6+0.5)%, the uncertainty being due to 
the energy-dependent parts, arising from diagram A 
and from inner bremsstrahlung, and contributions from 
the anomalous moment interactions. The result de- 
creases the universal coupling constant obtained from 
O" to G= (1.3740.02) X 10- erg cm and increases the 
value of the predicted value of the muon lifetime from 
the value given above to (2.33+0.05) X 10~* sec, while 
the experimental value is (2.22+0.02)X10~* sec. The 
disagreement between experiment and theory appears 
to be outside of the limit of experimental error and 
might be regarded as an indication of the lack of uni- 
versality even by the strangeness-conserving part of 
the vector interaction. However, it is very difficult to 
understand the mechanism for such a slight deviation 
from universality ; that is, if universality is to be broken 
at all why should it be by such a small amount? One 
possibility in the direction of universality is that the 
overlap in the O" matrix element might be as low as 
95%. However, MacDonald" has examined this prob- 
lem theoretically and finds that the deviation from 
perfect overlap should be less than one percent. 
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A general theorem has been derived for the behavior of a two-body scattering process. It is shown that 
the phase shift analysis must incorporate at least / non-negligible phase shifts, where l is determined by the 
total and elastic cross sections in a simple fashion. For large 1, a minimum value for the interaction radius 
can be inferred from l. This result is applied to several scattering experiments which were previously analyzed, 
and the minimum radius obtained turns out in each case to be quite close to the interaction radius as esti- 


mated in the more elaborate discussion. 


I. INTRODUCTION 


N recent years, experimental investigations have 

uncovered an increasing number of elementary- 
particle interactions in which inelastic processes have a 
rather high probability. This paper will be concerned 
with the implications of this situation for the phase- 
shift analyses of the elastic scattering and, in particular, 
with the consequences of a theorem showing that in 
such a case there is an integer / determined by the values 
of the elastic and total cross sections such that a partial 
wave analysis cannot be made solely in terms of waves 
with / smaller than /. Further conclusions will be based 
on the assumption that the basic interaction aside from 
any Coulomb effects (taken as negligible here) can be 
represented in terms of a complex potential of short 
range—or, more generally, that the probability of 
any interaction occurring is appreciable only within 
a small region. Then for / large enough, the above 
results yield a minimum value, R, of the range of inter- 
action. This conclusion finds application to a number of 
situations which will be discussed later in this paper. 


II. MINIMUM THEOREM FOR SCATTERING 
PROCESSES 
To derive our basic theorem, we first consider the 
expressions for the total and elastic cross sections for 
two nonidentical particles with spin-independent central 
forces. In the notation used by Rarita,’ we have 


o.=(4/k*?) > (LP+M/?)/(2/+1), (1) 
l= 


o,== (29/k’) 3 Li, (2) 


with L; and M, (both real) related to the usual (com- 
plex) phase shift 6; according to 


Ly +iM)= (21+1)(1—e), (2a) 


* These results were briefly reported at the 1957 Thanksgiving 
Meeting of the American Physical Society [W. Rarita, Bull. Am. 
Phys. Soc. Ser. II, 2, 354 (1957) ]. 

f Also at Brooklyn College, Brooklyn, New York. 

1W. Rarita, Phys. Rev. 104, 221 (1956). 


For a given o, and %, Eqs. (1) and (2) place certain 
restrictions on the (1;,M;,). We shall be interested in 
the case in which L;=M,=0 for />/ and shall seek to 
determine the minimum allowable value of 1. In order 
to do this, we first consider the purely formal problem 
in which l is given and seek the condition that (L:,M;) 
must satisfy for /< 1 in order that ¢, be a minimum for a 
given o;. The method of Lagrange multipliers leads to 


M,=0, L;,/(2i+1)=Lo (3) 


for /< 1. In terms of phase shifts, we have 


51 < ) 

" ) TeSOTt/ 4, (4) 

6:=1x+7/2, o-><0,/2, 
for /< 1, where x is a (real) constant; the relation to the 
L’s follows from Eq. (2a). When Eq. (3) holds, the 
sum in Eq. (2) can be carried out to give a relation 
expressing J in terms of / and «, 


Ly=Ko./[2e(1+1)"]. (5) 


The corresponding value of o,, which we shall designate 
Sem, is the minimum consistent with the assumed values 
of o, and /. Therefore, for given values of the latter two 
quantities, ¢, must satisfy 

T.> 


a“ Cem 


100 /2= ko 2/[4r(1+1)*], (6) 


which is a consequence of Eqs. (1), (3), and (5). From 
(6) it follows that for arbitrary o, and o; the summations 
in (1) and (2) can be cut off above /=/ only if / satisfies 


(1+1)?> k?a?/[4ro, |. (7) 


This provides the restriction on / sought at the outset. 

For the case in which 1/ is large, it is possible to obtain 
a very good approximation for the minimum radius of 
interaction R consistent with a given (o,,0;). This 
follows because, as is seen from Eq. (3), the (L:,M;) 
corresponding to minimum / are, under the conditions 
stated, just those for a gray disk of radius R= (/+-1)/k, 
which is, therefore, the minimum radius in question. 
It may be remarked that the differential elastic cross 
section ¢em(@) corresponding to minimum / and R is 
identical in shape with the differential elastic cross 
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section (6) for a black sphere, the relation being 
Tom(9) = LeE (6). (8) 
Under the given conditions, this is nearly equivalent to 
Cem(0)= LPR? 2(kR sind) /sin2d (8a) 


for small @. If the WKB method is applicable to the 
calculation of the phase shifts, the expression for the 
minimum range of interaction can be slightly refined 
as Ro= (1+4)/k=R—1/(2k). The simplifying assump- 
tions made as to the nature of the interacting particles 
and the restrictions placed on the type of interaction 
they undergo are quite unessential to the main result, 
which depends simply on the fact that Eqs. (1) and (2) 
are quadratic and linear respectively in the set (Z;,M;). 
Indeed, this result applies, with possibly some minor 
changes, to all cases of two-particle interactions in- 
cluding those involving identical particles with non- 
central forces, etc. As an example of the results obtained 
when the restrictions are relaxed, the case of two iden- 
tical fermions may be mentioned. The only modifica- 
tion necessary is that, in Eqs. (5), (6), and (7), (+1)? 
must be replaced by (/+1)(/+1+4) where the 
plus and minus signs refer to odd and even states, 
respectively. 


Ill. APPLICATION TO SCATTERING PROCESSES 


We shall now give several applications of the mini- 
mum theorem of Sec. II to cases in which the inelastic 
cross section is an appreciable fraction of the total. 
The processes considered specifically are (a) r~-p at 
1.30 Bev,?* (b) p-p at 1 Bev,* (c) p-p at 333 Mev,*? 
(d) p-C at 700 Mev,’ and (e) m-Pb at 14 Mev’; the 


2 Cool, Piccioni, and Clark, Phys. Rev. 103, 1082 (1956). 

3 Chretien, Leitner, Samios, Schwartz, and Steinberger, Phys. 
Rev. 108, 388 (1957). 

* Shapiro, Leavitt, and Chen, Phys. Rev. 95, 663 (1954). 

5 Smith, McReynolds, and Snow, Phys. Rev. 97, 1186 (1955). 

® Coombes, Cork, Galbraith; Lambertson, and Wenzel, Bull. 
Am. Phys. Soc. Ser. II, 3, 271 (1958). 

7 The use of the results obtained by O. Chamberlain ef al. [Phys. 
Rev. 108, 1553 (1957) ] for the total and annihilation cross sections 
in the p-p reaction at 452 Mev would lead to a considerably larger 
value of 1 and R, the latter being of the order of 2.5X10- cm. 
The newer result appears to be closer to theoretical expectations. 

® Cork, Lambertson, Piccioni, and Wenzel, Phys. Rev. 107, 
248 (1957). 

* H. Feshbach and V. F. Weisskopf, Phys. Rev. 76, 1550 (1949). 
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SCHWED 


TABLE I. Estimation of interaction range. 








ot oe R(theor) 
(mb) (mb) 


R Ro 
(10-8 cm) | (107% cm) (107 cm) 


E 
(Mev) 


(a) x-p 1300 
(b) p-p 1000 48 0.89 3 0.91 
(c)p-p 333 «117 14 2 14 
(d)p-C 700 38 23 3. 

(e) n-Pb 14 5050 7.8 6 8. 7.8 


Case 





108 2 0.84 








energies cited are all the laboratory energy of the 
bombarding particle. Table I gives the experimental 
values of , and o;, the calculated value of | (to the 
nearest integer) and of & and R(theor), the value of the 
interaction radius as obtained by a different mode of 
analysis. Specifically, the value of R(theor) for the x--p 
case is that obtained by Chretien et a/.* by fitting the 
diffraction equation J;?(kR sin@)/sin*@ to their differ- 
ential cross section for elastic scattering. The p-p radius 
was obtained by Rarita who applied a diffraction 
analysis to the data.! The radius given for the p-p case 
is essentially that following from the analysis of this 
interaction by Ball and Chew." The radius given for the 
p-C case was estimated by adapting the result of Glass- 
gold" for 140-Mev antiprotons on nitrogen, taking 
R(theor) as the value of L/k for which T,=} and 
assuming the usual A! dependence. The radius given 
for n-Pb was obtained by Feshbach and Weisskopf.® It 
may be noted that in this last case R> R. However, the 
value of Ro, which is defined so as to eliminate from the 
radius the contribution resulting from the fact that the 
wavelength is nonvanishing, is 7.8X10-" cm in good 
agreement with R. The most notable feature of Table I 
is the remarkably close correspondence between the 
value of & resulting from the simple application of 
Eq. (7) and the value of R derived in more elaborate 
analyses. In general, one may expect the agreement to 
be best for large 1. 


Their treatment, which refers to a sharply cutoff range of inter- 
action, is best suited for comparison with the treatment given 
here; however, there are more elaborate optical model calculations 
see, for instance, F. Bjorklund and S. Fernbach, Phys. Rev. 
109, 1295 (1958) ]. Estimates based on newer measurements of 
the cross sections [Taylor, Lénsjo, and Bonner, Phys. Rev. 100, 
174 (1955) ] lead to essentially the same result. 

1% J. S. Ball, and G. F. Chew, Phys. Rev. 109, 1385 (1958). 

1 A. E. Glassgold, Phys. Rev. 110, 220 (1958). 
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Tests for the Spin in the Decay of Particles of Arbitrary Spin* 
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AND 
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The polarization and angular distribution of a spin-} particle produced in the decay of a fermion of 
arbitrary spin into two particles of spins 0 and 4, and in the decay of a boson of arbitrary spin into two 
different spin-} particles, one of which is a two-component neutrino, are calculated in terms of the general 
decay amplitudes, The results are applied to the discussion of tests for the spin of the decaying particle. 
Restrictions on the possible spins are found in terms of inequalities limiting the values of certain test func- 
tions applied to the experimental angular distributions and polarizations. The results for the boson decay 
are used in a discussion of the spin of the Kye and of the possibility of lepton conservation in the K,y2 and 
~— decays. A limit of 10% nonconservation of leptons is found if the K spin is 0. Application of the spin 
tests to the decay of the A® hyperon provides substantial evidence that the A® spin is }. 





I. INTRODUCTION 


I‘ a recent paper,'! Lee and Yang have proposed 
several tests which may be used to obtain bounds on 
the spin of a fermion which decays with a violation of 
parity conservation into two particles, of spins } and 0. 
The utility of their results, formulated in terms of 
inequalities limiting the values of certain test functions 
applied to the decay angular distribution, was demon- 
strated in a discussion of the spin of the A° hyperon. In 
the present paper, we investigate the polarization as 
well as the angular distribution of an outgoing spin-} 
particle produced by (a) the decay of an integral-spin 
particle into two different spin-} particles ; (b) the decay 
of a half-integral-spin particle into two particles of spins 
4 and 0. The results are used in the formulation of a 
number of tests or consistency relations which must be 
satisfied for an observed angular distribution and 
polarization distribution to be consistent with spin J. 
More tests than those discussed by Lee and Yang! 
result when the polarization as well as the angular dis- 
tribution of the emergent spin-} particle is discussed. 
The tests are useful only in connection with the decay 
of polarized particles ; observation of the polarization of 
a spin-} particle resulting from the decay of unpolarized 
particles of arbitrary spin provides by itself no informa- 
tion on that spin. No nonrelativistic approximations are 
made for either of the decay products in the calculations. 

Case (a) above is discussed in detail for the situation 
in which one of the decay products is a two-component 
neutrino. The results for the decay of unpolarized bosons 
are rather simple, and are applied to the discussion of 
lepton conservation in the r—y and K,2 decays and the 
spin of the K meson. Spin 0 is suggested but cannot be 
proved. A limit of 10% violation of lepton conservation 
is found on the assumption that the r and K spins are 
both 0. 


* This work supported by the U. S. Atomic Energy Commission. 
t National Science Foundation Postdoctoral Fellow. 
1T. D. Lee and C. N. Yang, Phys. Rev. 109, 1755 (1958). 


The tests relevant to case (b) are applied to the decay 
of the A° hyperon in an extension of the prior work of 
Lee and Yang.' Substantial evidence for spin } is found. 


II. DECAY OF A BOSON OF ARBITRARY SPIN 
1. Results for Unpolarized Bosons 


In this section we will consider the polarization of a 
spin-} particle resulting from the decay at rest of an 
unpolarized boson of arbitrary spin. The decay products 
will be assumed to be two different spin-} particles. The 
polarization of the first particle will be considered for 
two cases, in the first of which the particles will be taken 
as Dirac (four-component) particles. In the other case, 
the second or unobserved particle will be taken as a 
neutrino satisfying the tenets of the two-component 
theory. The decay interaction will be assumed to be 
invariant under rotations. Thus the total angular mo- 
mentum J and the z component of the angular momen- 
tum M will be conserved in the decay, and the decay 
amplitudes will be independent of M. The direction of 
motion #, of the first particle in the center-of-mass 
system will be denoted by angles @ and ¢ relative to an 
arbitrary coordinate system. Then the amplitude of the 
outgoing wave arising from the decay of a boson in an 
eigenstate characterized by J and M is given in the 
absence of parity conservation by 


f7-™ (0,6,51,52) = Lois drs Ysurs(0,o,51,52). (1.1) 


Here L is the orbital angular momentum of the decay 
products in the center-of-mass system and S is the total 
spin angular momentum of the two particles, S=0, 1. 
The Yyswxs are the usual angular momentum eigen- 
functions, defined in terms of the spherical harmonics 
Y,™“+(6,), the single-particle spin functions X,™(s,) 
and X,"*(s2) for spin 3, and the symmetrized vector 
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coupling coefficients? (Wigner 37 symbols) by 


S i ) 
Ms —M 


H V1¥1(0,6)Xs™5(s1,59), 


Ysuzs(0,o,51,52) ; 
=(-1)--"(2j+1}) O ( 


MiuMs\My, 


(1.2) 


where 
X s¥8(s1,52) 


= (—1)-"s(25-+1}} 


xE(’ 


mim2 \M, Moe 


Jam onaarnso. (1.3) 
—Ms 


These relations fix the definition of the decay amplitudes 
az,s, which may differ by factors of (—1)#45 from the 
present definition if the Yywzs are altered in phase. 
The angular distribution of the directions of emission 
of particle (1) with respect to the chosen axes is given by 


I(6,¢)= (f7,f7), (2.1) 


where the expectation value (f7,/7) is to be taken with 
respect to the spin coordinates oi the particles. Similarly, 
the product of the polarization of the particle and its 
angular distribution is defined by 


P(6,¢)1 (0,0) oe (f7,opauii™ f7). (2.2) 


Although the definitions of Eqs. (1) and (2) are non- 
relativistic in form, the results of the calculations are 
relativistically correct for a decay at rest provided the 
polarization P(@,o) is interpreted as the expectation 
value in its rest system of twice the spin angular mo- 
mentum of the product particle (1), P=(o™),... [For 
a decay in flight, P is connected by a rotation with the 
expectation value of o” in the rest system of the 
particle as determined from the laboratory.* ] 

For the decay of an unpolarized boson of spin J into 
two different particles of spin 3, neither a two-compo- 
nent neutrino, it is found by straightforward calculation 
that 


(3.1) 


1 
10A)=— > lax, s|?, 


TLs 


and 
P(6,)1 (6,9) 
1 
=—p[2J+1]4{2 Reay, o*[J#ay_1,1— (J +1) 4ay41,1] 
4 


T 


— 2 Reay, *C(J+1)4ay_1, i+J4a741,1 J}. (3.2) 


The polarization of the emergent particle is seen to be 
along its direction of motion, =p./p:, and to vanish 


2A. R. Edmonds, Angular Momentum in Quantum Mechanics 
(Princeton University Press, Princeton, New Jersey,"#1957), 
Chap. 3. 

° i. P. Stapp, Phys. Rev. 103, 425 (1956); also, R. Spitzer and 
H. P. Stapp, Phys. Rev. 109, 540 (1958). 
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if parity is conserved in the decay. This longitudinal 
polarization depends on the spin J of the decaying 
particle, but depends also on the decay amplitudes a;5 
in a combination different from that in which they enter 
the angular distribution. Thus in the absence of informa- 
tion from some other source about these amplitudes, a 
measurement of the longitudinal polarization of a spin-} 
particle resulting from the decay of unpolarized bosons 
does not provide a test of the boson spin. 

More stringent conditions are obtained if one of the 
spin-} decay products is a neutrino satisfying the tenets 
of the two-component theory.‘ This requires that the 
spin of the neutrino be either parallel or antiparallel to 
its direction of motion: (e,-p,/p,)=+1. 

The eigenvalue +1 for o,-/, corresponds to right- 
hand circular polarization of the neutrino, y= vz, while 
the eigenvalue —1 corresponds to left-hand circular 
polarization, and v= v;. If, then, the amplitude of the 
emergent wave, Eq. (1), is re-expressed in terms of 
angular momentum eigenfunctions quantized along the 
direction #;, appropriate subsidiary conditions must be 
applied to the decay amplitudes a; in order to eliminate 
the unwanted spin function X,}(s") or X;~4(s9') ac- 
cordingly as the neutrino in the boson decay is vp or vz. 
The details of this calculation as well as the angular 
distribution and polarizations for polarized bosons are 
contained in Sec. 3. For unpolarized bosons, the results 
are quite simple, 


v=VR: 


2 
Tr(0,6)=—{ |az,o"|?+|az,1"|*}, (4.1) 


4r 


2 
Pin(0)=—{ |ay,o"|*— |ay,1®|*}h15 (4.2) 
T 


2 
11 (0,6) =—{ | az,0%|?+| az, 1"|*}, (5.1) 
4r 


2 
PI,(0,6)=——{ | az,o%|*—Jay,1"|2};. (5.2) 
4r 


The subsidiary conditions necessary in a two-component 
theory of the neutrino relate the amplitudes a,,;,; and 
ay—1,1 to ay,9 and @,,;, as is obvious from a comparison 
of Eqs. (4) and (5) with Eqs. (3). For the special case 
J =0, the terms in Eqs. (4) and (5) involving ay, ; vanish, 
and the decay is completely described for a two- 
component theory by a single amplitude. 


2. Application to the «—u—e and K,» Decays; 
Lepton Conservation and the Spin 
of the K Meson 


The results of the preceding section may be applied 
at once to the r—u—e and Ky,» decays. We shall con- 
*T. D. Lee and C. N. Yang, Phys. Rev. 105, 1671 (1957); L. 


Landau, Nuclear Phys. 3, 127 (1957); A. Salam, Nuovo cimento 
5, 299 (1957). 
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sider first the case of r*—>u*++-v. The polarization of the 
ut meson has been measured using the forward-back- 
ward asymmetry in the subsequent decay ut—et+ v1, 
+p. For a positron angular distribution function of the 
form (1+ap,-,), Coffin et al.’ obtain for a the value 
a= —0.305+0.033. The theoretical value of a*-* derived 
from the phenomenological theory of u decay with two- 
component, left-handed neutrinos, and corrected for the 
minimum acceptance energy for positrons in the experi- 
ment, is given by a= —0.43£P, for u*+ decay. Here P, 
is the longitudinal polarization of the u meson, P,=/, 
-P,, and & is the parameter 


&=2 ReCy*Ca[|Cv|?+|Cal?}. 


It follows at once from the measured value of a that 
§P,=+0.7240.10. Utilizing Eqs. (4.2) and (5.2) for 
the case J=0, one finds that for a two-component 
neutrino theory, independently of the details of the 
at—yut+y decay,' 
P,=-—1 for 
P,=+1 for 


PM FL 
v= VR. 


Conservation of leptons requires that the neutrino in the 
m+ decay be left-handed,’ hence, that P,=—1 and 
t= —0.7240.10. 

On the other hand, a limit on P, is obtained by giving 
|| its maximum value, unity. For a V—A interaction, 
this is attained for C4=—Cy, yielding P,=—0.72 
+0.10. Thus if we assume the validity of the phe- 
nomenological theory of u—e decay, and take for P, the 
experimental limit —1< P,<—0.6, it follows for a two- 
channel interaction leading to neutrinos of both helicities 
that |ao,o”{?/|ao,0%|2<0.25. This figure represents a 
limit of ~20% on the possible violation of lepton 
conservation in the r—y decay. The phenomenological 
theory cannot, however, be considered as completely 
adequate, the predicted value of the Michel parameter 
for the u—e decay being p= {4 while the observed value 
is p= 0.68.8 Thus it is perhaps more reasonable to assume 
the validity of lepton conservation in the x* decay and 
a two-component neutrino theory, and to use the 
measured value of a to obtain ¢. This procedure can be 


5 Coffin, Garwin, Lederman, Weinrich, and Berley, Bull. Am 
Phys. Soc. Ser. II, 2, 204 (1957). 

6 Larsen, Lubkin, and Tausner, Phys. Rev. 107, 856 (1957). 
Note that the formulas are given for u~ decay. For u* decay, the 
sign of the asymmetry parameter is reversed. We use Ca’=Ca, 


Cy’=Cy, and Cs'=Cs=Cr’=---=0, corresponding to left- 
handed neutrinos. 

7Goldhaber, Grodzins, and Sunyar, Phys. Rev. 109, 1015 
(1958). This work establishes that the neutrino in e~ capture is 
left-handed, p+e"—»n+r 1. This observation, together with the 
assumptions of lepton conservation and the yu-decay process 
pw —e~+vzi+vp, assures that if e~ is defined to be an antilepton, 
then vz and p™ are also. Hence, e*, u*, and vp are leptons, and 
lepton conservation requires that rt—yut+vz, and Kt-yt+-rrz. 
These results are consistent with the positive helicity observed for 
the positrons in u*+ decay [Culligan, Frank, Holt, Kluyver, and 
Massam, Nature 180, 751 (1957)] together with negative asym- 
metry parameter of the r—y—e sequence.‘® 

8 L. Rosenson, Phys. Rev. 109, 958 (1958); K. Crowe, Bull. Am. 
Phys. Soc. Ser. IT, 2 206 (1957). 
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checked by a direct measurement of the longitudinal 
polarization of the u meson, which must have the value 
—1 for r*—yut+y,. 

Similar arguments can be advanced at once in the case 
of the K,2 decay, K*—y*+v. Lepton conservation again 
requires that the neutrino be left-handed,’ v=v ;. For 
the parameter a describing the forward-backward asym- 
metry in the subsequent u—e decay, Coombes et al. 
obtain a=—0.31+0.04. Using for the parameter ¢ 
characterizing the .—e decay the result = —0.72+0.10 
obtained from the r—u—e experiments on the assump- 
tion of lepton conservation in the r—y decay, and cor- 
recting for the cutoff in the positron spectrum,’ one 
obtains for the longitudinal polarization of the 1 meson 
in the Ky» decay the value f,-P,= — 1.020.22. Hence 
it is likely that the » meson has almost perfect longi- 
tudinal polarization, but a polarization with f,-P, as 
small in magnitude as 0.8 cannot be excluded. We shall 
assume a two-component theory for the neutrino, with 
the consequence that the polarization is rigorously 
longitudinal in the decay of unpolarized mesons, and 
use for P,=f,-P, the experimental limit of —0.8. 
Lepton conservation in the Ky. decay (K*—yu++vz) 
then requires that in Eq. (5.2), |ay,1”|?/|a@y,0%|?<0.1. 
The value P,=—1 can arise only for ay,;=0, which 
would seem unlikely for a nonzero K meson spin. The 
present experimental results are consistent with (and 
suggestive of) /=0 and rigorous conservation of leptons. 
Higher spins cannot be ruled out by this test alone, but 
the decay must then involve only a small admixture of 
the a,,,” amplitude relative to the ay,o”. On the other 
hand, with complete violation of lepton conservation, 
K+—y++vp, the negative sign of P, requires the spin 
of the K to be at least one. For />0, measurements on 
the angular distribution and polarization of u’s from 
polarized K’s can determine whether lepton-conserving 
or -nonconserving decay is dominant, and can be used to 
place rigorous limits on the spin; this will be discussed 
in the Sec. 4. Finally, if it is assumed, as seems likely, 
that the spin of the K is zero, the experimental limit on 
P,, requires a branching ratio of less than 0.1 for decays 
into the vr (lepton-conservation violating) as opposed 
to the vz (lepton-conserving) channel. 


3. Angular Distributions and Polarizations 
with Two-Component Neutrinos 


(a) One Neutrino 


The two-component theory of the neutrino‘ requires 
that the spin of vz be quantized parallel, and that of vz, 
antiparallel, to its direction of motion. Taking particle 
(2) as the neutrino, we shall therefore re-express Eq. (1) 
relative to a new coordinate system with the axis of 
quantization along the direction of f;, and apply ap- 
propriate subsidiary conditions to the amplitudes az to 


* Coombes, Clark, Galbraith, Lambertson, and Wenzel, Phys. 
Rev. 108, 1348 (1957). 
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eliminate in the new coordinate system the terms in- 
volving the unwanted spin function X,#(sq’) or Xy-#(s2’) 
accordingly as the neutrino is right- or left-handed. The 
angular momentum eigenfunctions in the old coordinate 
frame may be expressed in terms of the eigenfunctions 
quantized in the new frame and the elements D of the 
rotation matrix” as 


Ysuzs(0,9,51,S2) 
= > uw Dave’? (0,9,6) Ysar-r.s(0,0,51',50’), (6) 


where we have noted that in the new system @’=¢'=0. 
The functions Ys-zs(0,0,5;',52') will be defined in 
terms of the spherical harmonics and spin functions 
quantized along the direction of f; by the formulas of 
Eqs. (1.2) and (1.3). Substitution of (6) in Eq. (1) and 
the use of the definition of Ysy-xs yields for the 
amplitude of the outgoing wave originating from the 
state characterized by J and M in the original co- 
ordinates, 


|i Mt (0,6,51 S2) 


= 2, (1/9 "Sica 
LSMs 





[pe] 
4r 


Ls J 
x( )dusat0p,8 Xs!) (7) 
0 Ms —Ms 


The entire angular dependence of the amplitude is now 
contained in the matrix elements D. If particle (2) is 
assumed to be a left-hand polarized neutrino, vz, the 
coefficient of X;~#(s2’) must vanish when the spin func- 
tion Xs“5(s;’,s2") is expanded in accordance with Eq. 
(1.3). Imposition of this condition yields a relation 
among the coefficients a¢zs which must hold for all 
values of m, and Ms, 


(2J+1)(2L+1)(2S+1)7! 
nd 


AS. J 3 4 S 
ape aol 
0 Ms —Ms my, —} —Ms 


The nonvanishing part of f/- is given correspondingly 
by 


f7-™ (0,6,51,52) 


a 2 (ioe 


LSM sm 4n 
LS J 4 3 S 
x( _ 
0 Ms =e Ms my, } a Ms 
X Darga‘? (0,0,6)X4"(1')X44(s0"). (9) 
A. R. Edmonds, Angular Momentum in Quantum Mechanics 


(Princeton University Press, Princeton, New Jersey, 1957), 
Chap. 4. 





) 3 (—1)*“oxa| 
Ls 
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When Eq. (8) is multiplied by (—1)7Dagar‘” (0,0,6) 
 Xy™(s1")X44(s2”), summed over m, and Mg, and added 
to Eq. (9), the terms involving the decay amplitudes 
@y-1,1 and @y4;,1 vanish because of the symmetry 
properties of the 37 symbols.’ Thus we obtain finally, in 
that case in which particle (2) is a left-handed two- 
component neutrino, the rather simple result for the 
amplitude of the outgoing wave, 


Sy 7 ™ (0,0,51,52) 
= 
4r 


3 
| {a7,0Do, u7? (0,0,)Xj-4(s1’) 


tay, Ds, a? (0,9,6)X44(s1')}%44(52'). (10.1) 


Similarly, for particle (2) a right-hand polarized 
neutrino, we obtain 


Soe) 7™ (8,9,51,52) 
2(2J+1) 
oo 
tay, 1 Daa, a? (0,0,6)X4-4(51') }X p42). 


4 
{ay, oDo, ui? (0,0,0)X,! (sy’) 


(10.2) 


Calculations of angular distributions and polariza- 
tions are now straightforward. Relatively simple tests 
for the boson spin may be derived from the integrals 
over the azimuthal angle of /(0,6) and the product 
P(0,¢)1 (0,6), as will be shown in the next section. We 
shall define the quantities 7,,(@) and (A-PJ),,(0) by 


2r 
Tn (6) = f 1(0,¢)de, (11.1) 
0 


and 


(a-P2)u(0)= f (0,4) -P(0,6)1(0,6)d6. (11.2) 


It is easily seen that no interference terms between 
states of different M occur in J,,(@), a substantial 
simplification over the most general results for J (0,¢). 
Direct calculation yields the results for particle (2), a 
left-handed neutrino, 


(Z¢1))m (0) 
= (2J+1) ) 3 (- 1)” pu(2j+1)P;(cos#) 


(i a alle 0 a)!" 


-(, : ’) jonal (12.1) 


The constants py are defined by pu=|cu|?, with the 
total amplitude f/ of the outgoing wave given by 
f7=SXimcuf’™. Thus the constants py are subject to 
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the restrictions OC pw <1, and S\w pw=1. The distri- 
bution function J,(@) is, aside from a factor of 2z, 
precisely the result which would be obtained for J (0,9) 
from an initial incoherent mixture of the eigenstates of 
J,, the eigenstate with (J,)=M appearing with the 
weight py. 

Similarly, for the product of the angular distribution 
and the polarization one obtains the results (with y= vz), 


(pb: Pl (1) (8) 
= — (2J+1) © (—1)"pu(2j+1)P;(cosé) 


iM 
Pik. eget 3-4 
Ae, MC 5 i 
mM —M O/\\0 0 0 
j 
Jlrs} (12.2) 
0 


d J 
+( 
) 1 -1 
(9: PI 1) (8) 
= — (2J+1)2 Im{ay, oay,1*} 
x ¥ (=1)"pal4e(27+1) PY ;1(0,0) 
7M 


J i ] Ft SF ] 
x( ’)( ’), (12.3) 
M —-M 0O 0 -—-1 1 
(F- Plt) (0) 


=— (2J+1)2 Refay,oay,1*} 
x > (- 1)” pu[_4a(27+1) }*Y;'(0,0) 
j.M 


PS appothy 
Xx ( ) ( ). (12.4) 
M -M O/7\0 -1 1 

Here #, @, and ? are unit vectors defined by /=p./fi, 
d= (kXp)/|kXp|, and *= (¢X)/|QXp]|, where k is a 
unit vector along the axis of quantization. From these 
results we shall, in the next section, obtain some prac- 
tical tests for the boson spin. It should perhaps be 
emphasized that the results, and the amplitudes of Eqs. 
(10), are independent of the detailed theory of the decay 
process, depending only on the conservation of angular 
momentum and on the asymptotic properties of the 
particles involved. However, if it is assumed that 
interactions between the decay products are negligible, 
as should certainly be true if one is a neutrino, and that 
the decay amplitudes az may be treated as essentially 
first order in the decay interaction, then further state- 
ments can be made concerning the matters of time- 
reversal and charge-conjugation invariance." Time- 
reversal invariance requires the amplitudes azs to be 
relatively real. Consequently, one has Im{ay, oaz,:*}—0, 
and observation of a nonvanishing value of (¢-PJ(0))x 
is evidence for the violation of time-reversal invariance. 


( ane for example, Lee, Oehme, and Yang, Phys. Rev. 106, 340 
1957). 
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Using the CPT theorem, the operation of charge conju- 
gation can be defined as PT to within a phase which is 
here irrelevant. Charge-conjugation invariance requires 
ay,o and ay,;, and ay7_;,; and @;,;,1, to be relatively real, 
and the sets {a@y,0,@y,1} and {@ 741,1,07-1,1} to be rela- 
tively imaginary. In this case, the polarization given in 
Eq. (3.2) vanishes. Observation of a nonzero longi- 
tudinal polarization in the decay of a boson of arbitrary 
spin into two spin-} particles therefore evinces a viola- 
tion of both parity conservation and charge conjugation 
invariance in the decay. This violation follows auto- 
matically for the case discussed above, in which one of 
the particles is a two-component neutrino.‘ 


(b) Decay into Two Neutrinos 


A case of some theoretical interest is the decay of a 
spin-J boson into two two-component neutrinos. For the 
lepton conserving decay, with the “observed” neutrino 
right-handed, the coefficient ayo in Eq. (10.1) must 
vanish. The angular distribution in the decay, inte- 
grated over the azimuthal angle, is readily seen to be 


Ty(0) ='"— (2J +1) |ayz,1|? 
xX} (—1)"pu(2j+1)P;(cosd) 
7M 


Se ee OF? ee eee 
xX ( ) ( ). (13.1) 
YD =t. M -—-M 0 


The polarization, which is now defined as the expecta- 
tion value of ¢-p/p, is given by 


P/(6,6)=1(0,6)) for 


For J=0, [(0,¢) vanishes. Thus conservation of leptons 
and of angular momentum forbids the decay of a spin-0 
particle into a vz, vr pair. This is apparent from 
elementary considerations, since for the pair Ms=+1 
along the direction of £. Thus we must have M,=¥1 in 
order to obtain M=0, but for “,+0, the decay ampli- 
tude along # vanishes. This is true for all directions of A, 
so [(@,6) vanishes. 

We may also consider the case of a complete violation 
of lepton conservation in the decay. The particles are in 
this case identical, and it is necessary to antisymmetrize 
the wave function. For the decay into two left-handed 
neutrinos, @y,,=0 in Eq. (10.1) and we obtain 


T (0) =2(27+1)| az, o|? 
X dX (—1)"pau(27+1)P;(cosé) 
7M 


Ve or SS Se aa 
x( )( ), (14.1) 
0 0 o/\u -M 0 


(14.2) 


(13.2) 


Vi=VR;, Vo= VL. 


while 
where again P=(o;-p;/p1). 


= Y= PL, 
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4. Tests for the Boson Spin 


The results of Sec. 3 are quite general, but do not 
normally provide useful tests for the spin of the decaying 
boson because of the presence of the unknown weights 
pa. However, a number of restrictive conditions may be 
formulated which may, if the decaying particle is 
polarized, serve to restrict the possible values of the 
spin. The simplest restrictions are obtained by inte- 
grating J,,(6) and (f-PJ),(@) over the range of @ with 
the weight cos#@. For left-handed neutrinos, with an 
arbitrary polar axis 


lay1|%J.). (15.1) 


2 
(I cos@) = f 1 (6,6) cosddQ= 
J(J+1) 


Similarly, 


2 
(p- PI cosé)= laz1|%J). (15.2) 
I(J 


41) 


Here (J,) is the expectation value of component of the 
total angular momentum along the chosen axis. Since 
\(J2)| <J and since 2|ay,1{?<(J)=2| ay,o|?+2)ay,1|?, 
we obtain at once the potentially useful restrictions 


(16.1) 


1 
|(I cos#)| <— I), 
J+1 


and 


(p-PI,cos#)=(I cos), (16.2) 


V>=DVL. 


For right-handed neutrinos, the second restriction is 
changed, requiring 


(p-PI cosb)=—{I cos6), v=vrp. (16.3) 
The nonvanishing of any of these quantities requires a 
nonvanishing value of (J,), and that the spin of the 
decaying boson be at least 1. Similar but less stringent 
restrictions may be obtained by considering the trans- 
verse components of P(0,¢)/ (0,6). The condition on 
|(I cos@)| is a necessary condition for spin J to be 
consistent with a measured angular distribution and 
thus can in principle provide an upper bound on the 
boson spin. The relative sign of (J cos@) and (f- PI cos6) 
provides a direct determination of the helicity of the 
neutrino involved in the decay. 

Restrictions on the spin of a more general type, 
similar to those discussed by Lee and Yang! in con- 
nection with the spin of the A®°, are obtained by con- 
sidering the integrals over the total solid angle of the 
products of (6,6) and P(6,¢)/(6,¢) with certain test 
functions, defined as 


1 
Sy,u,s-(0)=——.__ > (27+1)P;(cos)(—1)¥+8 
2J+1 jodd 


Pi fr ioe o iyas 
ae ON ona 
mM —M O/\s -s 0 
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and 


1 
cath sae T ES > (2j7+1)P;(cosd)(—1)¥+s 


j even 


Ps taal 2 je 
oe” Xs 
m -M 0/\s -s 0 


It then follows from Eqs. (12) that 

(Sy, 0,0 1)+(Sy, a, 7: PL) =2| ay,1|2(pa— p_m), (18.1) 
(Sy, m,*D)+(Sy, 0, 1tB- PL) =2| a7,1|2(partp_a), (18.2) 
(Sy,a,0T)—(Sy, u,b: PI) =0, (18.3) 
(Sy, u,0t1)—(Sy, a, 0+b- PI) =2| ay,0|?(put+p_m). (18.4) 


Since the weights p are positive, OC pay <1, wv pw=1, 
we obtain from the above results the consistency rela- 
tions, necessary for spin J to be consistent with an 
observed angular distribution and polarization, 


(Sz,u,0UI+p-PD)| < (Sy, utd +h-PD)< (J), (19.1) 
and 


(Ss, uot I—p-PI))| <1), M=—J,---J. (19.2) 


We note also the simpler condition, applicable to the 
angular distribution alone, 


2\(SauarD| <p, M=—-J,---J. (19.3) 


Consistency tests involving the transverse components 
of P(0,6)/ (0,6) may be formulated through the use of 
the test function 


1 
Us, m(0)=——— 2 (—1)™[4r(2j+1) ]'¥ 76,0) 


2I+1 soad 
r ras: J 
x( )( ) (20) 
M -M 0O 0 -1 1 
Thus 
(21.1) 


(U s,m: PI)=2 Im{ay, oay,1*} (pu — p_m), 
and 


(Us, uP» PT) =2 Refayz,oay,1*} (pu—p_em). (21.2) 


Finally, we have, therefore, among the consistency 
relations necessary for spin J, 


(Us, ug: PI)| <2), 
\(Us,auP-PI|<KD, M=—J,---J. 


(22.1) 


and 


(22.2) 


The use of relations similar to these will be demon- 
strated in Sec. 3 of the second part of this paper in 
connection with a spin determination for the A°. We 
shall only note here that if it is assumed that the spin 
of the K meson is greater than zero, then the K’s 
produced in association with the 2 hyperons in the 
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process r+ V—2+K would be expected in general to be 
polarized. The Ky: decay of the charged K mesons 
provides the angular distribution required above, while 
the subsequent 4—e decay provides a natural analyzer 
of the polarization of the 1 meson. However, as discussed 
earlier, the present indications favor J/=0 for the K 
meson. 


III. DECAY OF A FERMION OF ARBITRARY SPIN 


1. J—0, }; Angular Distributions 
and Polarizations 


The amplitude of the asymptotic final-state wave 
function describing the decay of a fermion of spin J into 
a boson of spin 0 and a fermion of spin } will be taken in 
the form given in Eq. (1). Re-expressing the angular 
momentum eigenfunctions ‘Yyaz_s in terms of functions 
quantized along the direction of motion of the final 
fermion [particle (1) |, one obtains for the amplitude 
arising from the eigenstate of J, with (J.)=M in the 
original coordinate system 


f7-™ (0,0,51) 
=> (-1 


LMs 


E 4 J 
x( )oarsa08)x,"% (23) 
0 Ms —Ms 


Since the total spin angular momentum in the final state 
is always 4, the subscript } 


—_—_ 
)4 L—Ms a —| az; 
4dr 


> on the coefficients @z, gs is 
superfluous and will henceforth be omitted. Straight- 
forward calculation yields for the angular distribution 
and polarization in the decay of initially unpolarized 
particles [that is, for the decay of an incoherent mix- 
ture of the pure states (J,M), each appearing with the 


weight 1/(2/+1) ] the results 


1 (0,6) = (1/4a){|as—y|?+|ar44|*}, (24.1) 
and 

P(0,6)1 (0,6) = — (1/42r)2 Re{a744*as_;} p. (24.2) 
The angular distribution is isotropic, as expected, while 
the only nonvanishing component of the polarization is 
that along the direction of motion of the emergent 
fermion. These results provide no test for the spin of the 
decaying fermion; to obtain such tests it is necessary to 
consider situations in which the initial particle is 
polarized. However, the existence of the longitudinal 
polarization of Eq. (24.2) is conclusive evidence of the 
violation of parity conservation in the decay. 

When the initial state of the decaying system is a 
coherent superposition of states of different M, the 
detailed angular distribution of the decay products 
contains azimuthally dependent terms, and is in general 
too involved to be useful in studying the spin of the 
initial particle. Some simplifications can be effected by 
integrating the distribution over the azimuthal angle; 


ARBITRARY SPIN 


the resulting distribution is a function solely of @, 
2J+1 
Tn (0)=——. © (— 1) "4427 +1) P; (cos) 


2 iM 


9 J ‘V( J ’) (25.1) 
x a;pu, (25.1 
a ae” ge ae on 


j even (25.2) 


(25.3) 


where 
| lo le 
aj= |ay-} o+- Gy+4\"; 


aj=2 Re{ay,;*ay_;}, 7 odd. 


The constants py are again the weights with which the 
eigenstates of J, characterized by (/.)=M are present. 

Similar results are easily obtained for the polarization 
of the emergent spin-} particle. As was noted previously, 
the polarization P calculated from the nonrelativistic 
formula 


P (0,6)1 (0,6 = (f/ ,opaunif?) 


is correct relativistically if interpreted as the expectation 
value in its rest system of the twice spin angular momen- 
tum of the particle. For the integral over the azimuthal 
angle of the component of PJ along the direction of 
motion of the product fermion, one obtains 


(p+ PI)» (8) 


2J+1 
== E (=D) AQI+1) Ps (cos) 
7M 


fc “oye, 
A oan 
M —-M O/\i —-} 
This result differs from that for J4(@) only by the change 
aj——a;j,1. The transverse components of the product 


of the polarization and the angular distribution, inte- 
grated over the azimuthal angle, are 


j 
)asabu (26.1) 
0) 


(q: PI) n (0) 


2J+1 
= Bmfasyytag) © D(— 1 pw 


jodd M 
X [49 (2j7+1) }¥;'(0,0) 
j 
) (26,2) 


BS: Gaede 
2 oh 
M -—-M 0O + 3 
and 
(7+ PZ) (8) 
2J+1 lee : 
= Uas al! leaeal"t +e > (-1)-"-tby 


jodd M 


X [40 (2j7+1) }'¥ ;1(0,0) 


en a Pry 
A ascent 
M -mM 0/\G —1 


), (26.3) 
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where 6=pi/p1, d= (&X6)/|kXB|, F= (@XB)/|4XAI, 
and & is a unit vector along the axis of quantization. 
Specialization of these formulas to the case py 
= (2J/+1)", M=—J, ---J, leads aside from a factor 
of 2x to the results of Eqs. (24) for the decay of un- 
polarized particles. 

In cases in which final-state interactions are small and 
in which it is sufficient to treat the decay amplitudes a, 
to first order in the decay interaction, time-reversal 
invariance requires that the amplitudes be relatively 
real."! Under such circumstances Im(a ,;*a,_;)—0, and 
(g-PZ)«(@) vanishes. On the other hand, charge-conju- 
gation invariance under similar restrictions requires 
az_; and a,;,, to be relatively imaginary."-” In this case 
Re{a;,;*a7_;}—0 and the odd-order terms in J(@) 
vanish. Thus observation of contributions of odd-order 
Legendre polynomials to the azimuthally integrated 
decay angular distribution evinces a violation of both 
parity conservation and charge-conjugation invariance 
in the decay, while observation of a nonvanishing 
(@-PJZ)4, in the absence of significant final-state inter- 
action indicates a violation of parity conservation and 
time-reversal invariance. 


2. Tests for the Fermion Spin 


The foregoing results do not in general provide useful 
tests for the spin of the decaying fermion unless further 
restrictions can be placed on the decay amplitudes or on 
the weights py, all of which may be unknown in any 
particular case. One possible restriction which leads to 
angular distributions depending uniquely on J is that 
proposed by Adair."* We consider a production-decay 
sequence of the type 0, 3-0, J; J-0, 4; e.g., of the type 
x +p—K°+A°, A°>2-+ p. If the axis of quantization 
is taken along the direction of motion of the incident 
particle, and if the initial spin-} particle is unpolarized, 
then the fermions produced at (or near) 6=0° or 
6=180° can occupy only the states with M,=0, 
M=x+}. The states with M=+}3 and M=—}3 are 
produced incoherently and with equal weights. Special- 
izing to this case, one finds for the angular distribution 


2J 


+1 
1(6,6)= {|ar-3|?+|os44|7} 2 (27+1)P;(cosé) 


4 j even 
so 
i an 
—3 0 


J 
xf 
1 
2 
The angular distribution depends solely upon the value 
of J. An exactly similar result is obtained for the 


1 Charge-conjugation invariance in the A° decay has been con- 
sidered by R. Gatto, Phys. Rev. 108, 1103 (1957), taking into 
account the large final-state interactions between the x~ meson 
and the proton. 

8 R. K. Adair, Phys. Rev. 100, 1540 (1955). 

4 F, Eisler ef al., Nuovo cimento 7, 222 (1958). 
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product P(6,¢)7(6,¢), with the consequence that 
P(0,6) = —f2 Re{as44*ay-4}/[|as4|*+|as44|*]- (28) 


The polarization is therefore longitudinal and angle- 
independent, and does not depend upon J in a charac- 
teristic way. However, as in the decay of initially 
unpolarized particles, a measurement of P provides an 
unambiguous determination of the sign and magnitude 
of the ratio 2 Re{ay44*ay_4} X[| ay_4|?+ | a744/2}°, and 
is thus relevant to the discussion of parity conservation 
in, and the theory of, the decay. 

Relatively simple tests for the spin of the decaying 
particle may be obtained by considering weighted 
averages over J(0,¢) and P(9,¢)/(0,¢). Thus, relative to 
any polar axis, 


(I cosé) = f 1 (6,6) cosdQ 


1 
= ———_——__{J,)2 Re{ay4;*a,_}}, 


_ 29.1 
2) (J+1) ~_ 


where (J,) is the expectation value in the initial state of 
the component of J along the chosen axis. Since 


|(J2)2 Re{az44*as_4} | 


CI {|ar4|?+|ar44|*}=J), (29.2) 


Eq. (23.1) yields the inequality 


1 
T cosé)| <1). 29.3 
|{T cos8) | wT. yn? (29.3) 


This result has been used by Lee and Yang! to obtain 
from its large decay angular asymmetry'"-" an upper 
bound on the spin of the A°. An analogous limit may be 
obtained by considering the average with weight cos@ of 
the longitudinal component of P(@,¢)/ (0,9), 


1 
(p- PI ea TE TTT ich [ar4|?+|ar43{7}. (30.1) 


Hence, 


|(b- PI cosd)| < (30.2) 


1 
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This second relation provides an upper bound for the 
spin which is independent of the question of parity 
conservation in the decay. 
More general tests for the spin of the decaying particle 
may be obtained in terms of the test functions Ty, 4* 
16 F. S. Crawford et al., Phys. Rev. 108, 1102 (1957). 


16 F, Eisler et al., Phys. Rev. 108, 1353 (1957). 
17 L. B. Leipuner and R. K. Adair, Phys. Rev. 109, 1358 (1958). 
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defined as 


2 
Ld CR > (—1)¥-4(27+1)P;(cosé) 


27+1 j even 
 f 4. Saegh - 2 fet 

x( )( ) s Ld) 
M -M O/\} -}4 0 
9 


T's,-(6) “one E (—1)"4(2j+1)P,(coss) 


7. ae, 2 
x( )( ) . (31.2) 
MW -~ OF =450 


The Ty, v* are essentially the same as the even and 
odd parts of the test functions considered by Lee and 
Yang.' Integrating the test functions over 6 with the 
weight J,,(@), we obtain the results 


(Ty, w*T)={|as4|?+ | as44|?} (Pat p-m), (32.1) 


and 


(Ty, uw 1)= 2 Re{as4;*as_4} (pu— p_m), (32.2) 


where 


(Ty, ul)= J Ts, w(0)I (0) sindde 
0 


de f Tsu (0,6)1(0,4)d2. (32.3) 


The observation that the weights py are restricted by 
the conditions 0< pw <1 and Sov pw=1 leads at once 
to the inequalities discussed by Lee and Yang,! 


(Ty, wu I)| <(Tautl), M=-—J,---J. (33) 
Alternatively, we may define 7'y, 4= Ty, w++Ty, a7 and 
write the inequalities in the more compact form 


O<(Ty, ml), M=—J,>->--J. (33) 
It is necessary that these inequalities be satisfied in 
order that spin J be consistent with a given angular 
distribution. The utility of these results will become 
apparent in the next section in connection with the 
discussion of the spin of the A°. 

Further inequalities necessary for spin J can be 
formulated when the polarization as well as the angular 
distribution in a decay are measured. From Eqs. (26.1) 
and (29) we find that 


(Tz, utp: PI) = —2 Re{as44*as-4}(put+p_m), (34.1) 
and 


(Ty, mp: PI) = —{ | ay4|?+ | ara4|2} (pu — p_m). (34.2) 
Combining the results of Eqs. (32) and (34), we obtain 


OF ARBITRARY SPIN 


the potentially useful inequalities 
(Ts, utp: PI)| <(Ts, ut), 
(Ts, uT)| < |(Ts, ab: PD), 


(35.1) 
(35.2) 


and 
(Ty, D— (Ts, utp-PI)| 
< (Ty, wtl)—(T sy, up: P/) 


€2(1), M=—J,---J. (35.3) 


A third set of inequalities can be obtained which involve 
the transverse components of the polarization. Defining 


5) 


Vieu=— -(—1)“+4 
oe 1 yodd 


‘a Pe 
Xe cae wh 
mM —M 0/\3 


one obtains the results 
|(Vz, ug: PI)| = |2 Im{ay44*as_3} (pa — p_m) | 
<(Tz,utI), 


> [49(2j+1) }!¥;'(6,0) 


: a 39) 


(37.1) 


and 


(Vs, uP PI) | = | (Jas—4|?— | o544|?) (Par p_w) | 


<(Tiutl), M=—J,++-J. (37.2) 


The inequalities of the preceding equations are valid 
whatever polar axis is chosen, so long only as the choice 
is independent of the details of the decay events con- 
sidered. These inequalities provide conditions necessary 
for spin J to be consistent with an observed decay 
angular distribution and polarization. Unfortunately, 
the tests involving the polarization do not appear to be 
feasible at present relative to the decays of the A° and 2 
hyperons. However, in the case of the decay Z->A°+72-, 
the subsequent decay A°-p+2- provides a natural 
analyzer of the polarization of the A°, and it is con- 
ceivable that the tests, especially those of Eqs. (30.2) 
and (35), may provide useful information of the Z~ spin. 


3. Application of the Tests; Spin of 
the A° Hyperon 


In this section we shall apply the tests of Eqs. (33) 
to the consideration of the spin of the A°® hyperon. A 
discussion of the spin on the basis of the inequality of 
Eq. (29.3) and the Jarge “up-down” asymmetry in the 
process A°—2--+ p has been given by Lee and Yang,! 
who noted also that if (7P;(cos@)) is assumed to vanish 
for j>1, the further very restrictive inequality 


1 
I cos0)| < 
(lc =?)| an (38) 


followed from the test inequality (33) and the definition 
of the test functions 7, 7+. Oa the basis of this test and 
the value $(—0.520.10) of (J cosé)/{Z) obtained by 
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Eisler e¢ al.’ from the combined data of several 
groups,’*-!? a spin greater that 3 was shown to be 


unlikely for the A°. The Jess restrictive test 


|(I cos6)| < (I), (29.3’) 


2J+2 


which requires no assumptions about the magnitude of 
the averages (JP ;(cos@)) for its derivation, is satisfied 
for spin $ as well as for spin 3, and does conclusively 
eliminate spin 3. However, spins greater than } may be 
shown to be unlikely without special assumptions 
through the use of the test functions 7y,* and the 
tests of Eqs. (33). 

We have used the angular distribution of the proton 
in the decay A°—2~+ p as determined by Eisler et al.'® 
for A° hyperons produced at angles between 30° and 150° 
in the center-of-mass system in the process 7~+p— 
A°+°. The pofar axis was taken perpendicular to the 
plane of production along the direction of Jy incX Pa. 
Using the test functions defined in Eqs. (31) and the 
experimental angular distributions with (J) normalized 
to unity, we obtain the results 


J=}, M=}: (T,,*1)=1.0040.07, 

(T;,;-1)=0.4740.13; 

(Ty, s+) =0.40+0.08, 

(T;, 7-J)=0.68+0.20; 

(T;, +17) =0.60+0.08, 

(Ty,;-I)=0.28-+0.10; 

(Ts, 7 7)=0.10+0.07, 

(Ts, - 1) =0.7340.23. 
The test inequality |(7y,u~I)| <(Ts, m+) which must 
be satisfied for spin J to be consistent with the observed 
angular distribution J(0,o) is satisfied for J=4 and 
violated for J=% and for J=}. Using the alternative 
form of the test inequalities given in Eq. (33’), one may 


state the inconsistency for spins $ and $ in the simple 
form 


(40.1) 
(40.2) 


0 is not 


J= 
J= 


—0.28+0.22, 
—0.63+0.25. 


0 is not 
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A spin of $ for the A° hyperon is definitely inconsistent 
with the present experimental results. A spin of $ 
appears to be unlikely, but cannot be excluded com- 
pletely because of the rather large uncertainty in the 
value of (7y_;/). However, it should be noted that the 
lower bound of zero for (7y;J) can be attained 
only under the stringent conditions that the ratio 
|2 Reay,,*a,;_,|/[]ay_y|2+|@744]*] has its maximum 
value, unity, and that one of the weights p; or p_; 
vanishes. Any deviation from these conditions decreases 
the possibility of ascribing the inconsistencies to ex- 
perimental errors. Thus, for example, if the smaller of 
p; and p_; is assumed to be as great or greater than 15% 
of the larger in the energy range considered (910-1300 
Mev), one obtains instead of (40.1) the more severe 
inconsistency 0 is not <—0.4+0.2. 

The present tests, based on the data of Eisler ef al.'® 
on the angular distribution of the product particles in 
the decay of polarized A° hyperons, are consistent with 
Jx,=4 and appear to exclude higher spins. Thus J,=4 
is indicated for the A° hyperon, in agreement with the 
results obtained by Eisler et al. using the method of 
Adair.” It should perhaps be remarked that the tests 
proposed here provide in general only limiting condi- 
tions on the spin of the decaying particle, while the 
selection of production and decay events according to 
the criteria of Adair leads to decay angular distributions 
[ Eq. (27) ] which depend uniquely on J. Nevertheless, 
the present method should provide, with better sta- 
tistics, more certain restrictions on the A° spin than 
result from the Adair analysis, which requires in practice 
assumptions concerning the production mechanism of 
the A° and the spin of the K® meson which are un- 
necessary in the present work. 
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An attempt is made to clarify the fundamental physical basis of the intrinsic characteristics of unstable 
elementary particles and to replace the conventional, purely phenomenological, description in terms of 
decaying states and complex energy levels, by definitions which are consistent with general requirements of 
relativistic quantum mechanics like Hermiticity, unitarity, and causality. 


1, INTRODUCTION 


F the sixteen known “elementary” particles, all 

but four are unstable. In spite of this, no theory 

of unstable particles exists which is consistent with the 

general properties of relativistic quantum mechanics. 

This is particularly unfortunate since most of the 

recent significant progress in elementary particle theory 

has been made through the application of these general 
principles. 

The conventional treatment of decays is a kind of 
“adiabatic” approximation. The particle is first tacitly 
assumed to have a definite mass, M. The rate of decay 
per unit time, A, is calculated like any transition between 
stable particles. A beam of such particles will then be 
attenuated according to the relation 


dn(r)/dr=—d(M)n(r), (1.1) 


where u(r) is the number of particles in the beam at 
proper time 7. This is interpreted as the individual 
particles of the beam having a wave function in their 
own rest system, ; 


¥(r)=exp[+iMr—}A|r| ]. (1.2) 


Although this scheme is generally accepted as giving 
the “right answer” if the interaction producing the 
decay is sufficiently weak, there exists no exact theory 
to which this is supposed to be an approximation. 
Furthermore, none of the assumptions made are con- 
sistent with a complete theory of elementary particles. 
It is intuitively clear that an unstable particle does not 
have a definite mass, since it does not live long enough 
for an exact measurement to be made. The wave func- 
tion (1.2) is certainly a useful approximation, but the 
complex mass and consequent lack of conservation of 
probability of the wave function violate general features 
of any complete theory, and are typical of an ap- 
proximate one-particle treatment of what is essentially 
a many-particle problem. 

Our object is to propose a theory of unstable particles, 
which is consistent with general requirements of a 
relativistic quantum field theory. The aspect of an 
unstable particle on which we shall concentrate is the 
uncertainty in the mass. In a rough way, this is already 
inherent in the conventional treatment. The wave 
function (1.2) can be written in terms of its Fourier 


transform 
exp —imr ] 


nN 
v0) =— fam, 
2rJ (m—M)?+4 


which may be interpreted as describing a distribution 
of mass values, with a spread, Am, related to the mean 
life Ar(=1/d), by an uncertainty relation 


(1.3) 


(1.4) 


AmAr™1, 


AQAr™1, 


where AQ is the uncertainty in the Q value of the decay. 
With this as starting point, we build in subsequent sec- 
tions a local field theory of unstable particles which 
can adequately describe their “static” characteristics, 
like mean mass and mean life. In the course of this 
development we shall give a very direct physical in- 
terpretation to the spectral function introduced by 
Kallén' and Lehmann.?* 

Nishijima and Zimmermann‘ have recently shown 
that a local field theory can be set up for a stable bound 
state which is similar to that for stable “elementary” 
particles so far as the axiomatic formulation is con- 
cerned. By the same token the theory of unstable par- 
ticles we propose here incorporates the theory of 
unstable bound states. These appear as resonances in 
scattering processes. 


!G. Kiallén, Helv. Phys. Acta 25, 417 (1957). 

2H. Lehmann, Nuovo cimento 2, 347 (1954). See, also, M. 
Gell-Mann and F. E. Low, Phys. Rev. 95, 1300 (1954). 

§ We remark that the only previous definition of lifetime within 
the general framework of conventional theory is that of R. E. 
Peierls, Proceedings of Glasgow Conference on Nuclear and Meson 
Physics (Pergamon Press, Inc., London, 1954), p. 296 and B. 
Zumino, New York University Research Report CX-23, 1956 
(unpublished). Both these authors surmise that the mean mass and 
mean life of unstable particles are determined by the real and 
imaginary parts of complex poles of the propagator. Since this 
function contains branch points, the “physical’’ sheet is defined 
by a cut along the real axis. It has been shown by Bogoliubov 
et al. [Bogoliubov, Mednedev, and Polivanov, ‘Problems of the 
theory of dispersion relations,’ mimeographed lecture notes, 
Institute for Advanced Study, Princeton, 1957 (unpublished) ] 
that the single function A(p?), which defines the various propaga- 
tion functions, has no singularities anywhere in the physical 
sheet of the p* plane, except on the positive real axis. Peierls has 
surmised that poles which give the mean mass and lifetime of an 
unstable particle lie on the “unphysical” sheets. 

‘K. Nishijima, Phys. Rev. 111, 995 (1958); W. Zimmermann 
(to be published), 
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2. DEFINITIONS 


Consider a particle ¢ which decays into two stable 
particles x, each of mass m. We shall assume that these 
particles can be described within the context of rela- 
tivistic quantum theory. That is to say, we assume® 


(a) the possibility of describing them by linear field 
operators ¢(x) and x(x); 

(b) the transformation laws of these fields under the 
transformations of the inhomogeneous Lorentz group; 

(c) the causality condition, which asserts the com- 
mutativity of field operators with space-like separation ; 

(d) the asymptotic condition for the stable particles 
only. 


For simplicity consider ¢ to be a Bose particle. 
We assert that the properties of the unstable par- 
ticle @ are determined by a density matrix 


(2.1) 


( 
p= El ode onda 


where | p,,2x) are a (normalized) set of states of energy 
momentum #,, which asymptotically are the two x 
states into which the ¢ can decay. Since the x particles 
satisfy the asymptotic condition, these states can be 
formed in the conventional way. Ideally p(p*) deter- 
mines the probability of a Q value corresponding to 


(p*)! being observed in the decay. This point is dis- 


cussed further in Sec. 4. 
The mean mass of the ¢ particle is defined as the 
mean value of the (mass)? operator for the distribution 


pa foray / f ar 


=f rocoraet / f oear. (2.2) 


The last equality holds since p(p*) vanishes unless the 
vectors p, are time-like. By definition, 


o(p?)=0 for p?<4m’. (2.3) 


Thus 
M?> 4m’. 


The inverse lifetime is determined by the spread of 
the mass values about the mean. 


(ay neon 
2x Trip] 





=f ie-myo(pap / foray. (24) 
3 /J 


5 Lehmann, Symanzik, and Zimmermann, Nuovo cimento I, 
205 (1955). A. S. Wightman, preprint of Lille Conference talk, 
1957 (unpublished). 
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To relate p to the field operator ¢, we make the basic 
assumption of our theory that 


9(po)p(p*)d*p = (2m)? a |(0}@(0)| Puy2x)|?, (2.5) 


where 
O(po)=1, po>O 
0, po<0. 


Note that the summation is only over 2x states, but 
includes all the variables required to define these 
states, in addition to the energy and momentum. 

For an unstable fermion of spin one-half, the final 
states must carry an additional label, which denotes 
the spin direction and particle-antiparticle character of 
the final state. We denote this variable explicitly by 
a, 8. Then the unstable particle is described by a density 
matrix 


Pas( Pu) 


=D | Pust)———( 8 | . (2.6) 
p lp ? p 


We can write the spinor matrix 


Pas (Pu) =Lp(P) Jas, (2.7) 


where 


p=ty:p. (2.8) 


The mass operator® is now iy: P and the mean mass is 
thus determined by 


i ae 
Tr] 
- f trLpo(o) apt / f trLo(p) ae’, (2.9) 


where tr{. ] denotes the spinor trace. The inverse life- 
time is again determined by the spread in mass values, 


qa 


-. f trl(p—M)'o dp? / f trlpldp’. (2.10) 





If the particle is described by a local, causal, rela- 
tivistic field y(x), we postulate that 


9(po)pas(p)d'p 
=—(2r)? ¥ (0|¥u(0)| Paxixe)(Puxixel ¥8*(0)10) 


p.ptdp po 





That this expression has the required transformation 
properties can be seen by comparing it with the ex- 
pression for the number density.” 

* Abdus Salam, Nuclear Phys. 5, 687 (1958). 


7 See, for example, A. S. Wightman and S. S. Schweber, Phys. 
Rev. 98, 812 (1955). The Bose density may be cast in a similar 


form, : 
me (pt) = (ae)? _& , (016(0)1:2x)(b,2x! 56 0)10)/po. 





FIELD THEORY OF UNSTABLE PARTICLES 


3. RELATION TO CONVENTIONAL THEORY 


To make the discussion explicit, we shall consider in 
this section a model particle ¢ whose only interaction is 
that which causes its decay into two x particles. The x 
particles have no other function except to produce the 
¢ particle when they come together. The ¢, once created, 
can only decay. 

For simplicity let us suppose that a selection rule 
exists so that the field ¢ only has nonvanishing matrix 
elements between the vacuum and 2x states. Then the 

defined by (2.5) can be identified with the p of Leh- 
mann.’ If we try to set the theory up in Lagrangian 
form, we may expect from such a Lagrangian an equa- 
tion of motion of the form 


O¢=ad+F[x], 


where F is some functional of the field x referring to 
the stable x particle of mass m. Then a theorem of 
Lehmann’ states that for such an equation, irrespective 
of the actual form of F, 


a= f roceap / f o(eap 


This was just our definition of M*, and so we have 
(O—M’)o=F[x]. (3.3) 


For F[x_] we make the usual assumption 


(3.1) 


(3.2) 


F= gy. (3.4) 


In the limit g— 0, we have 
p=5(p?— M?). (3.5) 


Lehmann’s theorem’ states that the effect of the decay 
interaction for the model particle is to spread this 6 
function into a finite mass distribution about the same 
mean value. To obtain an approximate expression for 
the small g, we make use of the exact expression 


p(p?) = (1/2n) A" (p?) = (1/m) ImA.'(p’), 


A.(p*) = (p— M*+ie)7. (3.7) 


According to Dyson,$ p(p*) has the form of a “Cauchy” 
distribution with 
I(p") 


( _ ’ 
Pe RPP) 


(3.6) 
where 





(3.8) 


where 
(3.9) 


I (p*) = g°0(p°— 4m?) (1+4m?/p*)4/x, 


if one approximates to order g*. This expression has a 
mean value approximately at M*, provided M*>4m’ 
and g® is small. The second moment of a Cauchy dis- 
tribution is mathematically infinite, but it is clear that 
with any reasonable definition the spread of the dis- 
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tribution is determined by /(p*). It has been suggested 
by Kiallén® that the correct form for p(p?) may be a 
series of the nature of an exponential, in which case 
(3.8) would be replaced by 


1 pM? 
*. ee as =e ; 3.10 
o(P~ en] raed (3.10) 


With this form the second moment would exist’ and 
give a lifetime, according to (2.4), in agreement with 
the conventional calculation. 

The fact that perturbation theory takes the zeroth 
approximation to p to be a 6 function shows that the 
limit g—> 0 is certainly not a straightforward mathe- 
matical procedure, and it is clear that if the correct 
form for (3.8) is in the nature of (3.10) an expansion in 
powers of g is not valid under any circumstances. 


4. PHYSICAL INTERPRETATION OF p 


To give a complete theory of unstable particles it 
would be necessary to consider not only the “static” 
properties such as mean mass and mean life, but also 
the dynamics of the particle interactions—its produc- 
tion and scattering. In principle, these two aspects 
cannot be separated since conceptually the end products 
of any complete interaction must be regarded as stable. 
(One can only discuss the production of unstable par- 
ticles in the approximation in which they are regarded 
as stable.) To treat unstable particles on an exact basis, 
it is necessary to consider both the production and the 
decay process together. The density p through which we 
have defined the mean mass and mean life is related to 
the probability distribution of the Q values of the decay 
products in a production and decay chain, such as 
a +p— °+2°— «°+A°+-y. (For this discussion we 
treat K as stable.) The experimenter observes the Q 
values of the A+y. These show a sharp peak (due to 
“real” D’s) and a diffuse spread (due to “virtual’’ D’s, 
or direct A production with radiative y’s from the 
original charged particles). We shall assume that these 
parts of the Q spectrum can be clearly separated. Our p 
is closely related to the shape of the sharp peak (which 
has a width ~10 kev due to the uncertainty principle, 
corresponding to the mean life ~10-" sec). In order to 
give a precise definition of p in terms of this shape, it 
is necessary to extract the dependence of the shape on 
the particular production process, which has been 
selected. This, together with the dynamic properties 


°G. Killén, Proceedings of the CERN Symposium on High- 
Energy Accelerators and Pion Physics, Geneva, 1956 (European 
Organization of Nuclear Research, Geneva, 1956), Vol. 2, p. 187. 

© Tf one introduces a variable s, canonical to the mass variable 
p?, and defines G(s)= Sf exp(ip*s)p(p*)ds, then Tr[p]=G(0), 
Tr[P*p]= —iG’(0), etc. Since p(p?)=0 for p*<4m?, G(s) is the 
boundary value of an analytic function in the upper-half 
$(=5s,+15s2) plane. The existence of higher moments of p(*) is 
connected with the analyticity of G(s) at s=0. Note that the 
variable s is not the same as the explicit proper time variable 
7=2* which appears in the Fourier transform, A(r)=(2r)~‘ 
XS Ake 0th. 
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Fic. 1, The Feynman diagram of pure resonance scattering of two 
x particles through the ¢-particle resonance. 


of the unstable-particle problem, will be considered in 
a separate paper. 

If the lifetime of the particle (or bound state) is 
even shorter than the 2° lifetime, the distinction between 
the sharp and diffuse parts of the Q spectrum become 
obscured. In this case the particle shows itself most 
clearly as a resonance. In the terminology of the previ- 
ous section, we may consider the scattering of the 
decay products—the two x particles. The total cross 
section is related by the optical theorem to the imagi- 
nary part of the forward scattering amplitude. If this 
may be assumed te be purely resonance scattering with 
the @ particle as intermediate state, the scattering 
amplitude is proportional to the ¢-particle propagator 
(Fig. 1). The imaginary part is just p, apart from 
numerical factors. Thus within the severe limitations 
of the approximation, the total cross section provides a 
measure of p. Even in the case of a relatively long-lived 
particle the consideration of the resonance in the elastic 
scattering of the decay products may provide the 
clearest theoretical means to isolate p. Thus, conceptu- 
ally, p for neutron decay would be given most clearly 
by the spread of the so-called “bound-state” term in 
the conventional r+ scattering dispersion relations. 


5. DISCUSSION 


A more detailed analysis of the structure of unstable 
particles would require information on the higher mo- 
ments of the distribution. As long as the particle is 
described by its first two moments only—the mean 
mass and mean life—the conventional treatment in 
terms of a complex mass provides an adequate phe- 
nomenological description. 

To bring the discussion of the model particle nearer 
to reality, let us suppose that it has two interactions: a 
weak decay interaction into two particles of mass m.,, 
specified by a coupling constant g,,; and a strong inter- 
action with particles of mass m,, (M*<4m,’), and 
coupling g,. The complete spectral function is p(g,,gw). 
The forms of p in the various approximations of letting 
one or other, or both, of these interactions become zero 
are shown in Fig. 2. Me is the so-called “bare” mass 
and the forms of p follow directly from the discussion 
of Lehmann’ and its extension given below." 


Tt may be necessary to modify the definitions of mass and 
life time to conform more closely with experimental practice. 
One simple procedure is to limit the integrations in Eqs. (2.2) and 
(2.4) and set the upper limit=4m,?. A discussion for the realistic 
cases will be published elsewhere. 


MATTHEWS AND A. 


SALAM 


It will be remarked that from the point of view 
proposed here, stable and unstable particles are treated 
on a precisely equal footing. The basic quantities are 
the fields and their associated spectral functions. The 
notion of a particle is a qualitative one which is related 
to the peaks in the spectral function. If the width of the 
peak is of the order of the x-meson mass, the mean life 
is approximately 10-* sec, but the mass spread of the 
“particle” may then be observed through the resonance 
in the scattering of the particles into which it decays. 
(The “33” resonance of the -nucleon system is a 
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Fic. 2. A schematic drawing of the forms of the spectral func- 
tion of a strongly produced (g,) and weakly decaying (gw) par- 
ticle in various limits in which the different couplings are taken 
to be zero. The heavy lines denote 6 functions. Note that any 
sharp peak in p may usefully be interpreted as an unstable par- 
ticle, and in this way a single field may represent more than one 
unstable particle. 


“particle” of this type.) For mean lives greater than 
10-" sec (corresponding to mass uncertainties of less 
than 1 ev) the mean life is experimentally the more 
accessible quantity, and the fundamental uncertainty 
in the mass is masked by experimental errors. The 
stable particles are those peaks in the spectral functions 
which can be approximated by 6 functions. Postulating 
the appearance of a 6 function in p, corresponding to 
each stable particle, is equivalent to the existence of 
asymptotic fields in the axiomatic approach. 

From the present point of view the existence of 
several particles may then be subsumed in a single 





FIELD 


field, and the problem of elementary particle physics 
is shifted from the question of the number of ele- 
mentary particles to the number of elementary fields. 
It would appear that the future task of fundamental 
theory would be to look for criteria which specify 
elementary fields. 
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The components of the so-called canonical energy-stress pseudotensor in general relativity may be thought 
of as the generators of infinitesimal coordinate transformations corresponding to a rigid parallel displacement 
of the coordinate origin, just as in Lorentz-covariant theories. In this paper it is shown that the canonical 
expressions, as well as the expressions proposed by Landau and Lifshitz and the expressions for the angular 
momentum density, are all special cases of an infinity of conservation laws whose pseudovectors generate 
arbitrary curvilinear coordinate transformations. This approach enables us to construct the transform of 
every one of these conservation laws under an arbitrary (finite) coordinate transformation. Finally it is 
shown that every one of these conservation laws may be used to obtain a surface integral relationship that 
describes the motion of singularities in a general-relativistic theory. It is concluded that there is an infinite 
number of parameters that describes a singularity of the field, a fact that had previously been in doubt. 


1. INTRODUCTION 


HROUGHOUT mechanics and field theories, it is 
well known that the fundamental conservation 
laws are related to the universal invariance properties 
of physical laws, e.g., the conservation of linear mo- 
mentum to the invariance with respect to displacement 
of the coordinate origin; the conservation of energy 
depends likewise on invariance with respect to the 
choice of the origin of the time scale (the instant ¢=0), 
and the conservation of angular momentum on the in- 
variance with respect to orthogonal transformations in 
three-space. The structure of conservation laws in 
general relativity and in general-relativistic theories 
differs from that in nonrelativistic and in Lorentz- 
covariant theories because of the much wider scope of 
coordinate transformations in general relativity. It was 
discovered a long time ago that the so-called conserva- 
tion laws of energy and linear momentum in general 
relativity, 
av 
t= Sap, wee 
Ofa8, p 


t?,, p=, — 5,0 (1.1) 


which hold only insofar as the field equations of the 
theory are satisfied, are related to a set of identities, 
the so-called “strong” conservation laws,!:? 


Te, -=0, Te .= u lee], 


1P. G. Bergmann, Phys. Rev. 75, 680 (1949). 
2 J. N. Goldberg, Phys. Rev. 89, 263 (1953). 


(1.2) 


The quantities T°, equal t*, when the field equations 
are satisfied. The “superpotentials” U*),, which were 
first discovered by von Freud,’ can also be constructed 
in general-relativistic theories that differ in detail from 
Einstein’s 1916 theory.*> The existence of the strong 
laws leads to the (partial) determination of the equa- 
tions of motions of singularities by the surrounding field. 

The canonical energy-stress components do not form 
a tensor density, nor even a geometric object. Being 
formed of the components of the metric tensor and its 
first derivatives, all components can be made to vanish 
simultaneously at any one world point, though not in a 
whole region. Moreover, the integrals over the energy- 
stress expressions that in Lorentz-covariant theories 
would be interpreted as the whole energy and as the 
whole linear momentum, respectively, transform as the 
components of a four-vector only with respect to a very 
restricted group of coordinate transformations. This 
elusive character of the energy-stress tensor has rendered 
the physical interpretation of the corresponding con- 
stants of the motion dubious. 

This somewhat unsatisfactory situation has been 
complicated further by the discovery of another ex- 
pression in general relativity which also obeys a set of 
equations of continuity, by Landau and Lifshitz.* Gold- 

’P. von Freud, Ann. Math. 40, 417 (1939), 

‘Pp. G. Bergmann and R. Schiller, Phys. Rev. 89, 4 (1953). 

5 J. N. Goldberg, Phys. Rev. 111, 315 (1958). 

§L. Landau and E. Lifshitz, The Classical Theory of Fields 
(Addison-Wesley, Publishing Company, Inc., Reading, 1951), p. 
316 of the English translation. 
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berg has investigated the relationship between the 
canonical and the Landau-Lifshitz expressions®; in the 
course of this investigation he has discovered a possible 
expression for the angular momentum density of the 
gravitational field, which is different from one earlier 
suggested by Bergmann and Thomson.’ He has also 
constructed whole classes of additional conservation 
laws, which are generalizations of the canonical and of 
the Landau-Lifshitz expressions. 

In this paper we shall construct a whole gamut of con- 
servation laws as the generators of all curvilinear in- 
finitesimal coordinate transformations. All the con- 
servation laws enumerated above are included in this 
general class. Each of these conservation laws can be 
exploited to yield a condition on the motion of singulari- 
ties. Hence, a singularity cannot be fully characterized 
by a finite number of parameters. It is also possible to 
construct a transformation theory for the properties of 
singular regions. 


2. COORDINATE TRANSFORMATIONS AND 
THEIR GENERATORS 


In this section we shall construct the generators of 
infinitesimal coordinate transformations in the general 
theory of relativity, but the method used is usable 
for any theories whose field equations can be derived 
from a least-action principle. 

Infinitesimal invariant transformations in a field 
theory and their generators are connected by the 
relationship*:* 


LAby4+C?,,=0. (2.1) 


L4 symbolizes the field equations, and dy, represents 
the infinitesimal invariant transformation of the field 
variables y, (i.e., a transformation of variables that 
leaves the functional dependence of the Lagrangian 
density Z on its arguments ya,ya,, unchanged). C? 
might be called the generating density, and the volume 
integral /C°d*x is the generating functional. Given 
an infinitesimal transformation dys, the generating 
density C’ is determined only up to a completely 
arbitrary curl field, so that with C’ the field C?, 


Co=Cr4 Vier! ,, (2.2) 


with an arbitrary field V&*!, is also an admissible 
generating density. 

We shall now turn to Einstein’s (1916) theory of 
gravitation. An infinitesimal transformation ég,, will 
represent an invariant transformation if there exists a 
field C? such that 


"5g, +C?, ,=0. (2.3) 


We shall now consider the transformations of the metric 
field induced by infinitesimal coordinate transforma- 


7 P. G. Bergmann and R. Thomson, Phys. Rev. 89, 400 (1953). 
® Bergmann, Goldberg, Janis, and Newman, Phys. Rev. 103, 
807 (1956). 
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tions, transformations that we know are invariant. 
The change in the metric field (considered as a set of 
functions of the coordinates) is 


5gu.= + (Eu; Ena), Eu= Bupdx?. (2.4) 


It follows that the generator in Eq. (2.3) is determined 
by the requirement 


C?,-=28""E,;,=2(G"E,);,=2(G"E,),». (2.5) 


This conversion into a divergence is possible because 
of the (contracted) Bianchi identities. Hence one 
possible choice of the generating density is 


C= 2G °*t, = 28", 5x". (2.6) 


In this sense infinitesimal coordinate transformations 
are generated by an expression that vanishes.® 
However, in accordance with Eq. (2.2) the choice of 
the generator (2.6) is not unique; we can add a curl. 
In availing ourselves of this freedom of choice we can 
correct one shortcoming of the expression (2.6). The 
right-hand side, though zero where the field equations 
are satisfied, is of the second differential order in the 
field variables. We shall add a curl chosen so that the 
resulting expression contains no higher than first deriva- 
tives of the metric tensor. In general relativity the 
“superpotentials” appearing in Eq. (1.2) satisfy’: 


2G°,=t?.—U"rl,,. (2.7) 


Hence, if we add to the right-hand side of Eq. (2.6) 
the curl 


Co= C+ (U1) ,5x*),,, 
we obtain the alternative generating density 
Co= te, dx?+ Ur) bx°,,. (2.9) 


This new expression is manifestly free of second-order 
derivatives of the metric tensor. Regardless of the choice 
of the dx’, the divergence C*,, vanishes if the field 
equations are satisfied. The variety of conservation 
laws obtained in this manner is as great as the variety of 
conceivable vector fields 6x7(x*) in a four-dimensional 
continuum. 


(2.8) 


3. STRONG CONSERVATION LAWS AND 
THEORY OF MOTION 


The quantities (2.9) obey a weak conservation law. 
The corresponding strong law is 


» =0, De= (U1 ,5x°), = C?— 28,62". (3.1) 


That is to say, curl D? equals C’ wherever the field 
equations are satisfied. The combination of weak and 
strong conservation laws permits us to formulate condi- 
tions that are satisfied by spatially isolated singular 
domains. The following derivation is formed exactly 
after earlier derivations of more specialized laws.” 


* Reference 5, Eq. (3.7). 
1 J. N. Goldberg, Phys. Rev. 89, 263 (1953). 





CONSERVATION LAWS IN GENERAL 


We integrate the divergence (3.1) over a three- 
dimensional domain 2°=/=constant, separating the 
time from the spatial derivatives, 


f (D°+D* ,)=0. (3.2) 


Because 


D= (U""!,6x°), , n=1,2,3, (3.3) 


we can convert each of the two terms in the three- 
dimensional volume integral (3.2) into a two-dimen- 
sional surface integral, 


d 
— $1") 5x°9dS, +f DdS,=0. (3.4) 
dl 


Equation (3.4) is an identity. We can convert it into a 
dynamical law if we specify that the surface of integra- 
tion, though enclosing a singular domain, lies wholly in 
a region in which the field equations of the vacuum are 
satisfied. Then, in the second term, we may replace D” 
by C*, obtaining thus a weak law, that is one that 
exploits the validity of the field equations on the 
closed surface of integration, 


d 
Fhe (0m) bad Sn +JS (t"dx°+U"") 5x7.) =0. (3.5) 
lt 


The first integrand is linear in the first derivatives of 
the metric, the second integrand quadratic. The explicit 
expressions for the 1 '#”), are® 


Yl = Qer(Q™*qrr— Q7"Q"*), ». (3.6) 


The first integral represents some conserved property 
of the singular region, whose nature depends on the 
choice of the four weighting functions 6x*. The second 
integral represents a corresponding flux across the 
bounding surface. In general the value of the first 
integral, and its derivative with respect to time, depends 
on the choice of bounding surface. For a given metric 
one can also construct 6x’ such that the value of the 
integral is independent of the surface. 
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4. TRANSFORMATION PROPERTIES OF THE 
CONSERVED QUANTITIES. SPECIAL CASES 


In the preceding two sections we have related 
generating densities whose divergences vanish weakly 
to infinitesimal coordinate transformations. Whereas 
the transformation laws of the quantities C? are rela- 
tively involved, those of the vector field dx” are very 
simple. Accordingly we may state that under a (finite) 
coordinate transformation that converts the vector 
field 6x” into the new field 6x°’, the conservation law 
Ce ,=0 goes over into the new law C*’.,=0, both C 
and C*’ being given by Eq. (2.9). In view of the fact 
that through an appropriate choice of coordinate 
system every vector field can be given the same standard 
form, e.g., (1,0,0,0), the totality of all conservation 
laws C’,,=0 in one coordinate system is equivalent to 
one of them, stated in terms of all conceivable coordinate 
systems. 

The expressions (2.9) assume exactly the canonical 
form if we set 


5x7=k°, (4.1) 


a set of four constants. We obtain the Landau-Lifshitz 
expression if we set, instead, 


5x7=9°"h,, (4.2) 


where the &, aré again constants. The so-called angular 
momentum expressions are obtained if we choose 


éx,= (q72x8®—Q7?x*) Jag (4.3) 


or some similar expression, where the Jag are again 
constants. 
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It is shown, that when account is taken of the gravitational field of a point charge, the Klein-Gordon and 
Dirac equations for the motion of a charged particle in a Coulomb field do not possess solutions which can be 
expressed as series of terms proportional to positive integral powers of the gravitational constant. 


HE purpose of this note is to point out that, when 
account is taken ‘of the gravitational field of a 
point charge, the Klein-Gordon and Dirac equations 
for the motion of a charged particle in a Coulomb field 
do not possess solutions which can be expressed as 
series of terms proportional to positive integral powers 
of G, the gravitational constant. If the gravitational 
field of a point charge is expanded in positive integral 
powers of G, to first order the Klein-Gordon equation 
contains a term proportional to r~ and the Dirac equa- 
tion contains an r~* term. Terms of higher order are 
more singular. The analysis is based on the rigorous 
solution of the combined system of Einstein’s and 
Maxwell’s equations for the electrostatic and gravita- 
tional fields of a point charge.' In the usual spherical 
polar coordinates, we have for the fields of a particle of 
charge e and mass M, 
f2=—Pr, gss=—r'sin’é, (1) 


Zoe’, gu=—e”, 


where 
2GM Gé 
e’=1-——+ 


o 


, 


and, for the scalar potential, ¢= —¢,=e/r. 

Consider first the Klein-Gordon equation for a charge 
g and mass m in the preceding fields. It can be written 
covariantly as 


FM ( ; wt 
(—p)t axt (—g)¥g —) 


2ihg oY ¢ 
+—$'—+—4.p'v=micy, (3) 
¢ 


c 60 6Ox* 


in which ¢, is the covariant potential 4-vector. In this 


1P. G. Bergmann, Introduction to the Theory of Relativity 
(Prentice-Hall, Inc., Englewood Cliffs, New Jersey, 1942), p. 204. 
Attention is called to an error in Bergmann’s derivation of the 
electrostatic potential which actually is e/r, instead of the form 
given. The Swarzschild singularity does not exist in this solution 
if (e/m)>G}. 


case, we find for a state of angular momentum /7 the 
following radial equation: 


1 d/ dR, 
4 —(*—) + 
r’ dr dr 


dv dR, e~*l(l+1) 


— ———--—- —- R, 


dr dr r 


2 


"Si ie 9 
=| mee (8-08) (4) 
C 


h? 


If the gravitational field can be regarded as small, we 
can expand e~”’, 

2GM Ge 

~e (5) 


Upon substituting this expression, r~“ singularities are 
found in the terms involving e~’/r*? and e~’¢*. Terms 
containing r~* are also present. It may be concluded 
from Fuchs’ theorem that the equation does not possess 
a power series expansion about r=0. 

A similar situation prevails in the Dirac equation. 
The Dirac equation can be written as 


YVatuy=0 (u=mc/h), (6) 


where V. produces the’ covariant derivative of the 
spinor ¥. From the work of Brill and Wheeler,? the 
radial equations for the usual F and G functions can 
be written 


r k 
[e-"(h— V)+pe~”? |F +-—— -Ge-"*=0, 
dr r 
(7) 


+ 


k 
[e"(h— V) —pe?® )G-4+--——-Fe" 0, 
dr r 


in which h= E/he, V = —gqe/her, and k is the eigenvalue 
of the angular K operator. From (5) we see that to first 
order in the gravitational constant there is an r~* term 
in the effective potential due to the presence of the r~* 
term in e~’. 


2D. Brill and J. A. Wheeler, Revs. Modern Phys. 29, 465 (1957). 




















